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PREFACE. 



Op the various Treatises on Elementary Geometry 
■whicli lia^'C appeared during the present centiiiy, that 
of M. Leghndre stands preeminent. Its peculiar merits 
have won for it not only a European reputation, tut 
have also caused it to be selected as the Ijasis of many 
of the best works on the sabjoct that have boon pub- 
lished in this country. 

In the original Treatise of Legehdke, the propositions 
are not enunciated in general terms, but by means of 
the diagrams employed in their demonstration. This 
departure from the method of Euclid is much to be 
regretted. The propositions of Geometiy are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In the following work, 
each proposition is first enunciated in general terms, and 
afterwards, witli reference to a particular iignre, that 
figure being taJicn to represent any one of the class to 
which it belongs. By this an-angement, the difficulty 
expen'enced by beginners in comprehending abstract trutlis, 
is lessened, without in any manner impairing the gener- 
ality of the trutlis evolved. 

The term solid, used not only by Lkgendee, but by 
many other authors, to denote a limited portion of space, 
eeenifl calculated to introduce the foreign idea of matter 



.led by Google 



It preface. 

into a science, whicli deals only with the abstract pro- 
perties and relations of figui'ed space. The term voIutii^, 
has teen introduced in its place, under the belief that 
it corresponds moi'e exactly to the idea intended. Many 
other departures have been made from the original text, 
the value and utility of which have been made manifest 
in tlie practical tests to which the work has been bu1>- 
jected. 

In the present Edition, numerous changes have been 
made, both in the Geometry and in the Trigonometry. The 
definitions have been carefully revised — ^the demonstrations 
have been harmonized, and, in many instances, abbreviated — 
the principal object being to simplify the subject as much aa 
possible, without departing from the general plan. These 
changes ai'e due to Professor Peck, of the Department of 
Pure Mathematics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

CHAELES DAVIES. 
Hbw Yobk, April, 1862. 
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ELEMENTS 



GEOMETEY 



INTRODUCTION. 

1. QuANTiry is anything that can be measured. 

To measure a thing is to find out how many times it 
contains some other thing of the same kind, taken as a 
standard. The aasnmed standard ia called the unit of me»- 

2. Since the unit of measure is of the same kind as the 
thing measured, there are as many species of quantity as 
there are kinds of units. In Geometry, there are four kinds 
of units, viz. r Units of Length, Units of Surface^ Vinls of 
Volume, and Units of Angular Measure ; and consequently, 
four species of quantity, viz. : lines, subfaces, volumes, and 
AHGLES. These are called Geometeical Magnitcdes, 

3. GBOMETitY is that branch of Matliematics which treats 
of the properties and relations of Geometrical Magnitudes. 

4. In Gieometry, the quantities considered are generally 
represented Ijy pictorial symbols. The operations to bo 
performed upon them, and the relations between them, are 
indicated by signs, as in Analysis. 
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10 GEOMETRY. 

The following are tlie piincipal signs etiiploycd ; 

The Sign of Addition, + , called plus : 

Thus, A + £, indicates that S is to be added to A. 

The Sign of Subtraction, — , called minus : 

Thus, A — J}, indicates that Ji is to bo subtracted 
h-i,m A. 

Tho Siffn of Multiplication, x : 

Thus, A X Ji, indicates that A is to be multiplied 
by li. 

'J'lie iSiffn of Division, -^ : 

Thus, A-^B, or, " , iBdicates that A is to be 
divided by S. 

The Meponentiai Sign : 

Thus, A^ , indicates that A is to be taken three times 
as a fector, or raised to the third power. 

The Radical Sign, ■y/ : 

Thus, yfA, ^/S, indicate that the square root of A, 
and the cube root of M, are to be taken. 

When a compound quantity is to be operated upon as a 
single quantity, its parte are connected by a vinculum or 
by a parenthesis : 

Thus, A + B X C, indicates that the sum of A ami 
B is to be multiplied by C ; and {A + B) -^ G, md\. 
i:ite* thai the sura of A and B is to be divided by '„'. 

A number written before a quantity, sliows hoiv nui;iy 
limes it is to be taken. 

Thus, 3(A + £), indicates that the sum of A and B 
is to be taken three times. 

The Sign of Equality, — : 

Thug, A — B -\- G, indicates that A is equal to the 
snm of B and <7. 
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The expression, A :^ B + C, is called an equation. The 
part on the left of the sign of equality, is called the Jirat 
member ; that on the right, the second member. 

The Siffn of Inequality, < ; 
"'Thus, yCl < ^/ff, indicates that the square root of A 
is less than the cube root of S. The opening of the sign 
is towards the greater quantity. 

The sign, ,■. is used as an abbreviation of the word 
henee, or consequently. 

5. The genei"al truths of Geometry are deduced by a 
course of logical reasoning, the premises being definitions and 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration. 

6. A Theorem is a truth requiring demonstration. 

7. An Axioii is a self-evident truth. 

8. A PKOETjat is a question requiring a solution, 

9. A Postulate is a problem whose solution is selt 
evident. 

Theorems, Axioms, Problems, and Postulates, are all called 
~ 'ions. 



10. A Lemma is an auxiliary proposition. 

11. A CoEOLLAEY is an obvious consequence of one ot 
more propositions. 

12. A.ScHOLiiTM is a remark made upon one or more 
propositions, with reference to their connection, their use, 
their extent, or their limitation. 
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12 GEOMETRY. 

13. An Hypothesis is a supposition made, eitlier in the 
statement of a proposition, or in the course of a demonstra- 
tion. 

14. Two magnitudes are eQual, when they are equal in 



Wlen they may be so placed as to coincide through- 
oat their whole extent, they are e^cd in aU their parts. 
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BOOK I. 

BLKMBNTAKT PEINCIPI.E8. 
DEFINITIONS. 

1. Geometry is that branch of Matheinatica which treats 
of the' properties and relationg of Geometrical Magnitudes. 

2. A Point is that which has position, but not magni- 

3. A LiXE is that which has length, but neither breadth 
Dor thickness. 

Lilies are divided into two classes, straight and curved. 

4. A Straight Line is one whioli does not change its 
direction at any point. 

5. A CiiRVED Line is one which changes its direction at 
every point. 

The word linSi alone, is used for straight line; and the 
word curve, alone, for curved line. 

6. A line made up of straight lines, ia called a broken 

1. A SuKFACB is that which has length and breadth, 
withoat thickness. 
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GEOMETRY. 

are divided into two class 



. plane and curved 



8. A Plane ia a surface, such, thiit if any two of iu 
points be joined by a straight fine, that lino will lie wholly 
in the surface. 



surface which is neither a 



9. A Curved Surface 
plane nor composed of planes. 

10. A Plane Angle ia tLe amount of divergence of two 
lines lying in the same plane. 

Thus, the amount of divergence of the 
lilies AB and -dC, is an angle. The ^^^ 

lines AB and AO are called si^as, and , ^^y^'^ „ 

theii- common point A, vi called tlie ver- 
tex. An angle vi designated by naming its sides, or some- 
times by amply naming its vertex ; thus, the above is called 
the angle BAC, or simply, tlie anslo A. 

11. When one straight line meets 

another the two angles which they form x^ 

are called adjacent angles. Thus, (he A jj C 

angles ABD and DBG are adjacent. 

12. A Right Angus is formed by one I 
Btraght line meethig another so as to 

make the adjacent angles equal. The first 

line is then said to be perpendieular to the second. 

13. An OBLiquB Angle ia formed by / 
one straight line meeting another so as / 
to make the adjacent angles unequal. 

Oblique angles are subdivided into two classes, acute 
angles, and obtuse angles. 

14. An Acute Angle is less than a ^^ 
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16. An OisTDSE AiSGi.E is greater than / 
a right angle. . / 

10. Two straight Hues are paraUd, 
when tlicy lie in the same plane and can- "" ~ 

not meet, how far soever, either way, both 
may be produced. They then have the same- direction. 

17. A Plane Figcp.k is a portion of a pknc hounded 
by lines, either straight or curved, 

1 8. A Polygon is a plane figure hounded by straight 

The bounding lines are called sides of the polygon. The 
broken iine, made np of all the ddes of the polygon, ia called 
the perimetei' of the polygon. The angles formed by the 
sides, are called angles of the polygon. 

19. Polygons are classified according to the number of 
their sides or angles, 

A Polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral ; one of five sides, a pentagon ; 
one of sis sides, a hexa(/on ; one of seven sides, a hepKt- 
gon ; one of eight sides, an octagon y one of ten sides, a 
decagon ; one of twelve sides, a dodecagon, &c. 

20. An Equit.atekal Polygon, is one M'hosc sides art 
all equal. 

An Eqitiakgitlak PoLvfiox, is one whose angles are :''<• 
equal. 

A Rkgulae Polygon, is one which is both equilateral 
and equiangular. 

21. T\70 polygons ai-e equilafa'al^ or mutually equilateral, 
when their sides, taken in the fiame order, are equal, each 
to each ; that is, following their perimeters in the s:iiii9 
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GEOMETRY. 



mutually equi- 



diroctioii, the first 'side of the one is equal to tbe first side 
of tlio other, tlic second side of the one, to the second 
side of the other, and so on. 

22. Two polygons are equiangular 
aii-ffular^ when tlicir angles, taken in 
oqual, each to each, 

23. A Diagonal of a polygon is a line joining the v 
tJces of two angles, not consecutive. 

24. A Base of a polygon is any one of its sides 
wliicli the polygon is supposed to stand. 

25. Triangles may be classified with reference cither 
their sides, or their angles. 

Wlien classified with reference to their sides, there : 
two ehtssea : scalene and isosceles. 

1st. A ScALliNE TlMANGLE is ouo ^'hich ^'"''^ 
has uo two of its sides equal. -'-''^ 

2d. An Isosceles Triangle is < 
has two of its sides equal. 

When all of the sides i 
triangle is equilateeal. 



equal, the 




When classified with reference to their angles, there 
are two classes : right-angled and oblique-angled. 

1st. A RiGHT-AKGLED Te'.iasgu; is one ^,^ 

that has one right angle. ^-'""'^ 



The side opposite tjie right angle, is called the liypothe- 



2d, An Obuque-angled Triangle 
le whose angles are all oblique. 
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If one angle of an oblique-angled ti-iangle is obtuse, 
triangle is s^d to be OBiUHE-ANULEn, If ail of tliu an 
are acute, the truingle is anid to be acute-anglbo. 

26. Quadrilaterals are classiSed ivith reference to tiw 
ative directions of their sides. There are then two cl;i ■ 
the Jtrsi class embraces those which have no two sides 
allel ; the second class embraces 
parallel. 

Quadrilaterals of the first class, are called trapez'i 

Quadrilaterals of the sucoulI d^^% 
species : trapezoids and paraUdograma. 



which iiave two sides 



uidcd into two 



27. A Trapezoid is a quadi-ilateral 
which has only two of ita sides parallel. 



28. A PARAi.LELOiiEAM is a quadrilateral which has ita 
opposite sides parallel, two and two. 

There are two varieties of parallelograms : rectangles 
and rhomboids. 

1st, A Rectangle is a parallelogram 
whose angles are all right angles. 



equiJateiTil rectangle. 



2d. A Rhomboid is a parallelogram 
whose angles are all oblique. 



equilateral rhomboid. 
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1, Things which are equal to the same thing, are equal 
to each other. 

t. If equiUa be added to equals, the sums will be equal, 

3. If equals be subtracted from equals, the remaindere 
will be equal. 

4. If equals be added to un equals, the sums will fee 



5. If equals be subtracted from unequals, the remaitiders 
will be unequal. 

6. If equals be multiplied by equals, the products will be 

7. If equals be divided by equals, the quotients will be 

8. The whole is greater than any of its parts. 

9. Tlie whole is equal to the sum of all its parts. 
10. Ali right angles are equal. 

n. Only one straight line can be drawn between two 
points. 

12. The shortest distance between any two points is mea- 
mired on the straight line which joins them. 

13. Through the same point, only one line can be drawn 
jiarallel to a given line. 

POSTULATES. 

1. A strfught line can be drawn between any two points. 

2. A straight lino may be prolonged to any length. 

3. If two lines are unequal, the length of the less may 
be laid off on the greater 
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4. A line may be bisected ; that is, divided into two 
equal parts. 

5. Au angle may be bisected. 

6. A perpendiculai' may be drawn to a given line, eithw 
from a point without, or from a point on the line. 

1. A line may bo di-awu, making with a given line an 
angle equal to a given angle. 

8. A line may be drawn through a given point, parallel 
to a given line. 



Iq making referenoea, the following abbreviationfl are employed, ^ii. ; 
A- for Axiom ; B. for Book ; 0, for Corollary ; D. for Definition ; L 
for Introduction ; P. for Proposition ; Prob. for Problem ; Poat. for 
Postulate ; and S. for Scholium. In referring to the aame Book, the 
number of the Book t's not giren ; ia referring l-o anj otber Book, th« 
number of the Book it giTen. 
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PROPOSmOK I. THEOREM. 

Xf a straight line meet another straight line, the swm of the 
adjacent angles wiU be equal to two right angles. 

Let DO meet AB at : 
then will the sum of the angles E D 

DCA and DCB be equal to i / 

two right angles. I / 

A\ 0, let OE be drawn per- , 1/ 

pendicular to AB (Post. 6) ; then, *^ 

by definition (D. ]3), the angles 

£!CA and EOB will both be right angles, and conae- 

quently, their sum will be equal to two right angles. 

The angle DCA is equal to tiie sum of the angles 
ECA and EOB (A. 9) ; hence, 

DOA + DCB = EGA + EGD + DOB ; 

But, ECJ> + BOB is equal to BOB (A. 9); hence, 

BOA + BOB = EGA + SCB. 

Th6 sum of the angles ECA and ECB, is equal to 
two right angles ; consequently, its equal, that is, the sum 
of the angles DGA and BGB, must also be equal to two 
right angles ; whic/i. was to be proved. 

Cor. 1. If one -of the angles BCA, BCB, is a right 
angle, the other must also be a right angle. 

Oor. 2. The sum of the an- 
gles BAG, CAB, DAE, SAF, 
formed about a given point on 
the same side of a straight line 
BE, is equal to two right an- 
gles. For, their sum ia equal to 
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the sum of the angles £!AB and EAP; which, from the 
proposition jnst demonstrated, is equal to two right angles. 

DEFIKITIONS. 

If two straight lines intersect each other, they form four 
angles about the point of intersection, which have received 
different names, M'ith respect to each other. 

1°. ApjACKNT AjJGi^a are 
those which lie on the same side 
of one lino, and on opposite sides 
of the other ; thtis, A GE and 
ECB, or ACE and AGD, are 
adjacent angles. 

2". Opposetb, or Vektical Angles, are those which lie 
on opposite sides of both lines; thus, ACE and DCB, 
or AC J) and ECB, are opposite angles. From the pro- 
position just demonstrated, the sum of any two adjacent 
angles is equal to two right angles. 



PROPOSITION II. THEOREM. 

If two straight lines intersect each other, the opposite or 
vertical angles will he equal. 

Let AB and BE intersect 
at C '. then will the opposite 
01' vertical angles be equal. 

The sum of the adjacent angles 
ACE and ACB, is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles ACE and EGB, is also equal to 
two right angles. But things which are equal to the same 
thing, are equal to each other (A. l) ; hence, 
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AC'E+ AGD = ACE-V EGB; 

Taking from both the 
angle AGE (A. 3), tliere 

ACD = EGB. 

In like maDiier, wc find, 

ACD + AGE = AGD + DGB ; 
and, taking a'H'ay the common angle A GD, we bare, 

ACE = DCB. 
Hence, the proposition is proved. 

Got. 1. If one oi' the angles aljout (7 is a right angle, 
ftU of the others will be light angles also. For, (P. I., C. 1), 
each of its adjacent angles will 
be a right angle ; and froai the 
proposition just demonstrated, its 
opposite angle wiU also be a right 
angle. 

Got. 2. If one line DE.. is ^ 

perpendicular to another AB, then will tbt second line AB 
be perpendicular to the first JDE. For, the angles DC A 
and BCB are right angles, by definition (D. 13) ; and 
from what has just been proved, the angles AGE and 
BCE are also right angles. Hence, the two lines are 
mutually perpendiculai- to each other. 

Got. 3. The sum of all the 
angles AGB, BCB, BCE, EGF, 
EGA, that can bo formed about 
& point, is equal to four right 
angles. 
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For, if two lines bo drawn through the point, mutually 
perpemiieular to each other, the sum of the angles which 
ttiey form will be equal to four right angles, and it will 
also be equal to the sum of the given angles (A. 9). Hence, 
the sum of the given angles is equal to four right angles. 



PROPOSITIOH nl. THEOREM, 

If too straight lines ham two points in common, they will 
coincide throughout their whole ^ient, and form one and 
the same line. 

Let A and _B be two points 
coinmon to two lines : theu will 
the lines coincide throughout. 

Between A and B they must 
coincide (A, 11). Suppose, now, that they begin to separate 
at some point G, beyond AS, the one becoming AOE, 
and the other A CD. If the lines do separate at C, one 
or the other must change dh-ection at this point ; but this 
ia contrary to the definition of a straight line (D. 4) ; 
hence, the supposition that they separate at any point is 
absurd. They must, therefore, coincide throughout ; which 
was to he proved. 

Cor. Two straight lines can intersect in only' one point. 

Note.— -The method of demonstration employed above, ia 
called the reiluetio ad abeurdum. It consists in assuming an 
hypothesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until the 
assumed hypothesis is shown to be false. Its contradictory is 
thus proved to be true. This method of demonstration is 
often used in Geometry. 
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PEOPOSmoN rv. THEOEEir. 

If a straight line meet two other straight lines at a com- 
mon point, moMng the sum of the contiguous angles 
equal to two right angles, the two lines met will fom\ 
one and the same straight line. 

Let J)d moot AC and £0 
at C, making the earn of the __-— -""^''^ 

angles DOA and I>02t equal C ~~~~~^~~^^ 

to two right angles : then ivill 
C'JS bo the prolongation of A C. 

For, if not, suppose GJS to be the prolongation of AO, 
then will the sum of the angles DCA and DOB be 
ftqual to two right angles (P. I.) : We shall, consequently, 
liave (A. I), 

J)CA + DCB = DCA + DOE ; 



Taking from both the common angle DCA, there re- 

DCD = DGE, 

which is impossible, since a part cannot be equal to the 
whole (A. 8 ), Hc-nce, CD must be the prolongation of 
AG ; which was to le }wove4. 



PEOPOSinON V. THEOREM. 

If two triangles have two sides and the included angle of 

the one equal to two sides and the included angle of 

the other, each to eae/i, the triangles will be equal in all 
their parts. 

la the triangles AUG and DEE, let AD be eqnal 
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to i>_E', AO to DF, and the angle A to the angle J5 : 
then will the triangles he equal in aO their parts. 

For, let ABC be 
applied to DEF, in 
such a manner that the 
angle A shall coincide 
with the anlge -Z?, 
the side AB taking 
the direction J)E, and 

the side AC the direction DF. Tiien, because ^S ie 
equal to DJS, the veitox S will couicido with the vertex 
F; and because AC is equal to J^^ the vertex C will 
coincide with the vertex _P ; consequently, the side JJC 
win coincide with the side FP (A. 11). The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; which was to ho proved. 



PEOPOSITION" VI. THEOREM. 

If two triangles have two angles and the included side of the 
one equal to two angles and the included side of the other, 
each to each, the triangles wiU be equal in all their parts. 



In the triangles 
ABC and DBF, let 
the angle B be equal 
to the angle F, the 
angle C to the angle 
F, and the side BC 
to the side FF: then 
will thSi triangles be equal in all their parts. 

For, let ABC be applied to BFF in such ; 
that the angle B shall coincide with the angle F, 
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BC taking the direction EF, aod the side BA the diiTc 
tion ED. Then, because BG is equal to EF, the vertex 
G will coincide with the vertex F\ and because the angli; 
G is equal to the angle JFJ the side GA will take the 
direction ED. Now, the vertex A being at the same time 
on the lines ED and FD, it muat be at their intersection 
D (P. m., C.) : hence, the triangles coincide throughout, 
and are therefore equal in all their parts {I., D. 14 j ; 
which was to be proved. 



PROPOSITION VII. THEOREM. 

77ie sum of any two sides of a triangle is greater than the 
third side. 




Let ABC be a triangle: then will 
the sum f y tw sides, as A£, EC, 
be great th n tl third side AG. 

For, th d t from A to C, 

measured n y b ken line AB, BC, 

is great th n th 1 stance measured on the straight line 
AC (A. 12) : hence, the sum of AB and BC is greater 
than AG ; which was to be pi-oved. 

Cor. If from both members of tiic inequality, 

AG <AB -\- BG, 

we take away either of the sides AB, BG, as BC, for 
example, there will remain (A. 5), 

AC - BG <AB; 

that is, the difference between any two sides of a triangle is 
less than the third side. 

In order that any three given lines may re- 
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present the ades ,of a triangle, tte sura of any two must bu 
greater than the third, and the difference of any two must 
be leas than the third. 



PEOPOSITIOH" Vin. THEOKEM. 

Tf from any point within a triangle two straight lines he 
drawn to the extremities of any aiiie, their sum will be 
less than that of the two remnini-ng sides of the t 



Let be any point within the triangle £AC, and let 
the linea 0£, OC, be drawn to the 
extremities of any side, as JiC : 
then will the sum of £0 and 00 
be less than the sum of the sides 
jBA and AG. 

3?i'olong one of the lines, as SO, 
till it meets the side AO in _Z> ; then, from Prop. VII,, we 
shall have, 

OG < OB + DC ; 

adding JiO to both members of this inequality, recolleuting 
that the sum of JDO and OD is equal to JID, we have 
(A. 4), 

HO +0C < BD + I)C. 

From the triangle BAI)^ we have (P. VII.), 

BD < BA + AD ; 

adding JDO to both members of this inequality, reeollrctin. 
that the sum of AB and BC is equal to AC, we have, 

BB + BC< BA + AO. 
But it was shown that BO + 00 is less than BD + J)0; 
still more, then, is BO + 00 less than BA + AC ; which 
was to be proved. 



Hosted by Google 



GEOMETRY. 



PEOPOSmOH IS. THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, and the included angles unequal, ths 
third sides will be unequal; and tJie greater side wiU belong 
to the triangle which has the greater included angle. 

In the triangles 11 AO and DJr^F, let AB be equal to 
DE, AC to J)F, and the angle A greater than the an- 
gle D: then will SO be greater than EF. 

Let the line AG be drawn, making the angle CAG 
equal to the angle J) {Post. 1) ; make AG equal to DE, 
and draw GG. Then will the triangles AGO and DEF 
have two sides and the included angle of the one equal to 
two sidea and the included angle of the other, each to each; 
consequently, GC is equal to EF {P. V.). 

Now, the point G may be without the triangle ABV, 
it may be on the side BC\ or it may be within the tri- 
angle ABC. Each . 

P. When G is 
without the triangle 
ABC. 

In the triangles GIC 
and AIB, we have, 
(P. VII.}, 

GI^ IC > GC, and BI-^IA> AB; 

whence, by addition, recollecting that the sum of BI and 
IG is equal to BC, and the sum of 01 and lA, to GA^ 
we have, 

AG Jr BO •> An ^ GO 
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Or, since AG z= AB, and (?(7 = EF, we have, 
AB + BC > AB + EF. 
Taking away the common pai-t AB, there remains (A. 5), 
BG •> EF. 

2°. "When G is on BG. 

In this case, it is obvious 
that ee is less than ,BC; or, 
Mnoe GG - EF, we have, 

BG > EF. B 

3°. When G is witliin the triangle ABC. 
From Proposition VIII,, wc have, 

BA^ BG ^ GA + 6G; 

or, since GA = BA, and GG = EF, y// 

BA + BG > BA + EF. 

Taking away the common part AB, 
there remains, 

BG > EF. 

Hence, in each case, BG is greater thitn EF; which was 
to he proved. 

Conversely: If in. two triangles A7}G and BEF, the 
dde AB is equal to the side BE, the side AC to BE, 
mi BG greater than EF, then will the angle BAG be 
greater than the angle FDF. 

For, if not, BAG must either be equal to, or less than, 
EBF. In the former case, BC would be equal to EF 
{P. v.), and in the latter case, BC would be loss than 
EF; either of which would be contrary to tlie hypothesis 
hence, BAG must be greater than EBF. 
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PROPOSITION X, THEOREM. 




Tf two triangles have the three sides of the one equal to the 
three sides of the other, each to each, the triangles loiU be 
equal in aU their parts. 

In the triangles ABC and DEF, !et AB be equal 16 

BE, AC %a BF, and BC to EF : then will the tri- 
angles be equal in all their parts. 

For, since the sides 
AB, AC, are equal to 

BF, BF, each to each, 
if the angle A were 
greater than B, it would 
follow, by the last Pro- 
position, that the side 

BQ wonld be greater than EF; and if the angle A were 
less than B, the side BO would be less than EF. But 
BC is equal to FF, by hypothesis; therefore, the angle A 
can neither be greater nor less than B : hence, it must be 
equal to it. The two triangles have, therefore, two sides and 
the included angle of the one equal to two sides and the inclu- 
ded angle of the other, each to each ; and, consequently, they 
are equal in all their parts (P. V.) ; which was to be proved. 
Scholium. In triangles, equal in all their parts, the equal 
sides lie opposite the equal angles; and eonvereely, 

PEOPOSITION XI, THEOREM. 

In an isosceles triangle the angles opposite the eqiml sidee are 
equal. 
Let BAG be an isosceles triangle, having the side AB 
equal to the side A : then will the angle G be equal to 
the angle B. 
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Join the vertex A and the middle point D of the basa 
BC. Tlien, AJf is equal to AO, by hypothesis, AJO 
coitimoii, and JID equal to J)0, by 
(ion St ruction : hence, the triangles SAD, 4 

and J)AC, have the three sides of the 
one equal to those of the other, each to 
e!\ch ; therefore, by the last Proposition, 
the angle B is eqvial to the angle C ; 
which was to be proved. 

Cor. 1. An equilateral triangle is equiangular. 

Vor. 2. The angle JBAJ) is equal to DAC, and BI>A 
to C'J)A ; hence, the last two are right angles. Conse- 
quently, a line drawn from the vertex of an isosceles triangle 
to the middle of the base, bisects the vertical angle, and is per- 
pen-dicular to ilie base. 



PROPOsmorr xii. theorem. 



Jf two angles of a triangle are equal, the sides o^osite . to 
them are also equal, and consequently, the triangle is isos- 
celes. 

In the triangle ABC, let the angle 
ABC be equal to the angle ACB : 
then wUl AC be equal to AS, and 
consequently, the triangle will be isosceles. 
For, if AS and A are not equal, 
suppose one of thena, as AS, to be the 

greater. On this, take SB equal to AC (Post. 3), and 
draw DC. Then, in the triangles ASC, DSC, we have 
the side SS equal to AC, by construction, the wde SO 
common, and the included angle ACS equal to the included 
angle BBC, by hypothesis; hence, the two triangles are equal 
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in all their parts (P. V.). But this h impossible, becanse a 
part cannot be equal to the whole (A. 8) : hence, the 
hypothesis that A£ and AC are unequal, ia false. They 
moat, therefore, be equal ; which was to be proved. 
Cor. An equiangular triangle is equilateral. 

PROPOSITIOff XIH. THEOREM. 

fn any triangle, the greater side is opposite the greater angle ; 
and, conversely, the greater angle is opposite the greater 



In the triangle ABC, let the angle 
ACB be greater than the angle ABC: 
then will the side AB be greater than 
the side AC. 

For, draw CD, mating the angle 
BCD equal to the angle B (Post. 7) : 



then, in the triangle BOB, we have the angles BCB and 
BBC equal: hence, the opposite sides BB and BC are 
equal (P. XH.). In the triangle ACB, we have (P. VH.), 

AB -^ DC > AG \ 

or, since BC ^ BB, and AB + BB = AB, we have, 

AB >AC; 

which was to be proved. 

Conversely : let AB be greater than A G : then will the 
angle AGB he greater than the angle ABC. 

For, if AGB were less than ABC, the side AB would 
be less than the side A G, from what has just been proved ; 
if ACB were equal to ABC, the side AB would be 
equal to AG, byProp. XII. ; but both coiidilimis are contraiy 
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the hyjjoLhcsis : lietice, A CB can 
equal to, ABO ; it must, therei 
; to he, pro-ceei. 



tcr; Kluch 



PEOPCKITION ZIV. THEOREM. 



: given point only one f 

a given straight line. 



can be dravn to 



N 



B E 



F 



Let ^ be a given poiut, and AJB 
a perpendicular to JOE : ttien can no 
other perpendicular to BE be drawn 
through A. D— 

For, suppose a second perpendicular 
AO to be drawn. Prolong AB till 
BF is equal to AB, and draw CF. 
Then, the triangles ABG and FBO ivill have AB equal 
to BF, by construction, CB common, and the included 
angles ABC and FBC equal, because both are right an- 
gles ; hence, the angles A CB and FOB are equal (P. V.) 
But ACB is, by a hj-potliesis, a right angle : hence, 
FOB must also be a right angle, and consequently, the line 
ACF must be a straight Hno (P. IV.). But this is impos- 
Bible (A. II). The hypothesis that two perpendieulara van 
lie drawn is, therefore, absurd ; consequently, only one such 
perpendicular can be drawn ; which was to he proved. 

If the given point is on the given line, the propositiun 
is equally true. For, if througli A two pei-pendicukrs AB 
and A C could be drawn to BE, 
we should have BAE and CAE 
each equal to a light angle ; and 
consequently, equal to each other ; 
which is absurd (A, 8). 
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PROPOSITION XV. THEORHM. 

If from a point without a straight line a perpendicular be 
let fall on the line, and oNi^ue lines be drawn to differ- 
ent points of it : 

\°. The perpendicular will he shorter than any oblique line: 

2°. Any two oblique lines that meet t/ie given line at points 
equally distant from, the foot of the perpendicular, will 
be equai: 

3°. Of two oblique lines that meet the given line at points 
unequally distant from the foot of the perpendicular, the one 
which meets it at the greater distarwe will be the longer. 

Let A he a. given point, DS a ^ 

givon straight Hue, AB a perpendicular 
to I>B, and AI>, AC, AE oblique 
lines, BG being equal to BE, and BI> 
greater tban BO. Then will AB be 
less than any of the oblique lines, AC 
will be equal to ABJ, and AD greater ^ 

than AC. 

Prolong AB until BF is equal to AB, and draw 
FG, FJ>. 

1". In the ti-iangles ABO, FBC, we have the side 
AB equal to BF, by construction, the side BO comninti, 
and the included aiiglea ABO and FBG equal, because both 
are right angles; hence, FG is equal to AG {P. V.). 
But, AF is shorter than ACF (A. 12): hence, AB, the 
half of AF, is shorter than AC, the half of AOF; which 
was to be proved. 

2°. In the triangles ABO and ABE, we have the 
wde DC equal to BE, by hypothesis, the side AB com- 
mon, and the included angles ABC and ABE equal, 
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because botli are right angles; hence, AC is equal to A£!; 
which was to be proved. 

3°, It may be sliown, as in the first case, that AD is 
equal to DF. Ttien, because the point C lies within the 
triangle ABF, the sum of the lines AD and DF will be 
greater than the snm of the lines A G and CF (P. VIII.) : 
hence, AD, the half of ADF, is greater than AC, the 
half of A CF \ which was to be proved. 

Cor. 1. The perpendiculav is the shortest distance from a 
point to a line. 

Cor. 2. From a given point to a given straight line, only 
two equal straight lines can be drawn ; for, if there could 
he more, there would be at least two equal ohlique lines on 
the same side of the perpendicular ; whieh is impossible. 



PltOPOSITION SVI. THEOREM. 

^ a perpendicular be drawn to a ^ven straight line at its 

middle point : 
1°. Any point of the perpendicttlar wiU be equally distant 

f^om the extremities of the line: 
2°. Any point, without the perpendicular, will be unequaUy 

distant front the &ctremities. 

Let AB be a given straight line, 
its middle point, and EF the pei-pendieular. 
Then will any point of FF be equally dis- 
tant fi'ora A and B ; and any point without 
EF, will be unequally distant from A and B. 

\°. From any point of EF, as D, draw 
the lines DA and DB. Then will DA 
and DB be equal (P. XV.) : hence, D is 
equally distant from A and B j which w 




' to be proved. 
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2°. From any point without -E/'^ as I, draw TA and 
IB. One of tliusc lines, a% lA, will cut MF in some 
point I) ; draw 7)i^. Then, from what 
has just been shown, JDA and DB will 
be equal ; but IB h less than the sum 
of ID and DB (P. VII.) ; and because 
the Bum of IB and BB is equal to the 
sum of ID and DA^ or lA, M'e have 
/J? loss than lA : hence, I is unequally 
distant from A and 5 ; which was to he 




Cor. If a straigla line EF have two of its poinl-s U 
wid F equaOy distant from A and D, it will be perpen- 
dicular to the line AB at its middle point. 



PROPOSITION SVII. THEOREM. 

^ two riffht-anffkd triangles have the hypothenuse and a side 
of the one equal to the hypothenuse and a side of the 
other, each to each, the triangles will be equal in all their 
parts. 

Let the right-angled tri- ^ 
angles ABC and DEF have r''^^^>.„,„_^ 
the hypothenuse A C equal ""-C^^ 

to I>F, and the side AB 1} G C E" 

eqaal to BE: then will the 
triangles be equal iu all their parts. 

If the side BC is equal to EF, the triangles will be 
equal, in accordance with Proportion X. Let us suppose then, 
that BC and EF are unequal, and that JBO is the 
longer.- On BC lay off BQ equal to EF, and draw 
^G. Ti» triangles ABG and DEF have AB equal to 
DE, by hypothesis, £6r equal to EF, by construction, and 
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the angles JS and M equal, because both are right angles; 
consequently, AG \s, equal to DF (P. V.) Bat, AG '-a 
equal to BF, by hypothesis; hence, AG and AC are equal, 
whicli is impossible (P. XV.). The hypothesis that BG and 
EF are unequal, is, therefore, absurd ; hence, the triangles 
L:ivo all their eidca equal, each to each, and are, consequently, 
equal in all of their parts ; whieh was to he proved. 

PEOrOHITION XVIII. THEOREM. 

If tvjQ straight lines are perpendicular to a third line, tTiey 
will be parallel. 

Let the two lines A G, £D, be perpendicular to AB : 
then will they be parallel. 

For, if tlioy could meet in a [j D 

point 0, there would be two '*""rs=— 

perpendiculars OA^ OB, diawn l - — ■ -■■ ^ 

from the same point to the same 

Btmight line ; whieh is impossible (P. XIV.) : hence, the 

lines are parallel ; which was to be proved. 



DEFINITIONS, 










If a Straight line FF inter- 






E 

a/ 




sect t\\'o other str.iiglit lines AB 








and CB, it is called a seea7it, 




A 


B 


with respect to them. The eight 






/ 




angles formed about tlie points of 


c- 


yi 


/ 


— D 


intersection have different names, 




/' 






with respect to each other. 




F 






1°. Intekiou angles on the same 


srnK, 


are those that 


lii? on the same side of the secant 


and 


within 


the other two 


linos. Thus, BGII and (?/fi> ; 


ire 


interior 


angles 


on the 


same side. 











HosBdb, Google 



GEOMETRY. 



! ANGLES ON THE SAME SIDE, 3X6 thoSe that lie 

on the same side of the secant and viithotit the other two 
Imea. Thus, £JGB and BIIF 
are exterior angles on the same 
dde. 

3°. Alternate akgles, are 
those that lie on opposite sides 
of the secant and within the 
Other two lines, but not adja- 
cent. Thus, AGH and GITZ) 
are alternate angles. 

4°, Alternath jjxTiiKioii ANGLES, &VG til 36 that lie on 
opposite sides of the secant and withoitt the other two lines. 
Thus, AGE and FHD are alternate exterior angles. 

5°. Opposite exteeiok and ini'ektop. angles, are those 
that lie on the Bame side of the secant, the one within and 
the other without the other two lines, but not adjacent. Tlius, 
EGB and GHD are opposite exterior and interior angles. 




PROPOSITION XIX. THEOEEM. 



If two straight lines meet a third line, making the sum of 

the interior angles on the same side equal to two right 

angles, the two lines will be parallel. 

Let the lines JTC and HD meet the line BA, making 
the sum of the angles JIA C and ASD equal to two right 
angles : then ivill KC .ind HD be parallel. 

Through G, the middle point 
of AB, draw GF perpent^nular 
to KC, and prolong it to E. 

The sum of the angles GBE 
and QBD is equal to two right '^~ 



EB 

"7" 
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angles (P. I.); the sum of the angles FAG and GBD is 
equal to two right angles, by hypothesis : hence (A. 1), 

QBE+ QBD = FAQ -V &BI>. 
Taking from both the common part GBD, we have the 
angle GBF equal to the angle FAG. Again, the angles 
BGB and AGF are equal, because they are veriiiia! an- 
gles (P. H.) : hence, the triangles GEB and GFA have 
two of their angles and the inchided side equal, each to each ; 
they are, therefore, equal in all their parts {P. Vi.)i hence, 
the angle OBB is equal to the angle GFA. But, GFA 
is a right angle, by construction ; QEB must, therefore, be 
a right angle : hence, the lines KG and HI) are both per- 
pendicular to EF, and are, therefore, parallel (P. XVTII.} ; 
which was to ho pi-oved. 

Cor. 1. If two lines are cut by a third line, mating the 
alternate angles equal to each other, the two lines will be 
paralleh 

Let the angle IIGA he eqtial E 
to OIID. Adding to both, the / 
angle HGB, we have, A— — G/ g 

IIGA + HGB = Gin) + llGB. 



r 



-D 



But the first sum is equal to 

two right angles (P. I.) : hence, ^ 

the second sum is also equal to two right angles ; therefire, 

from what has just been shown, AB and CB are paraJlel. 

Got. 2. If two lines are cut by a third, making the opjio- 
eite exterior and intei:Jov angles equal, the two lines will be 
parallel. Let the angles FGB and GIIB be equal : Noiv . 
FGB and AGH are equal, because they are vertical (P. IT.) ; 
and consequently, AGH and GHD are equal ; hence, frum- 
C<yr. J, AB and CD are parallel 
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PKOPOBIITOK XX. THEOltEM. 

jy a straight line intersect two parallel straight lines, the sum 

of the interior angles on the same side will be equal to 

two riff^tt angles. 

Let the parallels AB, CD, be cut by the Bocaiit line 
J?E i then will the sum of ITGB and GIfD be equal to 
two right angles. 

For, if the sum of IIGS ^ 

!i!id GSD is not equal to ~~~~~''^--^G / 

two right angles, let JGL be ^ / ~~^--^ ^ 

drawn, making the sum of IIGL / "" ,-^ 

and GUI) equal to two right /" 

angles ; then JL aiid CD wilt 

be parallel (P. XLX.) ; and consoqueDtly, we shall have two 
lines GS, GL, drawn through the same point G and par- 
allel to CD, which is imposdble (A. 13) : hcnco, the sum 
of HGB and GHD, is equal to two right angles ; which 
Kus to be proved. 

In like manner, it may be proved that the sum of SGA 
and GIIC, is equal to two right angles. 

Cor. 1. If IIGD is a right angle, GMJ) will be a right 
angle also : hence, if a line is perpendiciilar to one of two 
parallels, it is perpendicular to the other also. 

Cor. 1. If a straight line meet (wo parallels, the alternate 
angles wiU he e([ual. 

For, if AD and CD aie E 

par.i]le!, the sum of BGH and q/ 

GlID is equal to two right ~J 

angles ; the sum of BGH and / 

HGA is also equal to two light / II 

angles (P. I.) : hence, these sums y 
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are equal. Taking away tlie comnioii part HGIT, there re- 
mains the angle GUI) equal to IIGA. In like manner, 
it may bo shown that BGK and GMG are equal. 

Cot. ^. If a straight line meet two parallels, the opposite 
exlcrior and interior angles will be equal. The angles DJIG 
and HGA are equal, from what has juat been shown. The 
angles IIGA and JBGI! are equal, because thoy are verti- 
cal : hence, DUG and BGE arc equal. In like i 
it may be shown that OJtG and AGS are equal. 

Scholium. Of the eight angles formed by a line cutting 
two parallel Unes obliquely, the four acute angles are equal, 
and so, also, are the four obtuse angles. 



PROPOSITION XXr. THEOREM. 

jy two straight lines intersect a third line, maJcing the sum 
of the interior angles on the same side less than two right 
angles, the tmo lines will meet if sufficiently produced. 

Let the two lines CD, IL, meet the line EF, making 
the sum of the interior angles HGL, GSD, less than two 
right angles : then will IL and CD meet if sufficiently pro- 
duced. 

For, if they do not meet, 
they must be parallel {D. 16), 
But, if they were parallel, the 
sum of the interior angles HGI,, 
QIID, would be equal to two 
right angles (P. XS.), which is 
contrary to the hypothesis : hence, 

IL, CD, will meet if sufficiently produced ; which was to be 
proved. 
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Cor. It is evident that IL and CD, will meet < 
side of EF, on ■which the sum of the two angles 
tliaii two right angles. 



PROPOSITION SXII. THEOREM. 

If Iwo straight lines are parallel to a third line, they are 
parallel to eaeli other. 

Lftt AB and CD be respectively 
parallel to JSF: then will they be par- 
allel to each other. 

For, draw PM perpendicular to 
Ji!F\ then will it be perpendicular to 
AB, and also to GI> (P. XX., C. l) : " I 

hence, AB and 0I> are pei-pendieu- 

lar to the same straight lino, and consequently, they are par- 
allel to each other (P. XTIII.) ; -which waa to be proved. 







E 


R F 


C 


Q D 



PKOPOSITION XXIII, THEOREM. 
Two parallels a\e everywhere equally distant. 

Let AB and CD be parallel ; then will they be i 
where equally distant. 

From any two points of AB, as 
F and E, draw FR and EG 
perpendicTilar to CD ; they will also be 
pei-pendicular to AB (P. XX., C. I), 
and will measure the distance between 
AB and CD, at the points F and _E Draw ala 
The lines FR and EG are parallel (P. XVIIT.) : 
the alternate angles IIF6 and F&E are equal (P. XX. 
The lines AB and CD are parallel, by hypothesis : 
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tho alternate angles EFO and FGH are equal. The tri- 
angles FQE and FGM have, therefore, the angle HGF 
equai to GFE, GFH equal to FGF, and the side FG 
common ; they ai'e, therefore, equal in all their parts (P. "VI. ) ; 
beiice, FH is equal to E& ; and consequently, AB and 
CD are everywhere equally distant ; widch was to be j)roved, 

PEOPOSITIOIT XXIV. THEOREM. 

If two angles have their sides parallel, and lying either in 
the same, or in opposite directions, they will be equal. 

1°. Let the angles ABG and DFF have their sides 
parallel, and lying ia the same direction : then will they be 
equal. 

Prolong FF to X. Then, because 
DE and AL are parallel, the exterior 
angle DFF is equal to its opposite in- 
terior angle AZF (P. XX., C. 3) ; and 
because FO and XF are parallel, tho 
exterior angle ALE is equal to its op- 
posite interior angle ABC : hence, DFF is equal to 
ABO ; which was to be proved. 

2°. Let the angles ABC and GHIC A 

have their sides paraOel, and lying in op- ~~~~J A^ 

posite directions : then will they be equal. / B'-— — - — -, 

Prolong Gil to M. Then, because / 

lOI and B3f are parallel, the exterior 

angle GF'F ia equal to its opposite interior angle FMB ; 
and because HM and BC are parallel, the angle MMB 
is equal to its alternate angle MBG (P. XX., C. 2) : hence, 
GHK is equal to ABC \ which was to he proved. 

Cor. Tho opposite angles of a parallelogram are equal. 
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PROPOSITION XXV. TIIEOnESt. 



In any trtm>ijh, the 



;m, of the three t 
right Angles. 



•ugles is equal to two 



the sum of the 




Let OSA ho any triangle : tlieii ' 
angles 0, A, and ^, be equal to 
two light angles. 

For, prolong CA to D, and draw 
AE paraUel to BO, 

Then, since AE and CJl are 
parallel, and CI> cuts them, the ex 
terior angle DAIS ia equal to its 
opposite interior angle C (P. XX., C. 3). In like i 
since AE and GB are parallel, and AB cuts them, the 
alternate angles AB and BAE are equal : hence, the 
sum of the three angles of the triangle BAC, ia equal to 
t!ie sum of the angles CAB, BAE, BAD ; but this sum 
is equal to two right angles (P. I., C. 2) ; consequently, the 
sum of the three angles of the triangle, is equal to tivo 
right angles (A. 1) ; which loaa to be proved. 

Cor. 1. Two angles of a triangle being given, the third 
will be found by subtracting their sum from two right angles. 

Cor. 2, If t^-Q angles of one triangle are respectively 
equal to two angles of another, the two triangles are mutually 
equiangular. 

Cor. 3. In any triangle, there can be but one right angle; 
for if there were two, the third angle would be Koro, Nor 
dm a triangle have more than one ohtuse angle. 



Cor. 4. 
mgles is eqnal to 






Ight-angled triangle, the sum of the acnte 
right angle. 
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Cor. 5. Since every equilateral triangle is also equiangular 
(]', XI., C. 1), each of its angles irill be equal to the third part 
of two right angles ; so that, if tlie right angle is expres:?ei! 
by 1, each angle, of an equilateral triangle, will be expressed 

by %■ 

Cor. 6. In any triangle AliC, the exterior angle BAD 
is equal to the sum of tlie interior opposite angles _B and 
G. For, AE being parallel to BO, the part BAJS is 
equal to the angle Ji, and the other part DAE, Js equal 
to the angle C. 



PKOPOSITION XXVI. THEOREM. 

Tlie sum of the vdtriur angles nf a polygon is equal to 
two right anglis taken <is 7)mng times as the, polygon has 
aides, less two. 

Let ABCDE be any polygon; tnen will the sum of its 
interior angles A, B, C, D, and E, be equal to two right 
angles talten aa many times as the polygon has sides, lesg 
two. 

From the vertex of any angle A, draw 
diagonals AG, AD. The polygon will be 
divided into as many triangles, loss two, as 
it has sides, having the point A for a 
common vertex, and for bases, the sides of 
the polygon, except the two which form the 
angle A. It ia evident, also, that the sum of the angles of 
those triangles does not differ from the sum of the angles of 
the polygon : hence, the sum of the angles of the polygon is 
equal to two right angles, taken as many times as there arc 
triangles ; that is, as many times as the polygon has wdes, 
less two ; which was to be proved. 
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Cor. ], The sum of the interior angles of a quadiiiateral 
13 equal to two right angles taken twice ; that is, to four 
right angles. If the angles of a quadrilateral are equal, each 
will be a right angle. 

Cor. 2. The sum of the interior angles of a pentagon ia 
equal to tivo right angles taken three times ; that is, to tax 
right angles ; hence, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to | 
of one right angle. 

Cor. 3. The sum of tlie interior angles of a hexagon ia 
equal to eight right angles : hence, in the equiangular 
hexagon, each angle is the sixth part of eight right angles, 
or i of one right angle. 

Cor, 4, In any equiangular polygon, any interior angle ia 
equal to twice as many right angles aa the figure has sides, 
less four, divided hy the numher of angles. 



PROPOSIHOK xxvn. 



The sum of the exterior angles of a polygon is equal t 
four right angles. 

Let the sides of the polygon ABCBE 
be prolonged, in the same order, forming 
the exterior angles a, 5, e, d, e\ then will 
the sum of these exterior angles be equal 
to four right angles. 

For, each interior angle, together with 
the corresponding eiterior angle, is equal 

to two right angles (P. I.) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angles taken 
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as many times as the polygon lias sides. But tlio Bum of 
tlio interior angles is equal to two right angles tsiken as 
many times as the polygon has sides, less two ; hence, the 
sum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four right angles ; whicJt, was to be 
prooed. 



PROPOSITION XXViri. THEOREM, 
Jn any parallelogram, Me opposite sides are equal, each to 

Let ABCD be a parallelogram : then 
will AB bo equ:il to DC, and AD to D „ C 

For, draw the diagonal BD. Then, / \^ / 

because AB and BC are parallel, the ^ B 

BBA is equal to its alternate 



iuigle BBC {P. XX,, C. 2) : and, because AD and £G 
are parallel, the angle BBA is equal to its alternate angle 
DBG. The triangles ABD and CDB, have, therefore, 
the angle DBA equal to CBB, the angle BDA equal 
to DBG, and the included side DB common ; coascquently, 
tliey are equal in all of their parts : hence, AJi is equal 
to DC, and AD to BC ; which was to be proved. 

Oor. 1. A diagonal of a parallelogi'am divides it into two 
equal triangles. 

Cor. 2. Two parallels included between two other par 
all els, are equal. 

Cor. 3, If two parallelograms have two sides and the 
included angle of the one, equal to two sides and the inclnded 
angle of the other, each to each, they ivill be equal. 
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PBOPOSITIOX XXIX. TIIKOREM. 

J^ the opposite sides of a quadrilateral are equal, each to 
caeJi, the figure is a parallelograin. 

In the quadrilateral ABCB, let AB 
be equal to BG, and AD to BG : 
then ivill it be a parallelogram. 

Draw the diagonal DB. Then, the 
triangles ADB and GBD, will have 

the sides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will te equa! in all of thuir 
parts : hence, the angle ABD is cquai to the angle GDB 
(P. X., S.) ; and consequently, AB is parallel to JOG (P. 
XIX., C. I). The angle DBG is also equal to the angle 
BDA, and consequently, BG is parallel to AD : hciicc, 
the opposite sides ai'e parallel, two and two ; that is, the 
figure is a parallelogi-ani (D. 28) ; which was to be proved. 



PEOPOSITION" SXX. THKOKEH. 

If two sides of a (p.eadrilateral are equal and parallel, the 
figure is a parallelogram. 

In the quadrilateral ABGD, let AB D C 

be equal and parallel to DG: then will / "\^ / 

the figure be a parallelogram, / "■, / 

Draw the diagonal DB. Then, be- A h 

cause AB and DG are parallel, the 

;iiiglG ABD is equal to its alternate angle GDB. Now, 
the triangles ABD and CDB, have the side DG equal 
to AB, by hypothesis, the side DB common, and ihe 
included angle ABD equal to BDG, from what has just 



uJbyCoOgIC 



BOOK I. 49 

been shown : hence, the triangles are equal in all their parts 
(P. V.) ; and consequently, the alternate angles AI)Ji ami 
BBG are equal. The sides BG and AD are, therefore, 
parallel, and the figure is a parallelogram ; which was to bn 
proved. 

Cor. If two points be laken at equal distances froiti a 
line, and on the same side of it, the Ime joining them will 
be parallel to the given line. 

PEOPOSITION XXXI. THEOKEM. 

The diagonals of a paralklogram divide each other inl»' 
equal parts, or mutuaUy bisect each other. 

Let A.B CD be a parallelogram, and jj q 

AG, £D, ite diagonals: then will AE 
be equal to £!G, and BJE to £!D. 

For, the triangles B^C and AIJD, 
Jiave the angles JSBC and ADE equal 

{P. XX., C. 2), the angles ECB and DAE equal, and the 
ineJuded sides BG and AD equal : hence, the triangles 
are equal in all of their parts {P. VI.) ; consequently, AE is 
equal to EC, and BE to ED \ which was to be proved. 

Scholium.. In a rhombus, the sides AB, B C, being 
eqnal, the triangles AEB, EBC, have the sides of the 
one equal to the corresponding sides of the other ; they are, 
therefore, equal : hence, the angles AEB, BEG, are equal, 
and therefore, the two diagonals bisect each other at right 
angles. 
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BATIOB AND PEOFOKTIOHB. 
DEFINITIONS. 

1. The Ratio of one quantity to another of the a.'iine 
kind, is the quotient obtained by dividing the second by tTio 
first. The first quantity ia called the Antecedent, and the 
second, the CoJiSEQUBNT. 

2. A pKOPOETiON is an expression of equahty between 
two equ^ ratios. Thus, 



expresses the fact that the ratio of -4 to ^ is equal to 
the ratio of G to D. In Geometry, the proportion is 
written thus, 

A : B :: G : D, 

and read, A is to 5, as G is to D. 

3, A Continued Pkopoktion is one in which severs 
ratios are successively equal to caeh other ; as, 



4. There are four terms in every proportion. The first 
wd BecoDd form the first couplet, and the third and fourth, 
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the second couplet. The first and fourth terms are called 
extremes ; the second and third, means^ and the fourth term, 
a fourth proportional to the other three. When the 
eecoud term ia equal to the third, it is said to be a mean 
proportional between tlie extremes. In this case, there are 
but three different quantitiea in the proportion, and the last 
is said to be a third proportional to the other two. Thus, 
if we have, 

A : B : : B : C, 

B \s a. mean proportional between A and C, and C '« 
a third proportional to A and B. 

5. Quantities are in proportion by alternation, when 
antecedent 13 compared with antecedent, and consequent witk 



6, Quantities are in proportion by inversion, when ante- 
^dents are made consequents, and consequents, antecedents. 

J. Quaitities are in proportion by composition, when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

6. Two varying quantities are reciprocally or inversely 
proportional, when one ia increased as many times as the 
other is diinhiished. In this case, their product is a £xed 
quantity, as xy z= m. 

8. Equimultiples of two or more quantities, are the pro- 
ducts obtained by multiplying both by the same quantity. 
Thus, m.A and mB, are equimultiples of A and B. 
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PROPOSITION I. THEOREM. 

^ four quantities are in proportion, the product of tfu 
means will be equal to the product of the extremes. 

Assume the proportion, 

A : S : : G i D ; whence, — j- = -7=- : 

deaiung of fractions, we have, 

JiC = AD; 

which was to be proved. 

Oor. If S is equal to C, there will be but three pro- 
portional quantities ; in this case, the square of the mean ts 
equal to the product of the extremes. 

PEOPOSIl'ION II. TnEOREM. 

^ the product of two quantities is equal to the product of 
two other quantities, two of them may be made the 
means, and the other two the extremes of a proportion. 

If we hare, 

AI> = BC, 

by changing the membera of the equation, we have, 

BC = AD; 

dividing both members by AG, we have, 

J=|, ., ^ : i> :, : B ; 

■mhich was to be proved. 
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PROPOSITION ni. THEOREM. 

If four quantities are in proportion, they wiU he 
portion lyj alternation. 

Assume thfe proportion, 

D 



Multiplyiug botb nieinliers by -^-i i*'<* liave, 

-^ = 4 ; or, A : C :: £ : D; 



which was Co i 



PROPOSITION IV. THEOREM. 

^ one couplet in each of two proportions ta the same, tht 
Other cmipleta' will form a proportion. 

Assume the proportions, 

A : B :: '. JD; wheDCo, ~ =^\ 
A V 

and, A ■.£■.; F i 6; whence, -j- = ■^■ 
From Axiom 1, wo have, 

G ~ F' 
which was to be proved. 

Cor. If the antecedents, in two proportions, are the same, 
the consequents will be proportional. For, the antecedent* 
of the second couplets may be made the consequents of the 
first, by alternation (P. DX). 



D ;: F : G ; 



Hosted by Google 



GEOMETRY. 



PROPOSITION V. THEOEEJT. 



If four quantities are in proportion, they will be in 
portion iy inversion. 

Assume the proportion, 

' 'AG 

If we take the reciprocals of both members {A. 1), we 1 
AG, 
B=d'' when 

vahich was to be proveA. 



PEOPOSITION" VI. THEOREM. 

If four quantities are in proportion, they will be in pro- 
portion hy composition or division. 

Assume the proportion, 

A ; Ji : : G \ D ', whence, -^ = vr ■ 
' 'AG 

If we add 1 to both members, and subtract 1 from both 
members, we shall have, 



whence, by reducing to a common denominator, we have. 



B + A D + C , Jl ~ A r> - C 
A •='■"'• 4 ■' 


whence, 


A : S+A : : C : D+C, and, A : B-A : : C 


: S-C 


which was to lie proved. 
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PROPOSITION TIT. THEOREM, 

ISquimuUiples of two quantities are proportional to the ^art- 
titles themselves. 

Let A and B be any two quantities ; then -j wii] 
denote their ratio. 

If we multiply both terms of this fraction by m, its 
value will not be changed ; and we shall have, 

...I, j^^ . ^j5 . , ^ J ^. 

which was to be proved. 



PEOPOSITIOW Vni. THEOREM. 

If four quantities are in proportion, any equimultiples of 
the first couplet will he proportional to any equimultiples 
of the second couplet. 

Aissume the proportion, 

A : B : : G : D \ whence, -^ = --^ ■ 
AG 

If we maltipJy both terms of the first member by m., nnd 
both terms of the second member by m, we shall have, 

— 7 ~ —73 : whence, mA : mB : : nG : nD : 
mA nC 

mhich iBoa to be proved. 
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PROPOSITION IX. THEOBEM. 

If two quantities be increased or diminished by like parts 
of each, the results will be proportioned to the quantities 
themselves. 



We have, Prop. VH., 



A : mB. 

which — is any fraction, 
we shall have, 

A : B :: A±^A : B ±^B; 

which was to be proved. 

PROPOSITION X. THEOREM. 

If both terms of the first couplet of a proportion be in- 
creased or diminished by like parts of each ; and if both 
terms of the second couplet be increased or diminished by 
any other like parts of each, the results wiU be in pro- 
portion. 

Since we have, Prop. VIII., 

mA : mB : : nC : nD ; 

if we make m = \ ± — , and, n = \ ± —, , we shall 

A±P-A ; B±?-B :: C ±^,C : I)±^-,D; 
q q q' q' ' 

which was to be proved. 
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PEOPOSITION XI. THEOREM, 

In any continued proportion, the sum of tha antecedents is 
to the sum of the corisequents, as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. 3), 

A : B : : C : J) :: M : F : : G : IT, &c., 



A ~ C ' 



A " G' 



£A = AB; 
SC=AD; 
BB - AF ; 
BG = AS; 



Adding and factoring, wo have, 

B{A + C + E+ (? + &c.) = A {B ■{■ D ^ F -fr S -^ &C.) i 

hcnee, from Proposition II., 

A + C + F-i-G + &c. : B + 1) + F+ JI+ &c. : : A : B ; 

vskich was to be proved. 
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PKOPOSITION Zn. THEOEEir. 

If tvto proportions be mtUtiplied together, term by term, tlie 
the products will be proportional. 



Assurae tlie two proportions, 



Mnltij>lyiog the equations, member by member, we have, 

BF _ BH^ 

AE~ CG' 

which was to be proved. 

Cor. 1. If the corresponding terms o{ two proportions 
are equal, each term of the resulting proportion will be the 
square of the corresponding term in either of the given pro- 
portions : hence, If four quantities are proportional, their 
! iviU be proportional. 



Cor. 2. If the principle of the proposition bo extended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it will follow that, W:e pow<rs 
(^f prop&rtioncU quantities are proportionals. 
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CIRCLE, 4ND TH 



BASUKBME 




DEFINITIONS. 

1. A CiECLB is a plane figure, 
bounded by a curved, line, every point 
of which ia equally distant from a point 
within, called the centre. 

The hounding line is called the cir- 
cumference. 

2. A Radius is a straight line drawn from the centre 
to any point of the circumference. 

3. A DiAMETEE ia a straight line drawn through the 
centre and terminating in the circuraferenoe. 

All radii' of the same circle are equal. All diameters 
are also equal, and each is double the radius, 

4. An Anc is any part of a circumference, 

6. A Chord is a straight line joining the extremities of 

an arc- 
Any chord belongs to two ares : tho smaller one is mennr, 

unless the contrary is expressed. 

6. A Segment is a part of a circle iocluded between an 
arc and its chord, 

1. A Seotok is a part of a circle included within an 
HD arc and the radii drawn to its extremities. 
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8. An Inscribed Angle is an angle 

•whose vertex is in the circumference, and 

wliose sides are chords. 





9. An Inscribed Poltgok is a poly- 
gon whose vertices are in tlie circumfer- 
ence, and whose ddes are chords. 

10. A SEciST ia a straight line which 
cuts the circumference in two points. 

11. A Tangent is a straight line 
which touches the circumference in one 
point. This point is called, the paint of 
contact, or, the point of tangenay. 

12. Two circles are tangent to 
each Other, when they touch each 
other in one point. This point is 
called, the point of contact, or the 
point of tangency. 

13. A Polygon is circumscribed about 
a circle, when all of its sides are tangent 

o the circumference. 

14. A Circle ia inscribed in a polygon^ 
when its circumference touches all of the 
sides of the polygon. 

POSTULATE. 

A circumference can be described from any point as ! 
centre, and with any radius. 
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PKOPOSiriON I. 



Any diameter divides the circle, and also its i 
into two e^ual parts. 

Let AEJBF be a circle, and AB 
any diameter : then will it divide the 
cii-cle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB, 
the diameter AB remaining common ; 
then will they coincide ; otherwise there would ho some points 
in either one or the other of the cui-ves unequally distant 
from the centre ; which is impossible (D. I) : hence, AB 
divides the drcle, and also its circumference, into two equal 
parta ; which was to be proved. 




PKOPOsinoM" n. theorem. 



A diameter is greater than any other chord. 

Let AD he a chord, and AB a diameter through one 
extremity, as A : then will AB be gi'eater than A.D. 

Draw the radius C'B. In the tri- 
angle AOJO, we have AD less than 
the sum oi AC and CD (B. L, P. 
Vn.). But this sum is equal to 
AB {D. 3) : hence, AB ia greater 
than AD ; which was to be proved. 
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pROPOsmoTf nr. theoeem. 

A straight line cannot meet a circumference 
two points. 

Let AEBJ? be a circumference, and 
AB a straight line: then AB cannot 
meet the circnmference in more than two 
points. 

For, suppose that they could meet in 
three points. We should then have three ""^ 

equal straight line.s drawn from the same point to the same 
straight line ; which is impossiljle (B, I., P. XV., C. 2) : 
hence, AB cannot meet the circumference in more than 
two points ; which was to be proved. 



PROPOSITION IV. THEOREM, 

In equ(d circles, equaf arcs are subtended hy equal chords ; 
and conversely, equal chords subtend equal arcs. 

V. In the eqhal cir- 
^=leH ABB and EGP, 
let the arcs AMD and 
EN'G be equal : then 
will the chords AB and 
EG- be equal. 

Draw the diameters AB and EF. If the serai-circle 
ABB be applied to the scmi-circlo EGF, it will coincide 
with it, and the semi-circumference ABB \iill coincide with 
the semi-circumferenco EGF. But the part AMB is equal 
to the part ENG, by hypothesis : hence, the point B will 
Ml on G ; therefore, tlie chord A^ will coincide with 
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EG (A. 11), and is, therefore, equal to it; which was to 
be }y roved. 

2°. Let the chorda AI> and E& be equal : then will 
the arcs AMD and ENG be equal. 

Draw the radii CD and OG. The trianglea ACD 
iind EOO have all the sides of the one equal to the cor- 
ri;sponding rides of the other ; they are, therefore, equal in 
all their parts: henee, the angle AGD is equal to EOO. 
If, now, the sector ACD be placed upon the sector E06, 
so that the angle ACD shall coincide with the angle EOG, 
the sectors will coincide throughout ; and, consequently, the 
arcs AMD and ENG will coincide : hence, they will be 
equal ; which was to be proved. 



PEOPOSinON T. THEOREM. 

In equal circles, a greater are is subtended by a greater 

chord ; and conversely, a greater chord subtends a ; 

arc. 

1°, In the equal circles 9"^^?^. 

ADD and EGK, let the 
arc EGI* be greater than 
the arc AMD : then will 
the chord EP be greater 
than the chord AD. 

For, place the circle EGK upon AHL, so that the cen- 
tre O shall fall upon the centre C, and the point E upon 
A ; then, because the arc EGP is greater than AMD, the 
point P will fall at some point II, beyond D, and the 
uhovd EP will coincide with AH. 

Draw the radii CA, CD, and ' CH. Now, the sides 
AC, CJB, of the t»ianglo ACS', are equal to the sides 
AC, CD, of the triangle ACD, and the angle ACM is 
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greater than ACD' hence, the side AH, or its equal EP^ 
is greater than the side AD (B. I,, P. IX.) ; which waa to 
he proved. 

2°. Let tte chord EP, 
or its equal AS, be great- 
er than AD : then will the 
arc EGP, or its eqcal 
ADH, be greater than 
AMD. 

For, if ADM were equal to AMD, the chord AS 
would be equal to the chord AD (P. IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADS were less 
than AMD, the chord AS wonld he less than AD ; 
which ia also contrary to the hypothesis. Then, since the 
arc ADS, subtended by the greater chord, can neither be 
equal to, nor less than AMD, it must be greater tliaii 
AMD ; which was to be proved. 




PROPOSITION VI. 



The radius which is perpendicular to a chord, M^ 
chord, and also the arc subtended iy it. 

Let CG be the radius which is 
perpendicular to the chord AB : 
then will this radius bisect the chord 
AB, and also the arc AGB. 

For, draw the radii GA and GB. 
Then, the right-angled triangles CDA 
and GDB will have the hypothcnuso 
GA equal to GB, and the side GD 
common ; the triangles are, therefor* 
parts : hence, AD is equal to D£. 
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U perpendicular to AJl, at its middle point, tlie cliords 
GA aud GB are equal (B. I., P. XVI,); and <«usuLnie!itly, 
t}iL' ares GA and GJi are also equal (P. IV.) : liciice, CG 
bisects the chord AH, and also the arc AGIJ ; vjhich wax 
to be proved. 

Cor. A straight Hue, perpendicular to a chord, at its mid- 
dle point, passes through the centre of the circle. 

SehoUutn. The centre (7, the middle point D of the 
chord AJB, and the middle point G of the subtended ,", re, 
are pointa of- the raditis perjjeiidiuulai- tu tho uiiord. But 
two point* determine the position of a straight line (A. 11): 
hence, any straight line which passes through two of these 
points, will pass through the third, and be perpendicular to 
the chord. 

PROPOSITION VII. THEOREM. 

Thr&ugh any three points., not in the same straight liiie^ otte 
cireuj/iference may he made to pass, atid but one. 

Let A, J5, and C, be any three points, not in a 
straight line ; then may one circumference be made to pass 
through them, and but one. 

Join the points by the lioes 
A£, BC, and bisect these lines 
l)y perpendiculars DS and FQ : 
then will these perpendiculars 
meet In some point 0, For, 
if they do not meet, they are 
parallel ; and if they aro parallel, 

the line ABK, which is perpendicular to BE, is also pc 
p.-i!diuilar to KG (B. L, P. XX., C. l) ; consequently, the 
are two lines BK and BF, drawn through tlie san 




Hosted by Google 



66 



GEOMETRY. 




point JB, and perpendicular to the Baiiie line KG ; ■ 
is impossible : hence, DS and FG meet in some poiii 

Now, is on a perpendieu- 
bu- to AB at its middle point, 
it is, therefore, equally distant 
from A and B (B. I., P. XVI.). 
T'or it like reason, is equally 
distant from _B and G. If, 
therefore, a circumference be de- 

sci-ibed from O as a centre, with a radius equal to OA, 
it ivil! pass through A, B, and C. 

Again, is the only point which is equally distant fi'oni 
A, Ji, and C ; for, DS contains all of the points wbii-h 
are equally distant from A and B; and FG all of the 
points which are equally distant from B and ; and con- 
sequently, their point of intersection 0, is tiis only point 
that is eqnaUy distant from .-1, _B, and C : hence, out 
circumference may be made to pass through these points, and 
but one ; tohieh rnas to I 



Cor. Two circumferences cannot intersect in more than 
two points ; for, if they could intersect in three points, tbere 
would be two circumferences passing through the same three 
points ; which i 



PROPOSITION Vni. TMEORBM. 

/■/I eqiial circles, equal chords are equally distant from thn 
centres ; and of two unequal chords, the less is at the 
greater distance from the centre. 

1°. In the eqnal circles A CH and KBG, let the 
chords A C and KL be equal : then will they be equally 
difltant from tha centres. 
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For, let the circle Ii'LG be placed upon AOff, so that 
the centre JJ shall fall upon the centre O, and the point 
JC upon the point A : 
then will the chord JCJj 
coincide with A C (P, 
IV.) ; and consequently, 
they will be equally dis- 
tant frOni the centre ; 
Khich was to he proved. 




2°. Let AB be less than KL : then will it he at a 
greater distance from the centre. 

For, place the circle KLG upon AC II, so that R 
shall fall upon 0, and K upon A. Then, because the 
chord KL is greater than AS, the arc KSL is greater 
than AMB ; and consequently, the point L will fall at a 
point G, beyond B, and the chord KL will take the 
direction A C. 

Draw OB and OE, respectively perpendicular to AG 
and AB ; then will OE be gi-eater than OF (A. 8), and 
OF than OB (B. I., P. XV.) ; hence, OE is greater than 
OB, But, OE and OB are the distances of the two 
chords fi'om the centre (B. I,, P. XV., C. l) : hence, the less 
chord is at the greater distance from the centre ; which was 
to he proved. 

Scholium. All the proportions relating to chords and area 
of equal circles, are also true for chords and arcs of one and 
the same circle. For, any circle may be regarded as made 
up of two equal circles, so placed, that they coincide in all 
their parts. 
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PnoFOSITIOW IX. THEOREM. 

]f a it/raight line is perpendimelir to a radius at its «r- 
tremity, it will be tangent to the circle at that point ; 
coiivei'sely, if a straight line is tangent to a circle at 
any pointy it will be perpendicular to the radius draion 
to that point. 

V. Let JBJ) hti perpendicular to the radius CA, at 
A. : tlien nill it be taDgent to the circle at A. 

For, take any -otiier point of 

BT>, as E, and draw GE : B 

then will CJi! be greater than /^ 

GA (B. I., P. XV.) ; and con- .^ 

aeqnently, the point E will lie / 

without the circle : hence, JBD 

touches the circumference at the 

point A ; it is, therefore, tangent to it at that point (D, II 

which was to le proved. 



2°. Let BD be tangent to the circle at A : then will 
U be perpendioul.ar to GA. 

For, let E be any point of the tangent, escojit the 
point of contact, and di-aw GE. Then, because J3D is a 
taogent, E lies without the circle ; and consequently, CE 
is greater than CA : hence, GA is shorter than any other 
line that can be drawn from C to BD • it ia, therefore, 
perpendicular to BD (B. I., P. XV., C. 1) ; tohich was to 
be proved. 

Gor. At a given point of a circumference, only one tan- 
gent can bo drawn. For, if two tangents could be dra*vn, 
tliey would both be perpendicular to the same radius at the 
Huue point ; which ia impossible (B. I., P. XIV.). 
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Two parallels intercept equal arcs of a, drcumfer, 



There may be tliree oases : both parallels may be secants ; 
one may be a secant and tbe other a tangent ; or, boti 
may be tangents. 

1". Let the secants AB and J)E be parallel : then 
will the intercepted arcs MN and PQ be equal. 

For, draw the radius CII 
perpendicular to the chord 
MP ; it will also be per- 
pendicular to ]SfQ (B. I., P. ij 
XX., C. 1), and JI will be at 
the middle point of the arc 
MHP, and also of the are 
NJIQ : hence, J/iVJ which is 
the difference of UN" and IfM, 
is equal to PQ, which is the diifer 
(A. 3) ; which teas to be proved. 




of ITQ and UP 



■ /M 



2°, Let the secant AP and tangent PE, he parallel : 
then will the intercepted arcs Mil and PIT be equal. 

For, draw the radius GU 
to the point of contaet M ; 
it ivill be perpendicular to PE 
(P. IX.), and also to its par- 
allel MP. But, because Clf 
is perpendicular to MP, PT 
ta the middle point of the are 
MUP { P. VI.) : hence, MH 
and PH are equal ; viMah 
was to be proved. 
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8°. Let the tangents DTS and IL be parallel, and let 
H and K be their points of contact : then wUl the in- 
tercepted arcs IIMK and UPK be equal. 

For, draw the secant AB 

parallel to SE ; then, from jj 

what has just been shown, wQ A- /C - 

Bhall have MM equal to HP, I 

and MK equal to PK: hence, 
BMK^ which is the sum of \ 

HM and MK, is equal to \ 

BPK, which is the sum of I 

SP and PK; which was to 
be proved. 



PROPOSITION- XI. THEOREM. 

^ two circumferences intersect eao/i other, the points of in- 
tersectioti will be in a perpencUcular to the line joining 
theiT centres, and at e^ual distances from it. 



Let the circumferences, whose centres are and 
intersect at the points A and 
£ : then will CZ* be perpen- 
dicular to AB, and AF will 
be equal to £2^. 

For, the points A and iJ, 
bebg on the circumference 
whose centre is C, are equally 
distant from C ; and being on 

the circumference whose centro is P, they aro equally 
tant from D : hence, CP is perpendicular to AP at 
jniddle point (B. L, P. XVT., C.) ; ■whioh was to he pro' 



A 
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PROPOSITION XII. THEOREM, 

XF two circuniferencea intersect each other, the distance be- 
tween tliMT centres will be less than the sum, and greater 
than the difference, of their radii. 

Let the circumferences, whoae centres are C aud D, 
intersect at A : then will CD 
he less tlian the sum, and 
greater than the difference of 
tlie radii of the two circles. 

For, draw A C aud AD, 
forming the triangle ACD. 
Then will 0I> he less than 
the Bum of ^C and AB, 

and greater than their difference (B. I., P. Vli.) ; which wa» 
to be proved. 

PROPOSITIOB" XIII. THEOREM. 

If the distance between the centres of tico circles is equal 
to the sicni of their radii, they will be tangent extemaUi/. 

Let (7 and Z* be the centres of two circles, and let 
the distance between the centres \iQ equal to the sum of the 
radii : then ivill the circles he tangent esternally, 

For, they will have a point 
A, on the line CD, common, 
and they will iiave no other 
point in common ; for, if they 
had two points in common, the 
distance between their centres 
would be less than the sum of 
tlieir radii ; which is contrary to the hypothesis : hence, they 
are tangent externally ; whicli was to be proved. 
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PROPOSITION SIV. 




whiah 



If the distance between the c&itres of two circles is equal to 
the difference of their radii, one will be tangent to the 
Other internally. 

Let G and D be tlic centres of two circles, aucl let 
the distance between these centres be equal to the difference 
of the radii : then will the one be tangent to the other in- 
temally. 

For, they will have a point A, on 
DC, common, and they will hiive no 
other point in common. For, if they 
bad two points in common, the. distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to tlie hypothesis : 
hence, one touches the other internally ; 
proued. 

Cor. 1. If two eirelea arc tangent, cither externally or 
internally, the pomt of contact will be on the straight line 
dniwn through their centres. 

Cor. 2. All circles whose centres are on the same straight 
lino, and which pass throtigli a common jjohit of th.at line, 
are tangent to each other at that point. And if a straight 
line be draii^n tangent to one of the circles at their common 
jMiiiit, it will be tangent to them all at that point. 

Scholium. From the preceding proportions, we infer that 
two drcles may have any one of sis positions with respect 
to each other, depending npon the distance between their 
centres : 

1°. When the distance between their centres is greater 
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than tlie sum of tlicir radii, they are external, one to the 
othiT : 

2°. When this distance is equal to tlie sutn of t5ie radii, 
thiiij are tangent, externally : 

3". When this distance is less than the sum, and greater 
tiian the difference of the radii, they intersect each other in 
two points : 

4° When this distance is equal to the difference of their 
radii, one is tangent to the other, internally : 

5°. When this distance is less than the difference of the 
radii, one is wholly within the other, 

6. When this distance ia equal to zero, they have a 
common centre ; or, they are concentric. 



PKOPOSIITON XV. THEOEEM. 

Tn ei^eal circles, radii maMng equal angles at the centre, 
intff>xcpt equal arcs of the circumference ; coi-iiersely, 
radii which intercept equal arcs, make equal angles at the 
centre. 

\°. In tlie equal circles ADB and EGF, let the an- 
gles ACD and EOG be eqnal : then will the arcs AMD 
and E2rG be equal. „ ,, 

For, draw the chords AI> y^ ~^ ^ "~\^^ 

and EG ; then will the tri- / \ f o, \ 

angles ACD anil EOG have 1 /\ 1 I /\ I 

two sides and their inchided V / \/ V / \^/ 
angle, in the one, equal to ^^'^"^TT^"'^ -^^"""--j;;-^ ^ 

two sides and their included 

angle, in the otiier, each to each. They are, therefore, equal 
m all their parts ; consequently, AS is equal to SG. 
But, if the chords AD and EG are equal, the arcs AMD 
afUtl EN'G are also equal (P. TV.) ; whidt was to be pi-oved. 
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2°. Let tte arcs AMD and ^JVG be equal : 
tlie angles ACD and £IOG be equal. 

For, if the arcs AMD 
Mid EN'G are equal, the 
ciiords AD and M& are 
equal (P. IV.) ; consequently, 
the triangles ACD and £;0G 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the augle A CD 
to the angle J^O G ; which toaa to he proved. 




PROPOSITION XVI, THEOREM. 

In equal circles, commefisurahle angles at the centre are pro- 
portional to their intercepted arcs. 

In the equal circles, whose centres are G and O, let 

the angles A CH and D OJE be commensurable ; that is, 

let them have a common unit : then will they be propor- 
tional to the intercepted ares AB and DM. 




Let the angle M be a common unit ; and suppose, for 
example, that this unit is contained 1 times in the angle 
ACB, and 4 times in the angle DOE. Then, suppose 
ACB bo divided into 7 angles, by the radii Cm, Cn, Cp, 
&c. ; and D OE into 4 angles, by the radii Ox, Oy, and 
Oz, each equal to the unit M. 
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From the last proposition, the arcs Am, mn, &g., Dx, 
ry, &G., aro equal to cacli ot!ier ; and because there arc 7 
of these arcs in AH, and i in _Z>_E', we sliall have, 

arc AB : arc X>U : : 7:4. 

But, by hypotliesis, we have, 

angle AC£ : angle DOE :: 1 : i ; 

hence, from (B. II., P. lY.), ivo have, 

angle ACD : angle DOJS : : arc AB : ai-c J)K 

If atiy other numbers than 1 and i had been used, tJie 
same proportion would have been found ; which was to be 
proved. 

Cor. If the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above proportion. 



PROPOSITION XVII. THEOREM. 

In equal circles, ineommensurahle angles are proportional to 
their intercepted arcs. 

Iq the equal circles, whose 
centres are (? anS^ let 

AGB and FOJ£ be incom- 
mensurable : then will they 
bo proportional to the arcs 
AB and FII. 

For, let the less angle FOII, be placed upon tlio gi-oater 
angle AGB, so that it shall take the position AC J). 
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Then, if the proposition is not 
true, let «s suppose tliat the 
angle ACS is to the angle 
I^Oir, or its equal AGD, 
as the arc AJi is to an arc 
AO, greater than I'^IT, or 
its equal AD ; wJience, 

angle AGJl : angle ACD 




^m> 



AH 



arc A 0. 



Concdvc the arc AS to he dividei.1 into equal paits, 
each less than J)0 : there ivill tc at least one point of 
division between 7) and ; let X bo that point ; and 
draw CI. Then the arcs AH, AT, will be . 
ble, and we shall have (P. XVI.), 



angle AOJl : angle ACI 



arc A£ 



art 



AI. 



Comparing the two proportions, we see tliat the antccefler 
are the same in both : hence, the consequents are propi 
tional (B. H., P. IV., C.) ; hence, 



angle A C'J> 



mgle ACI 



AO 



A I. 



Bitt, A is greater than AI : hence, if this proportion is 
true, the angle A CD must be greater than the angla A CI. 
On the contrary, it is less ; hence, the fourth term of tiie 
proportion cannot be greater than AD. 

In 3 similar manner, it may be shown that the fourth 
term catmot be less than AD : hence, it must bo equal to 
AD ; therefore, we have. 



AB 



angle ACB : angle ACD 
which was to be proved. 

Cor. 1, The intercepted arcs are proportional to the 



AD ; 
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responding angles at tlie centre, as may be shown by chang. 
ing the order of the couplets in the preceding proportion. 

Cor, 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whethci- 
they are commensurable or inconimensuralile. 

Cor Z. In equal circles, sectors are proportional to their 
angles, and also to their arcs. 

Scholium. Since the intercepted arcs are proportional to 
the corresponding angles at the centre, the arcs may be 
taken as the measures of the angles. That is, if a circum- 
ference be described from the veitex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
aides of the angle may be taken as the measure of the 
angle. In Geometry, the right angle which is measured by 
a quarter of a circumference, or a quadrant, is taken as a 
unit. If, therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. 



An inscribed angle 



PKOPOsrnoN xvxii. theoeem. 

measured by half of the a 
between its sides. 

There may be three cases : the centre of the 
lie on one of the sides of the angle ; it 
may lie within" the angle ; or, it may 
lie mthout the angle. 

1°. Let EAD be an inscribed an- 
gle, one of whose sides AE passes 
through the centre : then irill it be 
me^ured by half of the arc DE. 




Hosted by Google 



78 



GEOMETRY. 



For, draw the radius CD. The external angle DCE, 
of the triangle DCA^ is equal to the sum of the opposite 
interior angles CAD and OBA {B. I., P. XXV., C. G). 
But, the triangle DGA being isosceles, 
the angles D and A are equal ; 
therefore, the angle DQE is double 
the angle DAE. Boosiuse DCE ia 
at the centre, it is measured by the 
arc DE (P. XVD., S.) : hence, the, 
angle DAE is measured by half of 
tlie are DE : whicJi was to 




le, and let the centLre 
measured by half of 



2°. Let DAB be an inscribed f 
lie within it : then will the angle h 
the arc BED. 

For, draw the diameter AE. Then, from what has just 
been proved, the angle DAE is measured by half of DM, 
and the angle EAB by half of EB : hence, BAD, whicli 
is the sum of EAB and DAE, is measured by half of 
the sum of DE and EB, or by half of BED ; whicJi. 
was to be proved. 



S". Let BAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
arc BD. 

For, draw the diameter AE. Then, 
from what precedes, the angle DAE 
ia measured by half of DE, and the 
angle BAE by half of BE : hence, 
BAD, -B-hich is the difference of BAE 
and DAE, is measured by half of the 
difference of BE and DE, or by 
half of the arc BD ; ' which was to he proved. 




n E 
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Cor. 1. AU the angles BAG, 
SDO, JiEQ, inscribed in the same 
segment, are equal ; because they are 
i-ach measured, by half of the same 
;u-c BOG. 



Got. 1. Any angle BAB, in- 
scribed in a Bemi-circle, is a right an- 
gle ; because it is measured by half 
the aemi-circumferenoe BOB, or by 
a quadrant (P. XYH., S.). 

Gor. 3. Any angle BAG, in- 
scribed in a segment greater than a 
aemi-circle, is acute ; for it is mea- 
sured by half the arc BOG, less 
than a Bemi-circnmfereuce. 

Any angle BOG, inscribed in a 
segment less than a semi-circle, ia 
obtuse ; for it is measured by half the arc BA C, greatw 
than a semi-eircumfereuce. 




Gor. 4. The opposite angles A 
and G, of an inscribed quadrilateral 
ABGB, are together equal to two 
light angles ; for the angle BAB 
is measured by half the are BOB, 
the angle BOB by half the are 
BAB ; hence, the two angles, taken together, 
sured by hdf the circumference ; hence, tlicir sum 
to two right angles. 
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PROPOrilTIOTi XIX. TII]i:OT;EHr. 

Any angle formed by two chords, which intersect, is nietf- 
sured hy half the sum of the i?icluded arcs. 

Let DEB be an anglo formed by the intersection of 
the chords AB and C'l) : then will it be measured by 
lialf tlie sum of the arcs AC and DB. 

For, draw AF parallel to DC: 
then, the arc BF will be equal to 
AC {P. X.), and the angle FAB 
e<iual to the angle BFB (B. I., P. 
XX., C. 3). But the angle FAB is 
iiicasurcd by half the arc FBB (P. 
XVni.); therefore, BFB is measured 

by half of FBB ; that is, by half the sum of FB and 
BB, or by half the sum ot AG and BB ; •which wa-i to 
be proved. 

PROPOSinOlT XX. THEOREM. 

Tha at'jlc, formed by two secants, is meastired by half the 
difference of the included arcs. 

Lot AB, AC, be two secants : then will the angle 
BAG bo measured by half the differ- 
coce of tlie arcs BG and BF. 

Draw BE parallel to AG : the 
arc EG will be equal to BF (P. X.), 
and the angle BBE equal to the an- 
gle BAG (B. L, P. XX., C. 3.). Bm 
BBE is measured by half the arc 
BE {P. XVni.) : hence, BAG is 
also moasared by half the arc BE ; 
that 13, by half the difference of BG 
and EG, or by half the difference of BG and BF; which 
was to be proved. 
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An angle formed by a tangent and a chord meeting it af 
the point of contact, is measured by half tJie included 



Let HE be tangent to tlie circle A3I0, and let AO 
be a chord drawn from the point of contact A : theu 
will the angle SAC bo measured 
by half of the arc AMC. 

For, draw the diameter AD. 
The angle BAD is a light angle 
{P. IX.), and is measured by half 
the. semi-circumftrence AMD (P. 
XVn., S.) ; the angle DAO ia 
measured by half of the arc DC 
(P. XVni.) : hence, the angle DA C, 

which is equal to the sum of the angles BAD and DAU, 
is measured by half the sum of the arcs AMD and DC, 
or by half of the arc AMC ; which was to be proved. 




Scholium. The angle CAE, which is the difference of 
DAE and DAC, is measured by half the difference of 
the arcs DCA and DC, or by half the arc CA. 
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PRACTICAL APPLICATIONS. 



To bisect a given straight line. 

Let AJi bo a giTen straight line. 

From A and B, as centres, with 
a radius greater than one half of AB, 
describe arcs intersecting at ^' and 
Ji' : join JS and Ji] by the straight 
line EJf'. Tken will EF bisect the H 



line AB. 



and JF 



are each equally distant from A and 
B ; and consequently, the line FF 
bisects AB {B. I., V. XVI., C). 



>(E 



>* 



2'<i erect a perpendicular to a given straight line, at a giv 
point of that line. 



Let BG be a given line, and let A 

L.iy oif from A the equal distances 
AB and .4 (7 ; from B and 0, as 
centres, with a radius greater than one 
lialf of BG^ deseribo arcs intersecting 



ho a given point 
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at D ; draw the line AT) : then will AJ> be tlie perpen- 
dicular required. For, D .and A are each equally distant 
froin J} and C ; consequently, I>A is perpendicular to 
JiO at its middle point A {B. I., P. XVI., C). 



PEOBLEM ni. 



To draw a perpendicular to a given straight line, from i 
given point without that line. 



; the given line, and A the given point. 
s a centre, with a ra- 



Let £D 

Fi-om A, 
dius sufficiently great, describe an are 
cutting £D in two points, M and 
I> ; with .B and D as centres, and 
a radius greater than one-balf of HI), 
describe arcs intersecting at ^; draw w 

A£: : then will A£! be the perpendi- 
cular required. For, A and S are each equally distant 
from £ and D : hence, A^ ia perpendiculai- to £D 
(B. L, P. XVI., C). 



_---'■ D 



PROBLEM IT. 

^( d point on a given line, to construct an angle e^ual to 
a given angle. 

Let A be the given point, A£ the given line, and 
IKL the given angle. 

From the vertex .ff" as a 
centre, with any radius KI, 
descnbe the arc IL, terminat- 
ing in the sides of the angle. 
From ^ as a centre, with 




. radius AB, 



to KI, 
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then, with a radius equal 
a centre, describe an arc 



desoribe the indefinite arc JIO ; 
to the chord ZT, from _B as 
cutting the arc IW in Z* ; 
draw AD : then will BAD 
be equal to the angle IC 

For, the ares BD, IL, 
have equal mdii and equal 

chords : hence, they arc equal (P. IV".) ; therefore, the angl 
BAD, IKL, measured by them, are also equal (P. XV.), 



PEOBLEM V. 



To bisect a t/iven aro, or a given angle. 



d its centre. 



1°. Let AEB be a given 

Draiv the chord AB ; through C, 
draiv CD pei-pendicular to AB (Prob. 
in.) : then will CD bisect the arc 
AEB (P. VI.). 

2°. Let ACB be a given angle. 

With (7 as a centre, and any 
ra^us CB, describe the ai-c BA ; 
bisect it by the line CD, as just 
eKpIained : then will CD bisect the angle ACB. 

For, the arcs AE and EB are equal, from what ^ 
jnat shown; consequently, the angles ACE and ECB 
also equal (P. XV.). 




SehoUum. If each half of an arc or angle be bisected, 
the original arc or auglo will be divided into four equal 
parts ; and if each of these be bisected, the original arc or 
angle will be divided into eight equal parts ; and so on. 
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PKOBLEM TI. 



Through a given point, to draw a line parallel to a given 
line. 

Let ^ be a given point, and JiC a given line. 

From the point ^ as a centre, 

with a radius AJ?, greater than the -g -F E q 

shoi-teat distance from A to _B(7, \ ...-^ \ 

describe an indefinite ai'c MO ; from \^,.--- i 

£ aa a centre, with the same ra- 

dins, describe the arc Al? ; lay off 

ED equal to AF, and draw AD : then will AD be the 
parallel required. 

For, drawing AlE, the angles AHF, FAD, are eqnal 
(P. XV.) ; therefore, the lines AD, FF are parallel (B. I., 
P. SIS., C. I.). 

PROBLEM Vn. 

Given, two angles of a triangle, to construct the third 
angle. 

Let A and S be given angles of a triangle. 

Draw a line DF, and at some 
point of it, as F, construct the an- C-, /H 

j^'lc FFH equal to A, and IIFG \, / 

equal to B. Then, will CED be jy— — — ^- tf 

ecjnal to tlio required angle. 

For, the sum of the three angles at ^S is equal to two 
riglit angles (B. L, P. L, 0. 3), as is also the sum of the 
three angles of a triangle (B. I., P, SSV.). Consequently, 
the third angle CED must be equal to the third angle of 
the triangle. 
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PROBLEM YIU. 



Given, ttco sides and t/m included angle of a triangle, to 
construct the triangle. 

Let B and C denote the given sides, and A the given 
angle. 

Draw the indefinite line J>F, -j, 

and at D construct an angle 
FDM, equal to the angle A ; on 
DF, lay off JOS eqnal to the 

Mde C, and on BF, lay off -*i 

SQ equal to the side B ; draw 

GS: then wiU I)GH be the required triangle (B. I., P. V.). 



PROBLEM IX. 

Given, one side and ttco angles of a triangle, to construct 
the triangle. 

The two angles may be either both adjacent to the given 
wde, or one may be adjacent and the other opposite to it. 
In the latter case, construct the third angle by Problem Til. 
We shall then have two angles and their included side. 

Draw a straight line, and on it 
Jay off DF equal to the given Q_ ,' 

dde ; at JD construct 
equal to one of the 
gles, and at F construct an ; 
equal to the other adjacent angle ; 

produce the sides BF and FG til! tiicy intersect at U : 
then will BEII be the triangle requii'ed (B. I., P. VT.). 
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PROBLEM S. 



(Hoin, the three sides of a triangle, to construct the tri- 
angle. 

Lei A, _Z7, and C, be the givcE eidcB. 

Diaw DE, and make it equal 
to the side A ; from J) as a 
untre, with a radius equal to the 
eide B, desenbe an arc ; from E 
03 a centre, with a radius equal 
to the side (7, describe an arc 
intersecting the former at F ; draw- 
will DEF be the triangle requii-ed (B. I. 

Scholivm. In order that the construction may be possible, 
any one of the ^ven sides must be less than the sum of the 
other two, and greater than their difference (B. I., P. VII., S.), 




PROBLEM SI. 

t ro tides of a ( tanr/k and the angle opposite one 

cf them to '•onstruct the triangle. 
A and B I e tl i,iven Kidcs, and '',' tiie given 



Lft J 
angle 

Diitt in mdLfinite I 7>fr 

in i it some pon t of it ii 7> 
construct an ini^le GBF equi! 
t> the gnen ingk on one sile 
of this angle \s.^ off the Iistai co 
BE equal to the side B adjacent 
to the given angle , from E ib 

a centre, wrth % ralius eqnil to tho side opposite the given 
angle leicnbe an air cnttn .; the bide DG at G; draw 
7 (r il 1 ^ 11 T>r<T le th lopiired triangle. 



88 GEOJIETliY. 

For, the sides DE and MG are equal to the given 
eidt'S, and the angle I>, opposite one of tliem, ia equal to 
the given angle. 

Scholium,, When the side opposite the given angle is 
greater than the other given side, there will be but one 
solution. When the given angle is acute, and the side 
opposite the given angle is less 

than the other given side, and '^^ ' ^,^< 

gi-oater than the shortest dis- ^' ~ "' ~ 

tance from E to BG, there j^^^'^v 

will be two solutions, I>EG j^ .-^-""'C^ \ 

and I>EF. When the side ^'''•-■.. .■■-'' ^ 

opposite the given angle is 

equal to the shortest distance from E to DG, the ar(: 
ivili be tangent to DE, the angle opposite DE will be 
a right angle, and there will bo hut one solution. When 
the side opposite the given angle is shorter than the distauoe 
from E to I>G, there will be no solution. 



PROBLEM Xir. 

Given, two ai^acent sides of a parailelograrn and their 
included angle, to construct the paTaUelograrn. 

Let A and B be the given sides, and C the given 
angle. 

Draw the line DII, and 
at some point aa D, construct 
the angle IIDF equal to the 
angle €. Lay off DE equal D"^ 

to the side A, and DF equal \i^ / 

to the side B ; draw EG ^,_ , k 

parallel to I>E, and EG par- 
allel to DF: then will DFGE be the parallelogram 
quired. 
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For, the opposite sides are parallel by construction ; and 
consequently, the figure is a parallelogram (D. 28) ; it is 
also formed with the given sides and given angle. 



PROBLEM Slir. 
To Ji?id the centre of a given ■ 
Tate any three points A 



■mference. 



£, and G, on the drcunifercnue 
or arc, and join thcin by the 
chords AJi, HG; bisect these 
chords by the perpendiculars DE 
and FO : then ivill their point 
of intersection t>, be the centre 
required (P. VII.). 

Scholium. The same construc- 
tion enables us to pass a circaniference through any three 
points not in a straight line. If the points are vertices of 
a triangle, the circle will be circumscribed about it. 




PROBLEM XIV. 
Through a given point, to draw a tangent to a given circle. 

There may be two cases ; the given point inay_ lie on 
the circumference of the given circle, or it may iie without 
the given circle. 

I". Lot C be the centre of the f^^ D 

given circle, and A a point on the 
circumference, through which the tan- 
gent is to be drawn. 

Draw the radius GA, and at A 
draw AJD pei-pendicular to AG: then 
Trill AD be the tangent required (P. IX.). 
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2°. Let G be the centre of the given orcle, and A a 

point without the circle, through which the tangent is to be 

Draw the line AC; bisect it at 
0, and from C* as a centre, with a 
radius 0, describe the circumference 
ABGI>; join the point A with the 
points of intersection I> and Ji : 
tlien will both AD and AB be 
tangent to the given circle, and there 
win be two Solutions. 

For, the angles ABO and ADG A 

are right aJiglee (P. XVIII., C. 2) : 

hence, each of the lines AB and AD is perpendicular to 
a radius at its extremity ; and consequently, they are tangent 
to the given circle (P. IX.). 

Scholium, The right-angled triangles ABO and ADC, 
have a common hypothenuse AG, and the side JiC equal 
to DG; and consequently, thej' are equal in all their parts 
(B. I., P. XVn.) : hence, AB is equal to AD, and 
tlic angle CAB is equal to the angle CAD. The tan- 
gents are therefore equal, and the line AC bisects tlia 
angle between them. 



PROBLEM XV. 
To inscribe a circle in a given tnangle. 

Let ABC be the given „ 

triangle. 

Bisect the angles A and 
B, by the Hues AO and 
BO, meeting in the point 
(?rob. V.) ; from the point 
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let fall the perpeu^iculare OD, OE, OF, on the Bides ol" 
the triangle : these perpen<3icuhirg will alt be equal. 

For, in the triangles BOD and SOE, the angles OBE 
and OBD are equal, by construction ; the angles O.T}Ii 
and OEB are equal, beeanse both are right angles ; and 
consequently, the angles BOD and BOE are also equiil 
{B. L, P. XSV., C. 3), and the side OB is common ; aitd 
therefore, the triangles are equal in all their purts (15. I., 
P. V.) : hence, OB is equal lo OE. In like numnor, it 
may be shown that OB is equal tu OF. 

From O as a centre, with a radius OD, describe a 
circle, and it will be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 



Scholium. The lines that bisect the three angles 
triangle all meet in one point. 



of ; 



PEOBLEH XVI. 



On a given line, to construct a segment that shall contain 
a given angle. 




Produce AB towards I> ; at -B construct the anglu 
]}BE equal to the given angle; draw BO pei-pendicular 
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to BE, and at the middle point G, of AS, draiv GO 
perpendicular to AB ; fi'om their point of intersection 0, 
as a centre, ^vith a radius Oli, describe the ai^c AMB : 
thon nil] the segment AMB he the segment required. 




For, the angle ABF, equal to MBD, is measured ty 
half of the arc AKB (P. XXL) ; and tho inscribed angle 
AMB is measured by half of the same arc : hence, tlie 
angle AMB is equal to the angle EBB, and cons«- 
quently, to the givea angle. 
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MEA.SOEE 



AND RELATION OF P0I.TG0N8. 



DEFIKITIONS. 

1. Snm.AK Polygons, are polygons ivhicli arc mutually 
oqiiiangular, and which have the sides ahout the equal angles, 
taken in the same order, proportional, 

2. In similar polygons, the parts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologous angles, tlie 
corresponding sides are homologous sides, the corresponding 
diagonals are homologous diagonals, and so on. 



3. SiMiLAK Ar.cs, SficroKs, or Segments are those ■ 
correspond to equal angles at the centre, 

Thus, if the angles A and are 
equal, the arcs BFO and Z»(?_E are 
simitar, the sectors JBAO and DOE 
are drailar, and the segments BFC 
and DGE are similar. 



Iiich 



Aa 



4. The Altitude of a Triangle, is 
distance from the vertex of either an- 
gle to the opposite side, or the opposite 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
vertex of the triangle, aud the opposite 
side, is called the base of the triangle. 



the perpcndicidar 
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5. The Altitcde of a Parailelogeam, is the perpen- 
dicular distance between two opposite 



These sides are called bases ; one the / I / 

upper, and the other, the lower base. 

6. The Altitude of a Trapezoid, is the perpendicular 
■.Uatancc between its parallel sides. 

These sides are called iases ; one the 
upper, and the other, the lowtt base. 

"7. The Aeea op a Surface, is its ntimerieal value 
espressed in terms of some other surface taken as a unit. 
The unit adopted is a sqiiare described on the linear unit, 
as a ^de. 

PROPOSITION I. THEOREM, 

Parallelograms which have equal bases and equal aUitufhs, 
ftre equal. 

Let the parallelograms ABGD and EFGH have equal, 
biiaea and equal altitudes : then will the parallelograms be 
equal. 

For le. a.™ b. s, placed p „ ^ « H 
that their lower bases shali ' ■ ■ 

coincide ; then, because they 
have the same altitude, their 
upper bases will be in the 
same line _Z>(?, parallel to AB. 

The triangles DAII and iJBG, have the sides AID and 
BC equal, because they are opposite sides of the parallel- 
ogram AG (K. I., P. XXVIII.); the sides AH and BQ 
equal, because they are opposite sides of the parallelogram 
AG ; the angles BAH and CBQ equal, because their 
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Bides arc parallel and lie in the same direction (B. I,, 
P. XXIV.) : hence, the triangles are equal (B. I., P. V.). 

If from the quadrilateral ABGI), we take away the tri- 
angle DA IF, there wiU remain the parallelogram AG \ if 
from the same quadrilateral A£GD, we take away the tri- 
tiiangle GBG, there will remain the parallelogram A C : 
hence, the paiailelogram rf <7 is equal , to the parallelogram 
EG (A. 3) ; which was to be j 



PROPOSITION II. THEOREM, 

A triangle is equal to one-half of a parallelogram having 
an equal base and an equal altitude. 

Let the triangle ABG, and the parallelogram AJiFD, 
liavo equal bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 

For, let them be so 
placed that the base of 
the tnangle shall coin- 
cide with the lower base 
of the parallelogram ; 

then, becaase they have equal altitudes, the vertex of the 
triangle will He in the upper base of the parallelogram, or 
in the prolongation of that base. 

From A, draw AE parallel to BC, forming the par- 
allelogram ABCE. This parallelogram will be equal to 
the parallelogram ABFB, from Proposition I, But the 
triangle ABC is equal to half of the parallelogram ABCE 
(B. I., P. SXVin., C. I) : hence, it is equal to half of 
the parallelogram ABFD (A. '7) ; which was to be proved. 

Cor. Triangles having equal bases and equal altitudes are 
equal, for they ai'c halves of equal parallelograms. 



Hosted by Google 



G E O Jlli: T U Y . 



PROPOSITION III, TIIEOliEM. 



ItecSangles having equal altitudes, are proportional to tJiclr 
bases. 

There may be two casea : the bases may be commensu- 
rable, or they may be iiicomm.enS&rable, 

1°. Let ABOB ami HEFK, be two rectangles -whose 
iiltitudes AD and I£K are equal, and whose bases AS 
and HIS are commensurable : then wiJl the areas of tJie 
rectangles be proportional to their bases. 

D 



\ 15 



11 

Suppose that Ali is to HE, as 7 is to 4. Conceive 
AB to be dh'ided into 1 equal parts, and HE into 4 
eqnal parts, and at the points of division, let perpendiculars 
be drawn to AB and HE. Then will ABCD be divi- 
ded into 7, and HEFH into 4 rectangles, all of which will 
be equal, because they haye equal bases and eqnal altitudes 
(P. I.) : hence, we have, 

ABCD : HEFK : : 7 : 4. 
But we have, by hypothesis, 

AB : HE' : : 1 : i. 
From these proportions, we have {B. II., P. lY.), 
ABGD : HEFK : : AB : HE. 

Had any other numbers than 7 and 4 been used, the same 
proportion would have been found ; tohich was lo be proved. 
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2°, L'jt the bases of the rectangles te incomraeiisiiraWe ; 
thi,Hi wjll tJie I'eetanglcs Ijo propoitioiiaL to tiieii' b^uus. 

For, place the rectangle IIEFK 

upon the rectangle ABCD, so that D _li' I.; c 

it shail talic the position ABFI). j ! j 

Then, if the rectangles are not pro- | \ j 

portiona! to their bases, let us sup- ^ — E~i (TB 

pose that 

ABCD : AEFD -. : AB : AO: 

in which AO is gi-eater than ^LK Divitlc A into 
<'qu3l parts, each less than OJU ; at least one point of 
iHvision, sis J, will fall between F and ; at this point, 
tlraw Hi' perpendicular to AB. Tlien, because AB ami 
AI are commensurable, we shall have, from ivhat has just 
been shown, 

ABGD : AIKD : : AB : AI. 

The above proportions have their antecedents the same 
in each ; hence (B. II., P. IV., C), 

AFFB : AIKB : : AO : AT. 

The rectangle AEFD is less than AIKD ; and if the 
above proportion wore true, the line A O would be less 
than AI ; whereas, it is greater. The fourth temi of the 
proportion, therefore, cannot be greater than AE. In like 
manner, it may be shown that it cannot bo loss than A K : 
conseqiientiy, it must bo equal to AE ; hence, 

ABCD : AEFD : : AB : AE ; 



Cor. If rectangles have equal bases, tliey 
her as their altitudes. 
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PROPOSITION IV. 



Ant/ two rectangles are to each other as the products of 
their bases and altitudes. 



Let ABCB .tnd AEGF hn tivo rectangles: then 
ABCB lie to AEGF, as AJi x AD Is to AS x . 

For, place the rectangles so 
that the angles I>AJi and EAF 
«hall be opposite or vertical ; 
then, produce the sides CD 
and GJE till they meet in IT. 

The rectangles ABCD and 
ADHE have tho same altitude 
AD : hence {P. UI.), 



AD CD : ADIIE 



AB 



AE. 



The rectangles ADHE and AEOF have the 
altitude AE : hence, 



ADIIE 



AEGF 



AD 



AE. 



Multiplying these proportions, term by term (B. 11., P. 
Xn.), iind omitting the common factor ADHE (B. II.. 
P. VII.), we have, 

ABCD : AEGF : : AB y. AD : AE y. AF ; 

lo'Uch was to be proved. 



Scholium 1. If wc suppose AE and AF, each to be 
equal to the linear unit, the rectangle AEGF ivill be the 
superficial unit, and we shall have, 



ABCD 



AB xAD 



1 ; 
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ABCD : 



All xAI) : 



hence, ihe area of a rectangle is equal to the product of 
its base and altitude ; that is, the number of superficial 
units in the rectangle, is equal to the product of the number 
of linear units in its base by the number of linear units in 
its altitude. 

Scholkim 2. The product of tivo lines ia sometimes called 
the rectangle of the lines, because the product is equal to 
the area of a rectangle constructed with the lines as sides. 



PROPOSITION 



The area of a 



is equal to the product of its 
base and altitude. 



Let ABCD be a parallelogram, AB its base, and BE 
its altitude : then will the area of ABGD be equal to 
AB X BK 

For, construct the rectangle 
ABEF, having the same base 
fmd altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. I.) ; but the area of the ^ ^ 
rectangJe ia equal to AB x BE: 

hence, the area of the parallelogram is also equal 
AB X BE ; which was to > 



Cor. Parallelograms are to each other aa the products 
of their bases and altitudes. If their altitudes are equal, 
they are to each other aa their bases. If their bases ara 
equal, they are to each other as their altitudes. 
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PROPOSITION Vr. THEOREM. 

TAe area of a triangle is equal to half the produat of Us 
base and altitude. 

Let ABO be a triangle, BG its base, and AIJ Us 
altitude : tliew will the area of the ttintigle bo equal to 
iJS(7 X AD. 

For, from C, draw C'E 
parallel to BA, and from A, 
draw AE parallel to CB. The 
area of the parallelogram BGBA 
is BG X AJ) (P. Y.) ; but the 
triangle ABG ia half of the par- 
aOelogram BGEA : hence, its area ii 
which was to he proved. 

Cor. 1. Triangles are to each other, as the products of 
their bases and altitudes (B. II., P. VH.). If their alti- 
tudes are equal, they are to each other as their bases. If 
their bases are equal, they are to each other as their alti- 




equal to iBC x AI>; 



Cor. 2. The area of a triangle is equal to half the pro- 
duct of its perimeter and the radius of the inscribed oirde. 

For, let DEE be a circle 
inscribed in tlie triangle ABC. 
Draw OD, OE, and OE, to 
the pomta of contact, and OA, 
OB, and OG, to the vcrti- 

003. 

The area of OBC will be 
eqaal to ^OE x BG ; the 
area of OA C will be equal to -J OE x AC ; and the area 
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of OAB will te equd to iOI> X AB ; aad since OD, 
OE, and OF, are equg], the area of the triangle AUG 
(A. 9), will be equal to ^OJ) {AB + BC + CA). 



PROPOSITIOK Vn. THEOREM. 

The area of a trapezoid is equal to the product of its dlfi- 
tude and half the sum of its parallel sides. 

Let ABGB be a trapezoid, BE its altitude, and AB 
and BO its parallel sides : then will its area be equal to 
BEx \{AB + BG). 

For, draw the diagonal AC, form- 
ing the triangles ABC and AOB, 
The altitude of each of these trian- 
gles is equal to BE. The area of 
ABC is equal to ^AB x BE (P. 
VI.); the area of ACB is equal to 

iBC X BE: hence, the area of the trapezoid, which is the 
Slim of the triangles, is equal to the sum of ^AB x BE 
and \BG X BE, or to BE x ^{AB ■{- BC) ; which was 
to be proved. 




PROPOSITION Tin. THEOREM. 

The square described on the sum of two lines is equal to 
the sum of the squares described on the li?ies, increased 
b'j ticice the rectangle of the lines. 

Let AB and BG be two Hues, 
and A C their sum : then wiJl 

AC^ = Jib'' + BC^ + 2AB x bg. 

On AC, construct the square 
AGBE; from B, draw BB: par- 



n I 


I 








I 


B 
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allel to AE ; lay oif AF equal to AB, aad from 
F, draw FO parallel to ^ C : then will IG and IH be 
each equal to JiC ; and IB and IF, to ^£. 

The square ACBE is composed 
flf four parts. The part ABIF is 
a square described on AB ; the part 
IQDM is equal to a square described 
on BO ; the part BCGI is equal 
to the rectangle of AB and ^(7 ; 
and the part FIIIF ia also equal to 
the rectangle of AJi and BO : and 

because the whole is equal to the sum of all its parts (A. 0), 
we have, 

Ad'- = AJ? + BO'' + 2AB X BO ; 
which was to be proved. 

Cor. If the lines AB and BO are equal, the four 
^arts of the square on AO will also bo equal : lience, t/ie 
square descriliecj on a line is equal to four times the square 
described on half the line. 



PROPOSmON IX. TIlEOIiEM, 

The square described on the difference of two lines is eqval 
to the sum of the squares deseribed on the lines, dimin- 
ished by tioice the rectangle of the lines. 



and AG their diifer- 



Let AB and BG be two 1 
eaoe : then will 

AG'' = Alf + BV^ - 2AB X BC. 

On AB construct the square ABIF ; from G draw 
CG parallel to BI ; lay off CD equal to AC, and 
from J) draw BIC parallel and equal to BA ; complete 
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tho square EFLK : then will EK be equal to BG, and 
EFLK will be equal to the square of BQ. 

The whole figure ABILKE is 
equal to the sum of tho squares 
described on AB and BG. The 
part GBIG is equal to the rect- 
angle of AB and BC ; the part 
BGLK is also equal to the rect- 
angle of AB and BC. If from 
the whole figure ABILKE, the two parts GBIG iwA 
BGLK be taken, there will remain the part ACBE, 
which is equal to the square o? AC : hence, 



T, 


F 


G 1 


I 






i. 


^ 


A 


C B 



AC^ = AB' + EG - 2AB > 
which vjos Co be proved. 



BC ; 



PROPOSITIOH" X. 



The rectangle contained by the Bum, and diffen 



! of two 



lines, ia equal to the differ- 

Let AB and BC be two 1 
greater : then will 

{AB + EG) {AB ~ BC) = AB' 

On AB, construct the square 
ABIF ; prolong AB^ and make 
BK equal to BG; then will AK 
be equal to AB + BG ; from 
K, draw KL parallel to EI, and 
make it equal to AG ; di'aw LE 
parallel to ICA, and GG parallel 
to BI : then EG is equal to 
EG, and the figure DEIG is equal to thi 
BG, and EDGE is equal to BKLIL 



of their squares. 

of which AB is tho 



F G I 


TI J 






D 
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If we aid to tlie figure ABHE, 
we shall liave the rectangle AKLE, 
tlio i-fct!ingle of AB + BG aud 
Ali — BC. If to the samu figui'c 
ABIIE, we add the rectangle 
na^FEy equal to BKLU, we 
shall have the figure ABHBGF, 
wJiich is equal to the diffurence of 
t'to squares of AB and BG. But 
the sums of equals are equal (A. 2)j 

{AB + BG) {AB - BG) = 
Khich was to i 



the rectangle BJTBJJ, 
which is equal to the 



F G 








H 


D 






A C B K 



PROPOSITION XI. TIIEOIiEM. 

The square described on the hypothenuse of a vlght-anghd 
triangle, is equal to the sum of the squares described on 
the other two sides. 

Lot ABG be a tmnglc, nght-angled at A : then will 
J6" = AB^ + A:c\ 

Construct the square BG on the side BC, the square 
AIT on the side AB, and 
the square AI on the side 
A G ; from A draw AB 
]>orpendicu!ar to BG, and 
prolong it to E : then will 
BE be parallel to BE; 
draw AF and HC. 

In the triangles IIBC 
and ABF, we have MB 
equal to AB, because they 
are sides of the same square; 
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BG equal to BF, for tlie same reason, and the included 
angles SBG and ABF equal, because eacli is equal to the 
angle AUG plus a right ang:le : hence, the triangles are, 
equal in all their parts' (B. I., P. V,). 

Tlie triangle ABF, and the rectangle BE, have the 
B:tuie base BF, and because BE ia the prolongation of 
DA, their altitudes are equal : hence, the ti-iangle ABF 
is equal to half the rectangle BE (P. 11.). The triangle 
HBG, and the square BL, have the same base BII, and 
because AG is the prolongation of AB (B. I., P. IV.), 
their altitudes are equal: hence, the triangle JSBG is equal 
to half the square of AH^. But, the triangles ABF and 
JIBG are equal: hence, the rectangle BE is equal to the 
square AH. In the same manner, it may be shown that 
the rectangle J)G is equal to the square AI ; hence, the 
sum of the rectangles BE and BQ, or the square BG, 
is equal to the sum of the squares AM and AI ; or, 
BG^ — AB^ + AG^ ; which was to be proved. 

Oor. 1. The square of either side about the right angle 
is equal to tho square of tlie hypothenuse diminished by the 
square of tho other side : thus, 

AB" - BC" - AG^ ; or, AG^ = BG^ - AB''- 

Gor, 2. If from the vortex of the right angle, a per- 
pendicular bo drawn to the hypothenuse, dividing it into tivo 
segments, BB and BG, the square of the hypothenuse laill 
be to the square qf either of the other sides, as the hypo- 
thenuse is to the segment adjacent to that side. 

For, the square BGy is to the rectangle BE, tis BG 
to BB (P. m.) ; but the rectangle BE is equal to the 
square AI£ ; hence, 

BC^ : AB'' : : BC : BB. 
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in like manner, we Lave, 

BG'' : AO^ : : BG 



BO. 



Cor. 3. The squares of the sides about the riffht angU 
are to each other as the adjacent 
segments of the hypothenuse. 

For, by combining the propor- 
tions of the preceding corollary 
(B. n., P. IV., C), we have. 



AB' 



A<r 



BB 



Cor. 4, 27(0 square described on the diagonal of a 
square is double the given square. 

For, the equare of the diagonal is 
equal to the sum of the squares of the 
two siJes ; but the square of each side 
is equal to t!ic given square ; hence, 




AC' = 2AB' ; 
Cor. 



AC 



: 2BG\ 



From the last corollary, we have, 

AM"' : .'U;' : : 2 : 1 ; 

hence, by extracting tlic square root of each term, we have, 

AC : AB : : v^ : 1 ; 

that is, tlie diagonal of a square is to the side, as the 
square root of Iteo to one ; consequently, the diagonal and 
the side of a squai-e are incommensurable. 
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PROPOSITION SI[. 



In any triangle, the square of a side opposite art acute 
angle, is equal to tlis sum of the squares of the base and 
the other side, diminisJied by twice the rectangle of the 
base and the distance from the vertex of the acute angle 
to the foot of the perpendiculai- drawn from the vertex 
of the opposite angle to the base, or to the base p^-oduced. 



Let ABG 1)0 a triangle, C one 
of its acute angles, HG ita base, and 
AJ) the perpendicular drawn from A 
to BG, or BG produced; then will 



AB' = BC' + AG'' 



- IBG X GU. 




For, whether the perpendicular ineets the base, or ttie 
base produced, we have BD equal to the difference of 
BG and GD : hence (P. IX.), 

B& = BG'' + Gif ~2BG ■:< GB. 

Adding AB to both nieral>ers, we 

havo, j5--^ 

BV- + Uf = BC'' + all' + Alf -2110 X VI>. 




But, BB' ^AD' = AB\ and CD' + AB' = AV 

AW = BO' + AC^ - 1BC X CB ; 
which was to be proved. 
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PROPOSITION SIII. THEOUEM, 

In any oUuse-angkd triangle, the square of the side opposite 
the obtuse angle is equal to (he sum of the squares of 
the base and the other side, increased by twice the rect- 
angle of the base and tJie distance from the vertex of tJte 
obtuse angle to the foot of the perpendicular drawn from 
the vertex of the opposite angle to the base produced. 

Let AJiC be an obtuse-anglod triangle, JB its obtuse 
angle, JiO its base, and AD the perpendicular dfawii 
from A to MG produced ; then will 

AC^ r= BC^ + Alf + 2_BC X BD. 
For, CD is the sum o? BO A 
and BJ> : hence (P. VIU.), ■'V"""\ 

U3^ = £G^ + B3^ + 2llC X BD. i \ ^'"~'---.,^^^ 

Adding AJ}^ to both members, '^ ^ 

and reducing, we have, 

AO^ = BO^ + AB'' + 2BQ x BB ; 
which was to be proved. 

Scholium. Tiie right-angled triangle is the only one in 
which the sum of the squares described on two sides is 
equal to the square described on the thbd side. 

PROPOSITIOH" XIV. THEOREM, 

In any triangle, the sum of the squares described on two 
sides is equal to twice the square of half the third side, 
increased by twice the square of tlie line drawn from 
the middle point of that side to the vertex of the ojiposiu 
angle. 
Let ABC be any triangle, and ISA a line drawn from 
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tlie middle of the base BO to the vertex A : then will 
AB~ -h AC'' = 2BE' + 2EA^. 
Draw AI> perpendicular to JiC ; then, from Proposition 
XIT., we liave, 

X(7' ^ Eg'' + KA" - 2EC X ED. ± 

From Proposition XIII., we have, / j ] \ 

AW = JiB^ + MA^ + 2BE X ED. ^ ^- -'* 

Adding these equations, member to member (A. 2), reeoUectr 
ing that BE is equal to EG, we liave, 

AB^ + AC'^ = ^BE" + 2i3' ; 
which was to be proved. 

Cor. Let ABCD be a p.irallclogram, and BD, AC, 
its diagonals. Then, since the diagonals 
mutually bisect each other (B. I., P. 



XXXT.), wc shall liave. 




V^\ 


AB^ + £G^ ^ 2AE" + 2BE 


; 


\/\\ 


and, 

C7>^ + DA? = 2GE^ + 2DE'' 




A. D 


whence, by addition, recollecting that 


AE 


s equal to GE, 



and BE to DE we have, 

■ AB''- + BC'' + Gff + ZU^ ^ 4 (Ze' + 4iXl'' ; 

but, iCE' is equal to AO'^, and 4.^'" to .K^ 
(RVm., 0.) : hence, 

AB^ + BC^ ■+ (75^ + DA.^ = AG^ + BI?. 
That is, the sum of the squares of the sides of n parallelo- 
gram, is equal to the sum of the squares of its i 
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PROPOSITION XV. 




In any triangle, a line drawn parotid to the base divide* 
the other sides proportionally. 

Let AMC ho a triangle, and 2)^ a line parallel to 
the base SO f then 

AD : DB : : AE : CM 

Draw EB and DC. Then, liecause 
the triiingles AEI> and DEB have their 
bases in tlie fiame line AB, and their 
vertices at the same point E^ they will 
have a common altitude : hciiec, {P. VI., 

AED : DEB : : AD : DB. B C 

The triangles AED and EDO, have their bases in the 
same line AG, and their vei-tices at the same point D ; 
they have, therefore, a common altitude ; hence, 

AED : EDO :: AE : EC. 

But the triangles DEB and EDC liavc a common base 
DE^ and tlioir vertices in the line MC, parallel to DM; 
they arc, therefore, equal ; hence, the two preceding propor- 
tions have a couplet in each equal ; and consequently, the 
remaining terms are proportional (B, 11., P. IV".), hence, 

AD : DB :: AE -.EG; 

which was to be proved. 

Cor. 1. We have, by composition (B. II., P. VI.), 

AD + DB : AD : : AE + EO : AE ; 
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A£ : AB : : AC : AE ; 



AB 



DB 



AG 



EC. 




Cor. 2. If any number of pai-allols bo An 
linGS, they will divide the lines proportionally. 

For, let be the point ivlierc AB 
and C-O meet. In the triangle OEF, 
the line A C being parallel to the base 
^i^ we Eball have, 

OJS : AE -.'. OF : CF. 
In the triangle OQH, we shall have, 

OE -.EC : : OF : FH ; 
hence (B. II., P. IV., C), 

AE : EG : : CF : FM. 
In like manner, 

EG : OB :; FS HD ; 
and EO on, 

PROPOSITION XVI. THEOREM. 

If a line divides two sides of a ti-iangle proiioriionaUy, it 
will be parallel to the third side. 

Let ABC be a triangle, and let BE 
divide AB and AC, so that 

AB : BB : : AE : EC ; 

then vnl\ BE be parallel to BC. 

Draw BC and EB. Then the tri- 
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anglea ABE and DEB will have a common altitude ; and 
coiiaequeutly, ive sLall have, 

AT>E : BEB : : AB : B£. 

The triangles ABE and EDO have also 
!i common altitude ; and consequently, we 
shall have, 

ABE : EDO : : AE : EG ; 
but, by hypothesis, 

AB : BB : : AE : EG ; 
hence ,(B. 11., P. IV.), 

ABE : BEB : : ABE : EDO. 

The antecedents of this proportion being equal, the con- 
sequents will be equal ; that is, the triangles BEB auii 
EBG are equal. But these triangles have a common base 
BE : hence, their altitudes are equal (P. VI., C.) ; that is, 
the points B and G, of the line BG, are equally distant 
from BE, or BE prolonged : hence, BG and BE are 
[);ii-a!!el (B. I, P. XXX., C.) ; which was to be prooecl. 



PROPOSITION XVIL THEOREM. 

The line which bisects the vertical angle of a triangle, 
■ divides the base into segments proportioned to the adja- 
cent sides. 

Let AB bisect the vertical angle A of the tnnuglo 
BAG : then will the segmepts BB and BG be propor- 
tional to the adjacent sides BA and GA. 

From Gy draw GE parallel to BA^ and produce it 
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until it meets £A prolonged, at M Then, becanse CS 
and DA arc parallel, the angles JiAM and AJiO are 
equal (B. I., P. XS., C. 3) ; the 

angles DAG and AGE are K 

also equal (B. I., P. XX., C. 2). ,-■■■/ 

But, BAD and DAG are 
equal, by hypothesis ; consequent- 
ly, AEC and A CE are equal ; 
hence, the triangle AGE is 
isosceles, AE being equal to ^ 
AG. 

In the triangle DEC, the line AD ia 
base EO : hence (P. XV.), 

BA : AE : ; BD ; DC ; 



or, substituting AC for its equal AE, 

DA -.AC : : BD -.DC; 
which recta to 



PKOPOSITIOH" xvin. 



Triangles which are mutually equiangular, are similar. 

Let the triangles ABC and DEE have the angle A 
eqtial to the angle D, the angle B to the angle E ai^d 
the angle C to the angle E : then will they be similar. 

For, place the triangle 
DEE upon the triangle 
ABC, so that the angle 
E shall coincide with the 
angle B ; then will the 
point E fall at some 
point S', of BG; the point D at some point G, of BA; 
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the side DF will take the position GH^ and BGS will 
be equal to EDF. 

Since the angle BIIQ 
is equal to BCA, GS 
wiE be parallel to AG 
(B. L, P. XIX., 0. 2) ; 
and consequently, we shall 
have (P. XV.), 

BA : BG :: BO : BH ; 

or, since BQ is equal to EI), and BIT to EF, 
BA : ED ::• BC : EF. 
In like manner, it may be shown that 

BG i EF : I CA : FB ; 




CA 



FB 



AB 



BE; 



hence, the sides about the equal angles, taken in the same 
order, are proportional ; and consequently, the triangles are 
similar (D. 1) ; -which was to le proved. 

Cor. If two triangles have two angles in one, equal to 
two angleB in the other, each to each, they will be similar 
(B. t, P. XXV., C. 2). 



PBOPOSITION SIX. THEOREM. 



Triangles wldch have their corresponding sides proportional, 
are similar. 



In the triangles ABC and BEF, let the correepondin 
rides be proportional ;. that is, let 
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then irill the triangles be 


similar. 




For, on ^BA lay off . 


B& 


equal to ED; 


on ^C lay 


off BJT equal to HP, 




A 




and draw &II. Then, 




tX 


jy 


because BO is equal to 




A 


DS, and MH to SP, 




/ \ \ 


/\ 


we have. 




/ '■'. \ 


/ \ 




ii I-l C 


E t 


jBA : BG 




; B.G : -S^; 





hence, G'j? is parallel Xa AG (P. XVI.); and consequently, 
the triangles BAG and BQH are equiangular, and there- 
fore similar ; hence, from Prop. XVIH., we bare, 

BC : BIT :: GA : JIG. 
But, hy hypothesis, 

BG : EF :: CA : FB ; 

hence (B. 11., P. IV., C), we have, 

BS : EF :: HG : FJ). 

But, BH is equal to EF ; hence, SG is equal to FD. 
The triangles BSG and .EfZ* have, therefore, their »dea 
equal, each to ea«h, and consequently, they are equal iu all 
their parts. Kow, it has just been shown that BSG and 
BOA are similar: hence, EFD and BGA are also simi- 
Jar ; which was to l^e i 



SchoUnm. In order that polygoDS may be similar, they 
must fulfill two conditions ; they must ho mutKaUy eguian- 
gular, and <Ae corresponding sides must be proportional. In 
the case of triangles, either of these conditions involves the 
other, wbich is not tme of any other speciea of polygons. 
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PROPOSITION XX. 




Triangles which have an angle in each cjwtrf, and the i 
duding sides proportional, are similar. 

In tte triangles ABC and DEF, let the angle B 
equal to the angle B ; and suppose that 

BA -.ED : : BC : EF ; 

then will the triangles be si 

For, place the angle E 
upon its equal B ; F 
will fall at some point of 
BG, as H; J> will faU 
at some pomt of BA, as 
Q ; BF will take the position GS, and the triangle 
DEF will coincide with GBS, and consequently, will he 
equal to it. 

But, from the assumed proportion, and because BG ia 
equal to ED, and BH to EF we have, 

BA : BG : : BC : BIT; 

hence, GIT is parallel to AC ; and consequently, BAC 
and BGH are equiangular, and therefore similar. But, 
EBF ia equal to B GH ; hence, it is also similar to 
BAC ; which was to be proved. 

PROPOSITION XXI. THEOREM. 

Triangles which have their sides parallel, each to each, or 
perpendicular, each to each, are similar. 

l". Let the triangles ABC and BEF have the side 
AB paraUel to BF, BO to FF, and CA to FI> : 
tfeen will they be similar. 
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For, since the f 



AB is paraUel to DB, and JBC 




svni.) 



to SF, the angle B 
XXIV.) ; iu Hke manner, 
tin." angle C ia equal to 
th(! angle _Z^ and the an- 
gle A to the angle J) ; 
the triangles are, therefore, 
mntually equiangular, and 
consequently, are similar (P. 

2°. Let the triangles ASC and D^F have the ade 
AS perpendicular to i>^, BC to ^i^ and OA to 
FD i then will they be similar. 

For, prolong the sides of the tri- 
angle BEF till they meet the ddes 
of the triangle ABC. The sum of 
the interior angles of the qaadi'ilateral 
BIEG is equal to four right angles 
(B. I., P. XXVI.) ; but, the angles 
BIB and EGB are each right 
angles, by hypothesis ; hence, the suii 
IBG ia equal to two right angles ; the eum of the angles 
lEG and DEE ia equal to two right angles, because they 
are adjacent ; and since things which are equal to the same 
thing are equal to eaoh other, the sum of the angles lEG 
and IBO is equal to the sum of the angles lEG and ]yEE\ 
or, taking away the common part lEG, we have the angle 
IBG equal to the angle BEE, In like manner, the angle 
GCS may be proved equal to the angle EFB, and the 
angle MAI to the angle EDF ; the triangles ABC and 
BEF are, therefore, mutaally equiangular, and consequently, 
similar ; which was to be proved. 

Cor, 1. In the first case, the parallel sides are homtrio- 




. of the angles IMG 
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goua ; in tho second case, the perpendicular sides are homo- 
logous. 

Oor. 2. The homologous angles are those mduded by 
sides respectively parallel or perpendicular to each other. 

Scholium. When two triangles have their sides perpen- 
dicular, each to each, they inay have a different relative 
position from that shown in the figure. But we can always 
construct a triangle within the triangle ABC, whose sides 
shall be parallel to those of the other triangle, and then the 
demonstration will be the samo as above. 



PEOPOsmoN xxn. theorem. 

If a line be drawn parallel to tfie base of a tnangle, and 
lines be drawn from the vertex of the triangle to points 
of the base, these lines wiU divide the base and t/ie par- 
aUel proportionally. 

Let ABC be a triangle, BG its base, A its vertex, 
I>E parallel to BC, and AF, AG, AH, Ikes drawn 
from A to points of the base : then will 

BI : BF :: IK : FQ : : KL : Gil i : LB 



SO. 



For, the triangles AID 
AFB, being similar (P. XXI), 
have, 

AI : AF : : BI : BF ; 

and, the triangles AJK and AFG, 
biMBg wmilar, we have, 

AI : AF : 

beHce, (B. n., P. lY.), we have, 
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BF :: IK 



IK : FG 
KL : GH 



KL : GS, 
LE : JIG; 



hence (B. H., P. IV.), 

BI : BF : : IK : FG : : KL : GH : : LE \ HC ; 

•mhieh was to he proved. 

Oor. If BG ia divided into equal parts at F, G, and 
S, then will BE be divided into equal parts, at J, K, 
and L, 



PROPOSITION XXni. THEOREM. 

If, in a right-angled triangle, a perpendi<mlar he drawn from 
tlie vertex of the right angle to the hypothenuie : 

1", The triangles on each side of the perpendicular will te 
similar to the given triangle, and to each other : 

2°. Each side about the right angle will be a mean propor- 
tional between the hypothenuse and the adjacent segment : 

i". The perpendicular will be a mean proportional between 
the two segments of the hypothenuse. 

1°. Let ABG be a right-angled triangle, 
of the right angle, BC the hypo- 
tliennse, and AD perpendicular to 
BG : then -wiU ABB and ABG 
be similar to ABG, and conse- 
quently, similar to each other. 

The triangles ABB and ABG " 
have the angle B common, and the 



A the ' 
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£A C eqnal, because both are right angles ; they are, ther©. 
(ore, similar (P. XVIH., C). In like manner, it may be 
shown that the triangles ADO and ABO are similar; 
and smce AJ)B and AI>0 are both similar to ABC, 
ihey are similar to each other ; which was to be proved, 

2°. AB will be a mean pro- 
jioitioiial between BG and BD ; 
and AO will be a mean propor- 
tional between CB and GJD. 

For, the triangles ABB and 
BAG being similar, their homo- 
logous sides are proportional : hence, 

BO : AB : : AB 

In like manner, 

BC : AO : : AO 
tehich teas to be proved. 

3°. AB will bo El mean proportional between BB and 
BO. For, the triangles ABB and ABG being similar, 
their homologous sides are proportional ; hence, 



BC; 



AB 



BO i 



BB : AB 

which was to he proved. 

Gor. 1. From the proportions, 

BO : AB : I AB : BB, 

*" ' BG : AO : : AG : BG, 

we have (B. U., P. I.), 

AB^ ^ BO X BB, 
and, 

AC'' = BG X BG ; 
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whence, by addition, 

AS" + AG^ = BO {BD + DO) ; 

AB^ + Ad'' = 'BG'^ ; 
aa was shown in Proposition XI. 



Cor. 2. If irom any point ^, in a Eemi-circumferenee 
BAO, chords be drawn to the 
extremities B and of the diam- 
eter BO, and a perpendicular AB 
be draivn to the diameter : then s- 

wiU ABC be a right-angled tri- 
angle, right-angled at A ; and from what was proved above, 
each chord wUl be a mean proportional heiween the diameter 
and the a^aeent segment / and, the perpendicular wiU be a 
mean proportional between the segments of the diameter. 



PEOPOSITION XXrV. THEOREM. 

Triangles which have an angle in each equal, are to each 
other as the rectangles of the including sides. 

Let the triangles GHK and ABC have the angles (? 
and A equal : then will they be to each other aa tbf 
rectangles of the sides about these angles. 

For, lay off AB equal 
to GH, AE to GK, and 
di-aw BE; then will the 
triangles ABB and GHK 
be equal in all their parts. 
Draw EB. 
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The triangles ADE and ABE have their bases in the 

same line AB, and a common vertex M ; therefore, they 

have the same altitude, and consequently, are to each other 
aa their bases ; that is. 



ABE 



ABE 



AB 



AB. 



The triangles ABE and 
ABC, have their bases in 
the same line AC, and a H' 

tex B ; hence, 



ABE : 



ABC 



AE : AC 




mltiplying these proportions, term by teiTn, and omitting 
, factor ABE (B. 11., P. VH.), we have. 



ABE : ABC : : AB x AE : AB x AC; 

substituting for ABE, its equal, GHK, and for AB x AE, 
its equal, QJL X GK, we have, 

ailK : ABC : : GH X GK : AB x AC; 

which was to ^e proved. 

Cor. If ABE and ABC are siuiilar, the angles B 
and B being homologous, BE will be parallel to BC, 
and we shall have, 

AB : AB : : AE : AC ; 

hence (B. H., P. IV.), w^ have, 

ABE : ABE : : ABE : ABO ; 

that is, ABE is a mean proportional be- 
tween ABE and ABC. 
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PEOPOSITION XXV. THEOEEM. 

Similar triangles are to each other as the squares of their 
' sides. 



Let the triangles AJBC and DSF be similar, tlie angle 
A being equal to the angle -Z>, B to E, and C ta F: 
then will the triangles he to each other as the squares of 
any two homologous sides. 

Because the angles A and J) are equal, wc have (P. 
XXIV.), 

ABC : BEF : : AB x AG : BE y^ EF ; 

and, because tlio triaiigh 
are similav, we have, 




AB : BE : : AO : BF; 

multiplying the terms of 
this proportion by the cor- 
responding terras of the proportion, 

AG : BF : : AG : BF, 

we have (i!. IL, P. XII.}, 

AB X AC : BE x BE : : AC : BE''; 

combining this, with the first proportion (B. II., P. IV.), 
we have, 

ABC : BEF : : AC^ : BF' . 

In like manner, it may be shown that the triangles are 
to each other as the squares of AB and BE, or of BC 
and EF \ which was to he proved. 
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PROPOSITION SXVr. THEOEEM. 

Similar polygons may be divided into the same number of 
triangles, similar, each to each, and similarly placed. 

Let ABODE and FQHIK be two »nulav polygons, 
the angle A being equal to the angle ^ _B to 6^, (7 to 
H, and so on : then can they be dividod into the eaiiie 
number of similar triangles, Bimilarly placed. 

For, from A draw 
the diagonals AC, C 

AD, and from F, Bp-^ — 7'\ (^r-'''^\ 
homologous with A, \ y' \ri y' if 

draw the diagonals AxT' /^ I\" ~y^ 

FH, FI, to the ver- ^x/^ E^^ 

ticea II and I, hom- 
ologous ivith C and D. 

Because the polygons ai'e similar, the triangles ABC and 
FQH have the angles B and G equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have tlic 
angle AGB equal to FHG, and the sides AC and FIT, 
propoi-tional to BO and QH, or to CD and HI. The 
angle BCD being equal to the angle GUI, if we ta.ke 
from the first the angle ACB, and from the second the 
equal angle FUG, we shall have the angle ACD equal 
to the angle FHI : hence, the tiianglea ACD and FJII 
have an angle in each equal, and the including sides propor- 
tional ; they are therefore similar. 

In like manner, it may be shown that ADE and FIK 
are similar ; which was to be proved. 

Cor. 1. The corresponding triangles in the two poIygonB 
are Jiomologous triangks, and the eoiTesponding diagonals are 
homologous diagotials. 
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Oor. 2. Any two homologous triangles are lilce parts of 
the polygons to which they belong. 

For, ABC and FGII being similar, we hare, 

ABG : FGU : ; AC^ : FH" ; 

and, for a like reason, 

ACD : FSI :: M'' : FK"- ; 
whence, 

^£C : FGH :: ^CZ> : FHI -, 

aod, in like manner, 

ACJO : FHI : : ABF : IKF. 

Oor. 3. If two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 

PEOPOsrrroN xxvii. theorem. 

The perimeters of similar polyoons are to each other as any 
two homoloQotis sides ; and the polygons are to each 
other as the sqttares of any ttco homologmts sides. 

1°. Let ABODE and FGHIK be shnilar polygons: 
then will their perimeters be to each other as any two 
homologoua ades. 

For, any two homo- 
logons sides, as AB R^— — """"^X _-— -^ 

and FG, are hke parts 
of the perimeters to 
which they belong : 
hence (B. II., P. IX.}, E 

the perimeters of the 

polygons are to each other as AB to FG^ or as any 
other two homologous sides ; tohioh was to he proved. 
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I the squares 




2°, The polygoM will be to each other 
of any two homologous ades. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVI., C. 1) ; 
then, because the 
homologous triangles E 

ABC and FG^ are 

like parts of the polygons to which they belong, the poly- 
gons ■will bo to each other as these triangles ; but these 
triangles, being similar, are to each other as the squares of 
A£ and F& : hence, the polygons are to each other as 
the squares of A£ and FG, or as the squares of any 
other two homologous sides ; which was to be proved. 

Cor. 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as anj other homologous 
Hues ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Gor. 2. If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will bo to each other as the squares of the sides of 
the triangle. But the square of the bypothenuse ia equal 
to the sum of tho squares of the other sides, and conse- 
quently, the polygon on the hf/pothenuse will be eqval to 
the sum of the polygons on the other sides. 

PROPOSITION XXVin. THEOREM. 

^ two chords intersect in a circle, their segments will Is 
reciprocally proportional. 

Let the chorda AB and CD intersect at : then 
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■will tlieir segments be reciprocally proportional ; that ia, one 
segment of the first ivill be to one segment of the second, 
as the rcmaioing segment of the second is to the remaining 
segment of the first. 

For, draw CA and BB. Then 
will the angles ODB and OAC be 
equal, because each is measured by half 
of the arc CS (B. IH., P. XVIII.). 
The angles OBB and OCA, will also 
be equal, because each is measured by 

half of the arc AD: hence, the triangles OSD and OCA 
are similar {P, XIX,, C), and consequentJy, their homolo- 
gous sides are proportional : hence, 




JDO : AO :: OB 

■■ Co be proved. 



00 ; 



Gor. From the above proportion, we have, 

DO X 00 = AO X OB ; 

that is, the rectangle of the segments of one chord is egual 
to the rectangk of the segments of the other. 



PEOPOSITION XXIX. THEOREM. 

^ from a point without a ■ circle, two secants be drawn ter- 
minating in the concave arc, they wiU be reciprocally 
proportional to their external segments. 

Let OB and 00 he two secanta terminating in the 
concave arc of the circle BCD : then will 
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For, draw AC and DJl. The triangles OUB and 
OAC have the angle common, and the angles OBD 
and OCA equal, because each is measured 
by half of the arc AD ; hence, they are 
similar, and consequently, their homologous 
sides are proportional ; whence. 



OB 



00 

: to be proved. 



OB 



OA J 



Got. From the above proportion, we 
have. 




that is, the rectangles of each secant and its external 
ment are equal. 



PROPOSITIOJf XXX. THEOREM. 

If from a point without a circle, a tangent and a secant 
be drawn, the secant terminating in the concave arc, the 
tangent will be a mean proportional between the secant 
and its external segment. 

Let ADC be a circle, 00 a secant, and OA a tan- 
gent : then will 

OC : OA : : OA : OD. 



For, draw AD and AC. The tri- 
.wglea OAD and OAC -will have the 
angle common, and the angles OAD 
and ACD equal, because each is mea- 
sured by half of the arc AD (B. III., 
P. XVm., P. XXI.) ; the triangles are 
therefore similar, and consequently, their 
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homologous sides t^e proportional : hence, 

OC : OA : : OA : OD ; 
vikich was to he proved. 

Cor, From the above proportion, we have, 

-ZO' = 00 X OD % 

that is, the square of the tangent is equal to the rectanjk 
of tTie secant and its external segment. 



PRACTICAL APPLICATIONS. 



PROBLEM I. 

To aivide a given line into parts proportional tb given lines, 
also into equal parts. 

1°. Let AB be a given line, and let it be required to 
divide it into parts proportional to the lines S', Q and li. 

From one extremity A, 
draw the iadelioito line AG, 
making any angle with AS ; 
lay oS AC equal to P, CD 
equal to Q, and DJS equal 
to Jt ; draiv ^J}, and 
from the points G and D, 
draw CI and DF parallel to JSB ; then will AT, IF, 
and I'll, be proportional to P, Q, and B (P XV., C. 2). 
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en line, and let it be i 
of equal parts, saj- five 



2°. Let AH be a gi 
ilivido it into any numbei 

From ono extremity 
- 1 , draw the indefinite 
fiue AG \ take AI equal 
to any convenient line, 
and ky ofi" IK, KL, 
LM, and MB, each 
equal to A J. Draw 
SH, and from I, K, i, and M, draw the lines 7(7, 
KB, LE, and 3rF, parallel to BH : t!ien will AH be 
divided into equal parts at (7, D, E, and F (P. XV., 
C. 2). 

PEOBLEM a. 





To construct a fourth proportional to three given lines. 

Let A, B, and C, be 
the given lines. Draw 
I>K and BF, making 
any convenient angle \vith 
each other. Lay off J)A 
eqnal to A, BB equal 
to B, and BC equal 

to C ; draw A C, and from B draw BX parallel to 
AC : tlien will BX be the fourth proportional required. 

For (P. XV., C), we have, 

BA ; BB : : BG : J)X ; 

A : B : : C : BX. 

Cor. IS BC is made equal to BB, BX will be a 
tliird proportional to BA and BB, or to A and B. 
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PROBLEM in. 



To construct a : 



1 proportional between, two given linet. 



Let A and B be the given 
lines. On an indefinite line, lay off 
I>E equal to A, and EF equal 
to £ ; on I>F as a diameter de- 
scribe the semi-circle DGF, and 
draw EG perpendicular to DF : 
tben will EG be the mean proportional required. 

For (P. XXm., 0. 2), we have. 




BE 



EG 



EG 



PROBLEM IV. 



To divide a given line into two such parts, that the ; 
part shall ie a mean proportioned between the whole line 
and the other part. 



Let AB be the given line. 

At the extremity B, draw 
BC perpendicular to AB, and 
make it equal to half of AB. 
With (7 as a centre, and OB 
as a radius, describe the are 
DBE ; draw AC, and produce 
it till it terminates in the concav 
centre and AB aa radius, describe 
will AF be the greater part required. 
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For, AS being perpendicular to G£ at -B, is tan- 
gent to the arc JOBJE : hence 

(P. XXX.), Sj; 

^-^ \ 
AE : AB '. : AB : AD ; n,.^-"] I 

wid, by division (B. 11., P. VL), ^^ FB""' 

AS ~ AB : AB : : AB - AB i AD. 

But, DS is oqu^l to twice GB, or to AB : hence, 
AE - AB ia equal to AD, or to AF; and AB — AD 
is equal to jIJ? — AF, or to i^IB : lience, by substitution, 

AF : AB : : FB : AF ; 

aad, by inversion {B. II., P. V.), 



SokoKum. When a line is divided so tliat the greater 
segment is a mean proportional between the ivhole line and 
the less segment, it is said to be divided in extreme and 
mean ratio. 

Since AB and DE are equal, the line AE is divided 
in extreme and mean ratio at D ; for we have, from the 
first of the above proportions, by substitution, 

AE : DE : : BE : : AB. 
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PROBLEM T. 



TTvrmigh a given point, in a given angle, to draw a Um 

so that the segments between (he point and the sides of 

the angle shall be equal. 

Let BCD be the ^ven angle, and A the ^ven point 

Through A, draw AE parallel to 
J>G ; lay off EF equal to GE, and 
draw EAD : then will AF and AD 
be the segments required. 

For (P. XV.), wo have, 



FA 



AD 



FE 



EG', 




but, FE ia equal to EO ; bence, FA is equal to AD. 



PROBLEM VI. 
To construct a triangle eqital to a^ given polygon. 

Let ABODE be the given polygou. 

Draw CA ; produce EA, and q 

draw BG parallel to OA ; draiv 
the line CG. Then the triangles 
BAG and GAG have the com- 
mon base AG, and because their 
vertices -B and G lie in the 

same line BG parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
GCDE is equal to the polygon ABGDE. 

Again, draw GE ; prodnee AE and draw DF parallel 
to GE ; draw also CF ; then will the triangles FCE 
and DGE be equal: hence, the triangle OGF is equal 
to the polygon GCDE, and consequently, to the given 
polygon. In like manner, a triangle may be constructed 
equal to any other given polygon. 
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PROBLEM Vn. 



To construct a square equal to a given triangle. 

Let ABO be the given triangle, AD its altitude, 
BG its base. 

Construct a mean pro- 
portional between AD 
and half oi BG (Prob. 
lEL). Let XT be that 
mean proportional, and oa 
it, as a side, constrnct a 

square : tiien -will this be the square required. For, from 
the constmotion. 




XY" = iBO X AD = t 



, ABC. 



Scholium. Ey means of Problems VI. and VII., a square 
may be constructed equal to any given polygOQ. 



PEOBLEM Tin. 
On a given line, to construct a polygon similar to a given 



Let FG be the given line, and ABGDE the given 
polygon. Draw AC and AD. 

At F, construct 
the angle GFM equal 
to BAG, and at G 
the angle FGH equal 
to ABG ; then will 
W&S be similar to 
ABG (P. XVnL, C.) 
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la like maimer, construct the triangle FHI similar to 
AGDi and FIK dmilar to AJ>E; then will the polygon 
FGHJK be ramilar to tlie polygon ABODE (P. XXVI., 
C). 

PROBLEM IX. 

To construct a square equal to the .sum of two ffiven 
squares, also a square equal to the difference of two 
given squares. 



of the given squares, 



1°. Let A and B be i 
and let A be the greater. 

Construct a right angle 
CBE ; raake I>E equal 

to A, and DC equal to 

B; draw CE, and on it I> 

construct a square : this square will be 
of the given squares (P. XI.). 

2=". Constrnct a right angle CDE. 

Lay off DC equal to B ; with C 
as a centre, and CE, equal to A, as 
a radius, describe an arc cutting DE at 
E ; draw CE, and on BE construct 
a square : this square will be equal to 
the difference of the given squares (P. XL, C. l). 

Scholium. By means of Probs. VI., VII., VIH., and IX.. 

a polygon may be constructed similar to two given polycou.-i, 
and equal to their sum, or to their difference (P. XX\"!1., 
C). 
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EKGULAR POLYGONS. — AREA OF THE CIECLR. 
DEFINITION. 

I. A Reguijik Poltgon is a polygon which is both 
equilateral and equiangular. 

PROPOSITION I. THEOREM. 
Regular polygons of the same number of sides are similar. 

Let ABGDMF and abedef be regular polygons of tlie 
satne number of sides : then, will they be similar. 

For, the corresponding 
angles in ea«h are equaJ, 
because any angle in 
either polygon is equal 
to twice as many light 
angles as the polygon 
has ddes, less foui', di- 
vided by the number of angles (B. I, P. XSVL, C. 4) ; and 
further, the con-esponding sides are proportional, because all 
the sides of either polygon are equal (D, 1) : hence, the 
polygons are similar {B. IV., D. l) ; which was lo be proved. 
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PEOPOSITIOH" II. THEOREM. 

The circumference of a circle may he cir<nimscribed aiozit any 
regular polygon ; a eirde may also be inscribed within it. 

1°. Let ABCF be s. regular polygon: then can the 
circumference of a cirde be circumscribed about it. 

For, through three conBCCutiye ver- 
tices A, B, G, describe the circum- 
ference of a circle (B, m,, Problem 
Xm., S.). Its centre will lie 
on FO, drawn perpendicular to BG, 
at its middle point P; draw OA 
and OJD. 

Let the quadrilateral OP CD be 
turaed about the line OP, until PG 

falls on PB ; then, becauae the angle G is equal to B, 
the side GB will take the direction BA ; and because CB 
is equal to BA, the vertex D, will fall upon the vertex 
A ; and consequently, the hue OB will coincide with OA^ 
and is, therefore, equal to it : hence, the circumference which 
passes through A, B, and G, will pass through B. In 
like manner, it may be shown that it will pass through all 
of the other vertices ; hence, it is circumscribed about the 
polygon ; which was to be proved, 

2°. A circle may be inscribed within the polygon. 

For, the sides AB, BG, &c, being equal chords of 
the circumsicribod circle, are equidistant from the centre : 
hence, if a circle be described from as a centre, with 
OP as a radius, it will be tangent to alt of the sides of 
the polygon, and consequently, will be inscribed within it ; 
which was to be proved. 
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Scholium. If tLo circumference of a circle be diviJed 
into equal area, the chords of theae arcs ■will be sides of a 
regular inscribed polygon. 

For, the sides are equal, because they are chorda of equal 
area, and the angles are equal, because they are measured by 
halves of equal arcs. 

If the vertices A, B, C, &c., 
of a regular inscribed polygon be 
joined with the centre 0, the tri- 
angles thus formed will he equal, 
because their sides are equal, each 
to each : hence, aU of the angles 
about the point are equal to 
each other. 




DSFINinOSS. 

1. The Cestre op a Regui-ab Polygon, is the common 
centre of the circumscribed and inscribed circles. 

2. The Angle at the Ckntee, is the angle formed by 
drawing lines from the centre to the estremities of either 
side. 

The angle at the centre is equal to four right angles 
divided by the number of sides of the polygon. 

3. TIio ArornEM, is the distance from the centre to 
either side. 

The apothem is equal to the radius of the insci-ibed 
circle. 
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To inscribe a square in a given circle. 

Let ABCD be the given cir- 
cle. Draw any two diamotors AC 
and JiJ) perpendicular to each 
other ; they wiO divide the circum- 
ference into four equal arcs {B. TTT ., 
P. XVIL, S.). Draw the chorda 
AS, J30, CD, and DA: then 
will the figure AJiCD be the 
square required (P. II., 8.). 

Scholium. The radius is to the aide of the inscribed 
square as 1 is to -\/27 




PROPOSITION IV. THEOEEM. 

^ a regular hexagon ie inscribed in a circle, any side wtU 

be equal to the radius of the circle. 

Let ASD be a circle, and ABODES a regular in- 
scribed hezagon : then will any side, as AB, be equal to 
the radius of the circle. 

Draw the radii OA and OB. 
Then wiD the angle AOB be 
equal to one-sixth of four right 
angles, or to two-thirds of one 
right angle, because it is an an- 
gle at the centre (P. II., D. 2). 
The Bum of the two angles OAB 
and OBA is, consequently, equal 

to four-thirds of a right angle (B. L, P. XXV., C. 1) ; but, 
the angles OAB and OBA are equal, because the opposite 
sdes OB and OA are equal : hence, each is equal 
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two-thirds of a right angle. The three angles of the triangle 
A OS are therefore, equal, and consequently, the triangle is 
equilateral : hence, AB is equal to OA ; which was to he 



PEOPOSITION V, PKOBLEM. 
To inscribe a regular h&sagon in a given idrde^ 

Let ABE be a circle, and O its centre. 

Beginning at any point of 
the circumference, as A, ap- 
ply the i-adiu3 OA six times 
as a chord ; then will 
ABCDEF he the hexagon 
required (P. IV.). 

Cor, 1. If the alternate 
vertices of the regular hexagon 
be joined by the lines AC, 
GE, and EA, the inscribed 
triangle ACE will be equilateral (P. 11., S.). 

Cor. 2. If we draw the radii OA and OG, the figure 
A OB will be a rhombus, because its sides are equal : 
hence (B. IV., P. IV., C), we have, 




AB^ + BC^ + O'A^ + OC' 



AG^ + OB^ ; 



or, taking away from the first member the quantity 0A\ 
and £rom the second its equal OB^, and reducing, we have, 



ZOA^ = AG^; 



whence (B. H., P II.), 
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or (B. n., P. Xn., C. 2), 

AC : OA : : ^ : 1; 

that is, the side of an in^cHbed equilateral triangle is to the 
radius, as the square root of 3 ia to 1. 



PEOPOSITIOH VI. 



J^ the radius of a circle be divided in extreme and mean 
ratio, the greater segment will be equal to one si'Se of a 
regular inscribe 



Let ACQ be a circle, OA its radius, and AB, equal to 
OM, the greater segment of OA when divided in extreme 
and mean ratio : then will AS he equal to the side of a 
regular inscribed decagon. 

Draw OB and BM. We 
have, by hypothesis, 



AO : 



OM : 



OM : AM: 



AB is equal to 




AO : AB : : AB : AM; 

hence, the tiianglea OAB 
and BAM have the sides 
about their common angle 

BAM, proportional ; they are, therefore, similar (B, IV., 
P. XX.), But, the ti-iangle OAB is isosceles ; hence, BAM 
is also isosceles, and ■ consequently, the side BM is equal lo 
AB. But, AB is equal to OM, by hypotbeaia : hence, 
BM is equal to OM, and consequently, the angles MOB 
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and MSO are equal. The ang 
angle of the triangle 0MB, is 
angles MOB and MBO, or 
to twice the angle MOB ; 
and because AMB is equal to 
OAB, and also to OBA, the 
sum of the angles OAB and 
OBA is equal to four times 
the angle AOB : hence, AOB 
is equal to one-fifth of two 
right angles, or to one-tenth of 
four light angles ; and conse- 
quently, the arc AB is eqiial 
to one-tenth of the circumfer- 
ence : hence, the chord AB 
regular inscribed decagon ; which was to . 



AMB being an eiterior 
equal to the sum of the 




to the side of a 



Oor. I. If AB he applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor. 2. If the vertices A, G, B, G, and I, of the 
alternate angles of the decagon be joined by straight lines, 
the resulting fignre will he a regular inscribed pentagon. 



Scholium 1, If the arcs subtended by the sides of any 
regular inscribed polygon be bisected, and chords of the semi- 
arcs he drawn, the resulting figure will be a regular inscribed 
polygon of double the number of sides. 

Scholium 2. The af'Ca of any regular inscribed polygon 
18 less than that of a regular inscribed pclygon of double 
the numbei- of sides, because a part is less than the whole. 
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PROPOSmON VII. PROBLEM, 

Hr cinmmseHbe a polygon adout a circle which shall be 
similar to a given regular inscribed polygon. 

Let TNQ be a circle, its centre, and ABGBEF, 
a reguloi' inscribed polygon. 

At tlie middle points 
T, JV, r, &c., of the arcs 
STibteuded by the sities of 
the inscribed polygon, draw 
tangents to the circle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

1". The dde ^(? be- 
ing parallel to JtA, and 

III to JiO, the angle M ia equal to the angle _B. In 
like manner, it may be shown that any other angle of the 
circumscribed polygon i.s equal to the con-esponding angle of 
tho inscribed polygon : hence, the circumscribed polygon is 
equianffttlar, 

V. Draw the lines 06, OT, OH, OW, and 01. Then, 
hecause the lines JIT and HN are tangent to the circle, 
OH will bisect the angle NHT, and also the angle KOT 
{B. in., Prob. XTV., S.) ; consequently, it will pass throngh 
the middle point B of the arc NBT. In like manner, it 
may be shown that the line drawn from the centre to the 
vertex of any other angle of the circumscribed polygon, will 
pass through the corresponding vertex of the inscribed poly- 
gon. 

The triangles OIIG and OHI have the acgles OHO 
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and OSI equal, from wfaat lias just been shown ; the an- 
gles GOH and HOI equal, because they are measured by 
the equal arcs AJB and 
BG, and the side OS 
common ; they are, there- 
fore, equal in all their 
parts ; hence, GS is 
equal to SI. In hke 
manner, it may be shown 
that HI is equal to IK, 
IK to KLy and so on : 
hence, the circumscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and equilateral, is regular ; and 
since it has the same number of sides as the inscribed poly- 
gon, it is similar to it. 

Cor, 1. If lines be drawn from the centre of a regular 
eircumsonbed polygon to its vertices, and the consecutive points 
in which they intersect the circumference be joined by 
chords, the resulting figure' will be a regular inscribed 
polygon similar to the given polygon. 

Cor.'*1. The sum of the lines HT and SIT is equal 
to the sum of ST and TG, or to SG ; that is, to o-- 
of the ddes of the circumscribed polygon. 

Cor. 3. If at the vertices A, S, C, &c., of the In- 
scribed polygon, tangents be drawn to the circle and pro- 
longed tiU they meet tjie sides of the circumscribed polygon, 
the resultmg figure will be a circnmscribed polygon of double 
the number of sides. 

Cor. 4. The area of any regular circumscribed polygon 
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■ tlian tliat of a regular oircumBcribed polygon of 
double tie miniber of sides, because tiie whole is greater 
than any of ita paits. 

Scholium. By means of a circumscribed and inseribeil 
square, we may construct, in sucee^on, regular circumsc: ibcd 
and inscribed polygons of 8, 16, 32, &q., sides. By nie;!iis 
of the regular hexagon, we may, in like manner, construct 
regular polygons of 12, 24, 48, &o,, sidoa. By means of the 
decagon, we may construct regular polygons of 20, 40, 80, 
&a,, sides. 



PROPOSITIOH" Vin. THEOREM. 



The area of a regular polygon ia equal to half the product 
of its perimeter and apothem. 

Let GMIK be a regular polygon, its centre, and 
OT its apothem, or the radius of the inscribed circle ; 
then will the area of the polygon be equal to half the 
product of the perimeter and the apothem. 

For, draw Imes from the centre 
to the vertices of the polygon. 
These lines will divide the polygon 
into triangles whose bases will be 
the sides of the polygon, and 
whose altitudes will be equal to 
the apotliem. Now, the area of 
any triangle, as OMG, is equal to 
half the product of the side MQ 
amd the apothem: hence, the area 

of the polygon is equal to half the product of the perimeter 
and the apothem ; which was to be proved. 
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PROPOSITION IX, 



Thu perimeters of similar regular polygons are to each 
other as the radii of their circvmscribed or inscribed 
circles ; and their areas are to each other as the squares 
of those radii. 

i°. Let AUG and KLM be similar regular polygons. 
Let OA and <^K be the radii of t!ieir circumseiibed, 01) 
and QR be the radii of their inscribed circles : tlien ivili 
tho perimeters of the polygons be to eacli otlier as OA is 
to §jE; or as OD is to qR. 

For, the lines 
OA and QK are 
homologous iines 
of the polygons 
to which they be- 
long, as are also 
the lines 0I> and 
QB, : hence, the 
perimeter of ,4-BC j 

is to the perimeter of KLM, as OA is to qK, or as 
OD ia to qR (B. IV., P. XXVII., C. 2) ; ^hieh was to he 




2°. The areas of the polygons Trill bo to each other as 
OT is to qx^y or as OJf is to qW. 

For, OA being homologous with QK, and OD with 
QRy we have, the area of ABG is to the area of KLM, 
as OA^ is to qS"^, or as OJj'' is to QW (B. IV., P. 
XXVU., C. 2) ; which was to be proved. 
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PROPOSITION 



THEOREM. 



Two regidar polygons of the same number of sides can h« 
constructed, the one circuTnscrihed about a circle and tht 
other inscribed in it, which shall differ from each other 
by less than any given surface. 



Let AJi GE be a circle, its centre, and Q the ride 
of a square wliich is less than the given surface ; then can 
two similar regular polygons lie constructed, the one ciroum- 
scribed about, and the other inscribed within the given circle, 
which shall differ from each other by less than the sqnaro 
of Q, and consequently, by loss than the given surface. 

Inscribe a square in the 
^ven circle {P. III.), and by 
means of it, inscribe, in succea- 
don, regular polygons of 8, 16, 
32, &c., sides {P. VH., S.), un- 
til one is found whose side is 
less than § ; let AB be the 
side of such a polygon. 

Construct a similar circum- 
spribed polygon dbcde : then 
will these polygons differ from each other by 1 
square of Q. 

For, from a and 5, draw the lines aO and bO; they 
•v;\\\ pass through the points A and B. Draw also OK 
to the point of contact K; it will bisect AB at I and 
be perpendicular to it. Prolong AO to M 

Let P denote the circumscribed, and p the inscribed 
polygon ; then, because they are regular and similar, wa 
shaU have (P. IS.), 




than tbi 
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J* : ^ : : Oa : OA" : : OJt^ or 02^ : 01^ ; 

hence, by division (B. II., P. VI.), we Iiave, 

P : P -p : ■■ OA' : OA' ~ OT ; 



P-p 



OA' 



AT. 



Maltiplying tlie terms of the 
second couplet liy 4 {B. II., P. 
VII), we liave, 

P : P^p -. : 407i= : 4 JT ; 

wlienoe (B. IV., P. VHI., C), 




P-« 



^-/r 



^_B\ 



But P is less than tlie iquare of AE (P. Vn., C. 4) ; 
hence, P — p is less than the sijuare of AJ}, and conse 
(piently, lesa than the square of Q, or than the given sui- 
feee ; which teas to ie proved. 

Cor. 1. If the number of sides of the polygons be made 
greater than any assignable number ; that is, infinite, rfio 
difference between their areas will be leas than any assignable 
surfece ; that is, it will be zero *. 

Cor. 2. When the number of sides of the polygons is 
infinite, either polygon differa from the circle by loss than 
any assignable quantity ; for, the circumference of the circle 
lies between the perimeters of the polygons : henca, the 
drcle differs from either polygon by less than they differ 
from each other. 

■ UdIt. Algebra, Aria. 72, 7S. Bonrdon, Art. 71. 
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Scholium 1. The circle may be regarded as the limit 
of tlie inscribed polygons ; that is, it is a figure towards 
which a polygon may be made to approach as near as 
desirable, but beyond which it cannot be made to pass. 

Scholium 2. The circle may be regarded as a regular 
polygon of an infinite number of Kdes, and because of the 
principle, that whatever is true of a whole class, is true of 
every individual of thai class, we may affirm that whatever 
is true of regular polygons, is also true of circles. 

Scholium 3, When the circle is regarded as a regular 
polygon, the circumference ia to be regarded as its pm'ime- 
ter, and the radius as its apothem. 



PEOPOSITION SI. PROBLEM. 

The area of a regular inscribed polygon, and that of (* 
similar circzimsoribed polygon being given, to find the 
areas of the regular inscribed and circumscribed polygons 
having double the number of sidis. 

I|iet AB be the rade of the given inscribed, and EF 
that of the giyen circumscribed polygon. Let C be their 
common centre, AMB a portion of the circumference of 
the circle, and M the middle point of the are AMB. 

Draw the chord AM, and 
at A and B draw the tangents 
AP and BQ; then will AM 
be the side of the inscribed 
polygon, and PQ the side of 
the circumscribed polygon of 
double the number of sides (P. 
VII.). --, Draw CE, OF, CM, 
and CF. 
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Denote the area of the given inscribed polygon by p, 
the area of the ^ven circumgcribGd. polygon by P, and the 
areas of the inscribed and ciroumsciibed polygons having 
double the number of sides, respectively by p' and P'. 



1°. The triangles CAD, CAM, 
and OEM, are like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But CAM 
is a mean proportional between 
CAD and GEM (B. IV., P. 
XXrV., C. SO i consequently p' 
is a mean proportional between 
p and P : hence, 




p' = ■^p X P. 



(1-) 



2°. Because the triangles CPM and CPJS have the 
common altitude CM, they are to each other as their 



and because CP bisects the angle ACM, we have {B. TV., 

P. xvn.), 



OJS 



CD 



PM : PE ii CM 
hence (B. II., P. H.), 

CPM : CPE '.: CD : CA or CM. 

But, the triangles CAD and CAM have tJie 

altitude AD ; they are, therefore, to each other as their 

bases : hence, 

CAD : GAM : : CD : CM ; 
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or, because 0A3 and CAM are to each other as ths? 
pdygons to .which they belong, 

p : p- : : CD : CM; 

heuce (B. H., P. IV.), we have, 

CFM : CPE :: p : p; 

and, by composition, 

CFM : CPM+GPJS or CMB : i p : p + p' ; 

hence (B. II., P. VII.), 

2CPM or OMPA : CMMI : : 2p : p+p'. 

But, CMFA and CMB are liko i<-m\.s of P' and P, 
hence, 



t X P 



SchoUtim. By raeans of Equation ( 1 ), we can find p', 
and then, by means of Equation (2). we can find P', 



PROPOSITION" Xn. PROBLEM. 

To find the approximate area of a circle whose radius is 1. 

The area of an inscribed square is equal to twice the 
square of the radius, or 2 (P. III., 8.), and the area of ;i 
cireamseribed square ia 4. Making p equal to 2, arn! 
P equal to 4, vre have, from Equations ( 1 ) and ( 2 ) of 
Proportion XI., 

p' = -/s — 2.8284271 , . , inscribed octagon ; 

2* = r- — 3.313'7085 . . . circumscribed octafjon, 

2+^8 
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Mating p equaJ to 2.82842V1, and P equal to 3.3131085, 
we have, from the same equations, 

p' = 3.06146H . . . inscribed polygon of 16 Mdes. 

1" = 3.1825979 . . . circumscribed polygon of 16 sides. 

By a continued application of tbese equations, we find 
tlie areas indicated in the following 



4 


2.0000000 


4.0000000 


8 


2.8284271 


3.3137085 


16 


3.06146V4 


3.1825970 


32 


3.1214451 


3.1517249 


64 


3.1565485 


3.1441184 


128 


8.1403311 


3.1422236 


266 


3.1412772 


3.1417504 


512 


3.1415138 


3.14X6331 


1024 


3.1415729 


3.1416025 


2048 


3.1415877 


3.U15951 


4096 


3.1415914 


3.1415933 


8192 


3.1415923' . 


3.1415928 


16384 


3.1415925 


3.1415937 



Noiv, the aieis of the list tno ] )hgons diffei fiom e*ich 
othei by Ilss than the noUionth piit of 1 unit, but the irci 
of the allele differs tiom either by less than they difii,r from 
eieh otliei , hence, the vilue of the 1le^ of eithei will difilr 
ticini thit of the circle bj less than a millionth piit ot ■» 
unit Takmg the figures as far as they agiee, ind denoting 
t)it number of umta m the required aiei by if, wl hut, 
appr D\imitely 

T ^ o 141512 , 

that ia, the area of a circle whose radius is 
iScholium. For practical computation, the 
taken equal to 3.1416. 



1, is 3.141592. 
s-aluc of v is 
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PROPOSITION Xril. TnEOEEM. 

TJie cireumfermces of circles are to each other as their radii, 
and the ^reaa are to each other as the squares of their 
radii. 

IiCt C and be the centres of tavo circles whose 
radii are CA and Oil : then mil the cii'cumferences be 
to each other as their radii, and the areas will be to each 
other aa the squares of their radii. 




For, let similar regular polygons MN'FST and EFGKL 
be inscribed in the circles : then wiU the perimeters of these 
polygons be to each other as their apothenis, and the areas 
will be ito each other aa the squares of their apothcms, what- 
ever may be the number of their sidea {P. EX.). 

If tho number of sides be made infinite (P, VII., S.), the 
polygona will coincide with the circles, the periraetera with 
the circumferences, and the apothems with the radii ; hence, 
the citoumfereneea of the circles are to each other as their 
radii, and the areas are to each other as the squares of the 
radii ; which was to he proved. 

Cor. 1. Diameters of circles are proportional to their 
radii : hSnce, the circumferences of circles are proportional 
to (heir diameters, and the areas are proportional to the 
squares of the diameters. 
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G<^, 2. Similar arcs, as AB and DE, are like parts 
of the circumfereiices to wliioli 
tliey belong, and similar sectors, 
as ACB smd DOE, are lite 
parts of the circles to which 
they belong : hence, similar 
ures are to each other U3 their 
radii, ati'l similar sectors are 
to each other as the squares of their radii. 

Scholium. The term ifijlnite, employed above, is to be 
underatood in its limited technical sense. "When it ia pro- 
posed to make the number of sides of the polygons infinite, 
by the method indicated in the Scholium of T^ropositioa VII,, 
it is simply meant to make that number so great that the 
difference between the areas of the circle and polygon shall 
be leas than any appreciable quantity. We have seen (P. 
Xn,), that when the number of sides 16384, the areas differ 
by less than the millionth part of a anit. By increasing 
tlie number of sides, a still closer approximation may bo had. 



PEOPOSITION" XIV. THEOEE 

'^ a circle is equal to half the 
ciroumferenee and radius. 



product of its 



Let bo the centre of a circle, 
A CDE its circumference : then will 
the area of the circle be equal to half 
the prodaet of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon AODE Then will the area of 
this polygon be equal to half the pi'o- 



00 its radius. 
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duct of its perimeter and apothem, whatever may be tbe 
number of its sides (P. VIII.). 

If the number of sides be mada infinite, the polygon will 
coincide with the circle, the perimeter Mith the drcumfcrence, 
and the apothem with the radius : hence, the area of tlie 
circle is equal to half the product of its circumference and 
radius ; which was to be proved. 

Cor. 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor. 2. Tlie area of a sector is to the area of the circle, 
as the arc of tiie sector to the circumfereaco, 

PROPOSITION XV. PROBLICM. 

To find an expression for the area of any circle in terma 
of its radius. 

Let be the centre of a circle, and GA its radius. 
Denote its area by area GA, its radius 
by Ji, and the area of a circle whose 
radius is 1, by ir (P. XII., S.). 

Then, because the areas of circles 
are to each other as the squares of Al- 
their radii (P. SIIL), we have, 

area GA : * : : i?= : 1 ; 

whence, area GA — fJH^. 

That is, the area of any circle is 3.1iI6 times the sjitare 
of the radius. 

PROPOSITION XVI. PROBLEBI. 

To find an expression for the circumference of a circle, in 
terms of its radius, or diameter. 

Let C he the centre of a circle, and GA its radius. 
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156 GEOMETRY, 

Denote its circnmferenee by circ. CA, its radius by K, and 
its di^neter by D'. From the last Propodtion, we have, 

area CA — wiJ* ; 

and, from Proposition XIV., wo hare, 

area CA = icire. CA x M ; 

hence, ^Giro. CA x S = «.R^ ; 

whence, by redaction, 

circ. CA = 2*.B, or, circ. CA = *I). 

That is, ih6 circumference of any circle ia equal to 3.1416 
times its diameter. 

Scholium 1. The abstract number 5f, equal to 3.1416, de- 
notes the number of times that the diameter of a circle is 
contained in the circumference, and also the number of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV,). Now, it has been .proved by 
the methods of Higher Mathematics, that the value of ■ ir is 
incommensurable with 1 ; hence, it is imposable to express, 
by means of numbers, the exact length of n circumference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
is impossible to square the circle ; that is, to construct a 
square whose area shall be exactly cqnal to that of the cir- 
cle. 

Scholium 2. Besides the approximate value of ir, 3,1416, 
usually employed, the fractions ^^ and ^ff are also used, 
when great aociiracy is not required. 
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PL ASKS AND POITEDKAL AlfOLEB. 

DEFINmOSS. 

1. A straight line is riiRPEN-DicuLAK to a plane, when 
it is perpendicular to every line of the plane which passes 
through its foot ; that is, through the potni in which it 
meets the plane. 

In this case, the piano is also perpendicular to the line. 

2. A straight line ia parallel to a plane, when it can- 
not meet the plane, how fiir soever both may be produced. 

In this case, the plane is also parallel to tlie line. 

3. Two Planls are parallel, when they cannot meet, 
how far soever both may be produced. 

4. A DiEDRAi, ANGLE IS the amount of divergence of two 
planes. 

The line in which the pianos meet, is called the edffe of 
the angle, and the planes themselves are called faces of ihe 
angle. 

The measure of a diedral angle is the same as that of 
a plane angle formed Iiy two lines, one draivn in each face, 
and both perpendiculai" to the edge at the same point. A 
diedral angle may be acute, obtuse, or a rtffht angle. In 
the latter case, the faces are perpendicular to each other. 
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ae lines in 
angle, and 
edges ai-e 



5, A PoLTBDKAL ANGM is the amount of dit "gence of 
several planes meeting at a common point. 

This pomt is called the vertex of the angh ; 
which the planes meet are called e^gea of tki 
the portions of the planes lying hetween th« 
called faces of the angle. Tims, S 
is the vertex of the polyedral angle, 
whose edges are SA, SS, SO, 
SJ), and whose faces are ASB, 
B80, GSI>, DSA. 

A polyedral angle which has hut 
three iaces, is called a triedral 




POSTULATE. 

A lino may he drawn perpendicular to a p ne from ; 
point of the plane, or from any point mthout the plane. 



PROPOSITION I. THEOREM. 

^ a straight line has (loo of its points in a plane, it wiR 
lie wholly in that plane. 

For, by definition, a plane is a surface suijO, that if any 
two of its points be joined by a straight line, that line will 
lie wholly in tho surface (B. I., D. 8). 

Oor, Through any point of a plane, an infinite number 
of straight lines may he drawn which will lie in the plane. 
For, if a hne be drawn from, the given point to any otlier 
point of the plane, that hne will lie wholly in the plane. 

Scholium. If any two points of a plane be joined by a 
Btndght line, the plane may be turned about that line as an 
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axis, so as to take an infinite numlier of positions. Hence, 
we infur that an infinite number of planes may be passed 
tlii-ough a given line. 

PROPOSITION II. THEOREM. 

Through three points, not in the same straight line, one 
plane can be passed, and only one. 

Let A, jB, and C be the three points : then can one 
plane be passed through them, and only one. 

Join two of the points, aa A and 
B, by the line AJB. Through AB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point C ; in this position it will 
pass through the three points A, £, 
and G. If now, the plane be turned 

about AB, in either direction, it will no longer contain the 
point G : hence, one plane can abvaya be passed through 
three points, and only one ; which was to be proved. 

Cor, 1. Three points, not in a straight line, determine the 
position of a plane, because only one plane can be passed 
through them. 

Cor. 2. A straight line and a point ivithout that line, 
determine the portion of a plane, because only one plane 
can be passed through them. 

Cor. 3. Two straight lines which intersect, determine the 
posution of a plane. For, let AB and AC intersect at 
A : then will either line, as AB, and one point of the 
other, aa C, determine the position of a plane. 

Cor. i. Two parallel lines determine the pomtion of a 
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plane. For, let AB and CD be parallel. By definition 

{B, I., D. 16} two parallel lines always lie \n ihn same plane. 

But cither line, as AH, and any point 

of the other, as F, determine the posi- , r, 

tion of a plane : hence, two parallels 

^ ' '^ ( ^ . D 

determine the position of a plane, F 



PBOPOSITION III. 



The intersection of two planes i 



; straight line. 



i--~-4. 



Lot AB and CD be two planes : then will their inter- 
section be a straight line. 

For, let -E and F be any two 
points common to the planes; draw 
file straiglit line EF. This line hav- 
ing two points in the plane AJi, 
will lie wholly in that plane ; and 
ha\-iiig two points in the plane CD, 

will lie wholly in that plane : hence, every point of FF is 
common to both planes. Furthermore, the planes can have 
no common point lying without EF, othei-n'ise there would 
be two planes passing through a straight line and a point 
lying without it, which is impossible (P. II., C. 2) ; hence, 
the intersection of the two planes is a straight line ; whieh 
was to be proved. 



PROPOSITION IV, THKOREM. 

^ a straight line is perpendicular to two straight lines at 
their point of interseetiori, it is perpendicular to the plane 
of those lines. 

Let MJV be the plane of the two hnes BB, CO, and 
let AB be perpendicular to these lines at B : then will 



Hosted by Google 



BOOK vr. KU 

A J' be pevpentlicnlar to every line of tlie platic ivliich 
passea through 1\ and tuiisequentiy, to tiiu plajie itself. 

For, through P, draw iii 
llie plane MIf, any lino J^Q ; 
through any point of this line, , ^ >^ -^ 



HA Q, draw the line BC, m / Cx \\^!'\i 

that BQ shall be equal to QC / ~^^Sn'^ / 

(B. IV., Prob. V.) ; draw AB, Z 
AQ, and AC. ^ 

The base BC, of the triangle BPC, being bisected at 
Q., we have (B. IV., P. XIV.), 

FG'' + PTf = irq' + 2 ^'. 

In like manner, we have, from the triangle ABC, 

AG'' + AB' = 2AQ' + ^QC\ 

Subti'actJng the first of thcje equations from the second, 
member from member, we have, 

AC^ _ BO' + aW - PB- = %AQ^ - 2-PQ\ 

But, from Proposition XT., 0. 1, Book IV., we have, 

AC'' - Pc'' = AP", and AW ~ BW = AP ; 

hcnee, by substitution, 

iAP'^ = 2AQ^ - 2PQ^ ; 
wiienco, 

Al'^ = AQ' - PQ^ ; or, AP^ + Pl^ - Mt. 

The triangle APQ is, therefore, right-angled at P (B. IV., 
P. XIIL, S.), and consequently, AP is perpendicular to 
P^ : hence, AP is pei-pendicular to eveiy line of the 
plane MN passing through /*, and consequently, to tlie 
plane itself ; which teas to be proved. 
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Cor. 1. Only one perpendicular can be draw 
fi'om a point without the plane. 
For, suppose two perpendiculars, 
;is AP and AQ, could be 
drawn from tlie point A to the 
jTlane MN. Draw PQ ; then 
tlie triangle APQ would have 
two right angles, APQ and 
AqP\ which is impossible (B. I., P. XSV., C. 3), 

Cor. 2. Only one perpendicular can be drawn to a plane 
from a point of that plane. For, suppose that two perpen- 
dicular could be drawn to the plane Jfi'i'J from the point 
P. Pass a plane through tlie perpeodienlara, and let PQ 
he its intersection with MN; then we should have two per- 
pendiculars drawn to the same straight line from a point of 
that line ; which is impossible {B. I., P. XIV., C), 



PROPOSITION 



TIIEOEEII. 



If from, a point without a plane, a perpendicular be draicn 
to the plane, and oblique lines he drawn to different 
points of tlie plane : 
■ P. The perpendicular will he shorter than any oblique line : 

2°. Oblique lines which meet the plans at equal distances 
from the foot of the perpendicular, will be equal : 

3." Of two oblique lines which meet the plane at unequal 
distances from the foot of the perpendicidar, tlie one which 
meets it at the greater distance will be the longer. 

Let -li be a point without the plane MN \ let vt y 
be perpendicular to the plane ; let A C, AD, be any two 
oblique lines meeting the plane at equal distances from the 
foot of the perpendicular ; and let A C and AM be any 
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two oblique Hues meeting tlie plane at 
the foot of the perpendicular ; 

1°. AP will be shorter 
tlian any oblique line AC. 

For, di-aw FO; then wilt , 

AP be less than AC (B. / 

I., P. XV.) ; which was to / 

be proved. ]\j ~ 



icqual distances from 



7. 



2°. AO and AD will be equal. 

For, draw PP ; then the right-angled triangles APC, 
APD, will liavo the side AP common, and the sidea PG, 
PP, equal : hence, the triangles are equal in all their parts, 
and consequently, A and AP will be equal ; which was 
to be proved. 

3°. AJU will be greater than AC. 

For, draw P^ and take PP equal to PC ; draw 
AP : then will A^ be greater than AP (B. I., P. XV.) ; 
but AP and A G are equal : hence, AE m greater than 
AC ; tohich was to he proved. 

Cor. The equal oblique lines AP, AG, AP, meet the 
plane MN' in the circumference of a circle, whose centre is 
P, and whose radius is PP : hence, to draw a perpendi- 
cular to a given plane J/jVj from a point A, without that 
plane, find three points P, C, P, of the plane equally dis- 
tant from A, and then find the centre P, of the circle 
whose circumference passes through these points : then will 
AP be the perpendicular required. 

Scholium. The angle ABP is called the inclination of 
the oblique line AP to the plane Iflf. The equal oblique 
lines AP, AG, AP, are all equally inclined to the plane 
MN". The inclination of A£! is less than the inclination of 
any shorter line AP. 



oy Google 



GEOMETRY. 



I'ROrOSITION VI. THKOEEM, 

If from the foot of a perpendicular to a plane, a line he 
drawn at right angles to any line of that plane, and the 
point of intersection be Joined with any point of the per- 
pendicular, the last line will be perpendicular to the line 
of the plane. 

Lot AI" be perpendicular to the plane JJfiV, -P its foot, 
liG the given line, and A any point of the perpendicnlar ; 
draw P-Z> .at right angles to JiC, and join the point J? 
with A : then will ylD be perpendiculai' to Ji C 

For, lay off BB equal to 
DC, and draw PB, PC, AB, 
and AC. Because PB is per- 
pendicular to BC, and BB 
equal to BC, we have, PB 
fjqual to PC (B. I., P. XV.) ; 
Mid because AP is perpendicu- 
lar to the plane J/iVj and PB 

equal to PC, we have AB equal to ^C (P. V.). The 
line AB has, therefore, two of its points A and B, each 
equally distant from B and C : -hence, it is perpendicular 
to -BC (B. I., P. XVI., S.) ; which waa to be proved. 




Cor. 1. The Ime BC is perpendicul.ar to the piano of 
the triangle APB ; because it is perpendicular to AB and 
PB, -at B (P. IV.). 

Oor, 2. The shortest distance between AP and PC 'is 
measured on PB, perpendicular to both. For, draw B^ 
between any other points of the lines ; then will BE be 
greater than PB, and PB will be greater than PB ; 
hence, PB is less than BE. 
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Scholium. The lines AP and _B(7, though not in ihu 
same plane, arc considered perpendicular to each other. In 
general, any two straight lines not in the same plane, aro 
considered aa making an angle with each other, wliich angle 
is equal to that formed by drawing through a given point, 
two linos respectively parallel to the given lines. 



PROPOSITION VII. 




M 



If one of two parallels is perpendicular to a plane, the other 
one is also perpendicular to the same plane. 

Let AP and EJ> be two parallels, and let AP be 
perpendicular to the plane MJSf : then will liJD be also 
perpendicular to the plane MW. 

For, pass a plane through the 
parallels ; ita intersection with 
MIT will bo PD ; draw AD, 
and in the plane MJSf draw 
JiC pei-pendicuiar to PD at 
D. Now, BD la perpendicular 
to the plane APBE (P. VI., C.) ; 

the angle BDE is consequently a right angle ; but the an- 
gle MDP is a right angle, because ED is parallel to AP 
(B. I., P. XX., C. 1) : hence, ED is perpendicular to BD 
ajid PD, at theii" point of intersection, and consequently, to 
tlicir plane MN {i\ IV.) ; which loas to he, proved. 

Cor. 1. If the lines AP and ED aro pci-pendicular to 
the plane MN, they are parallel to each other. For, if 
not, draw through D a line paraUel to PA ; it will be 
perpendicular to the plane MJsf, fi-oin what has just been 
proved ; we shall, therefore, have two perpendiculars to the 
the plane MK, at the same point ; which is impossible (P. 
IV., C. 2). 
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Cor. 2. If two lines, A and B, are parallel to a tlir^ 
imo C, they are parallel to each other. For, pass a piano 
pei-pendicular to (7 ; it will be perpendicular to both A 
and _B : heuei", A and B are parallel. 



PEOPOSITIOK VIII. TIIEOKEir. 

Xf a line is parallel to a line of a plane, it is parallel to 
that plane. 



ino CD 
■ the plai 



of the 

3 MI^. 



Let the line AB he parallel to the 
plane JlfJV" ; then will AB he parallel 

For, through AB and GJD 
pass a plane (P. II., C. 4) ; CB 
wiU he its intersection with 
the plane MJf, Now, since AB f 

Hes in this plane, if it can meet / (■ rt/ 

the plane J/iV; it will be at ^'^ — ' " 

some point of CI) ; but this is 

impossible, because AB and CB arc parallel ; hence, AB 
cannot meet the plane MN, and consequently, it is parallel 
to it ; which teas to be proved. 



PROPOSITION IS. TlIEOliEjr. 

jTj' two planes are perpendicular to the same 
they are parallel to each other. 

Let the planes MI^ and PQ — - 

be perpendicular to the lino AB, / 

at the points A and B : then 
will they be parallel to each M 

other, / 

For, if they are not parallel, 
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tLey will mOL't ; and let be a point common to botli. 
From draw the lines OA and OB : then, since OA 
lies in tlie plane MN', it will be perpendicular to JiA at 
A (D. 1). For a like reason, (3_B will be perpendicular 
to AJS at -B : hence, the triangle OAB will liave two 
right angles, which is impossible ; consequently, the planes 
cannot meet, and are therefore parallel ; which was to be 
proved. 



PROPOSITION X. THEOREM. 

If a plana intersect doo paraUd planes, the lines of inter- 
section will be parallel. 

Let the plane _EH" intersect the parallel pknee JJCT' and 
P(2i ill the lines EF and GIT: then will ^F and GIf 
he parallel. 

For, if they are not parallel, 
thoy win meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the hnes meet, 
the planes MJV and FQ, in 
which they lie, will also meet ; 
but this is impossible, because 
these planes are parallel : hence, 
the lines JSF and OIT eaimot meet ; they : 
parallel ; which was to be proved. 




PKOPOSmON XI. THEOREM, 

^ a straij/ht line is perpendicular to o?ie of two paralid 
planes, it is also pe^'jKndiculnr to thf other. 

Let MiT aiid Pq be two paiahd pbni-s, and let the 
line AB be perpi rulicular to PQ : then nill it also be 
perpendicular to MN. 
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For, through AS pass any plaue ; its intersections with 
-1/iV and PQ will be parallel (P. X.) ; but, its intersection 
with TQ is perpendicnlar to AB at £ (D. 1) ; hence, 
its intersection with MJV is 

also pei-pendicular to AB at A r— — — -j- 

\\\ I., P. XX., C. 1) : heoco, / 

AB is perpendicular to every 
lino of the piane MN through ^ 

A, and is, therefore, porpendicu- / 

lar to that plane ; which joaa to W 
ha proved. 

PUOI'OSITIOM XII. THEOREM. 



il/iY 



'. equal. 

' parallel lines included 
FQ : then wUl they 



I'uraXlel lines included beticeen parallel planes, < 

Let BG and FJI 
between the paiTillel plane 

Through the paraUels 
a plane to bo passed ; it will 
intersect the plane JOT in the 
line JEF, and FQ in the line 
&ir ; and these lines will be 
jiai-aUel (Prop. X.). The figure 
JHFIfG is, therefore, a parallelo- 
gram : hence, GF and IfF 
m-e equal (B. I., P. XXVIII.) ; which was to be ^jrooed. 

Cor. 1, The distance between two parallel planes is mea- 
sured on a pei-pendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor. 2. If a line GJI is parallel to any plane MN", 
then can a plane be passed through GJT parallel to Illf : 
hence, if a line is pai'allel to a plane, all of its points are 
fqijally distant from that plane. 
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If two angles, not situated in the same plane, have their 
sides parallel and lying in the same direction, the angles 
will be equal and their planes parallel. 

Let GAE and DBF be two angles lying in the planes 
JOT and PQ, and let the sides AG and AM' be re- 
spectively parallel to _B_Z) and JiF, and Jying in the same 
direction : then will the angles GAF and DBF be eqnal, 
and the planes MN and PQ will be parallel. 

Take any two points oi AG and AB, as G and E, and 
make BD eqnal to A C, and 
BF to AE; draw GE, BE, 
AB, CD, and EE. 

1". The angles GAE and 
DBF -will be equal. 

For, AE and BE being 
liarallel and equal, the figure 
ABEE is a pai-allelogram {B. 
I., P. XXX.) ; heneo, EF' 
parsilel and equal to AB. For 
a like reason, OD is parallel and equal to AB : hence, 
<JD and FF are parallel and equal to each other, and 
consequently, CE and DF are also parallel and equal to 
each other. The triangles CAE and DBF have, therefore, 
their corresponding sides equal, and consequently, the con-es- 
ponding angles CAE and DBF are equal ; which was to 



P 




2°. The planes of the angles JIJV and PQ arc parallel 

I'or, if not, pass a plane through A parallel to DQ, 

and suppose it to cut the lines GD and EF in G and 

ff. Then will the lines GD and IIF be equal respect- 
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ively to AS (P. XII.), and consequcntJj-, GrD will bo 

equal to CJ?, aud ITJ''' to J^F; wLieh is impossible; hence, 

tlic pliiiics J/JT and l^Q must bu pai'allel ; which teas to 
be profccl. 

Cor. If two parallel pianos MJV and _P§, are met by 
two other planes AD and AF, the angles GAS ajid 
JiBF, formed by their intersections, will be equal. 



PllOPOSITION XIV. 



If three strai(jht lines, not situated in the same plane, are 
equal ami parallel, the triangles formed by joining the 
extremities of these lines will be equal, and their 2yla?ies 
parallel. 

Let AB, CD, and JSF be equal parallel linos not in 
the same jilane : then will the triangles ACF and BDF 
bo equal, and their planes parallel. 

Fo]', AB being equal and 
parallel to FF, the fignre ABFJi! 
is a parallel ograna, and conse- 
quently, AE is equal and par- 
allel to BF. For a like reason, 
AC is equal and parallel to 
JiD ; hence, the included angles 
GA.F and DBF are equal and 
tiieir planes paralle! (P. XUL). 
Noiv, the triangles OAF and 
DBF have two sides and their 

mcluded angles equal, each to each : hence, they arc equal 
in all their parts. The triangles ai-e, therefore, equal and 
their phines parallel ; which wits to be proved. 
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If tvjo straight lines are cut by three parallel planes, tJiey 
will be divided proportionally. 

Let the lines A.2! aiuT CD he cut by the parallel 
planes MN", PQ, and ES, in the points A, S, B, and 
Cy F, J); then 

AE : EB : : OF : FD. 

For, draw the line AB, and 
Buppose it to pierce the plane 
PQ hi (?; draw AO, BB, 
EG, and GF. 

The plane ABB intersects 
the parallel planes IIB and PQ 
in the lines BB and EG ; 
consequenftly, these lines are par- 
allel (P. X.) : hence (B. IV., 
P. XV), 

AE : EB : : AG : GB. 

The plane ACB intersects the parallel pianea Jt/iV and 
PQ, in the parallel lines AC and GF : hence, 

AG : GI) : : CF : FB. 
Combining those proportiims (B. IL, P, IV.), viS have, 

AE : EB : : CF : FI) ; 
which was to be proved. 

Cor. 1. If tn'o lines are cut by any number of paialiei 
planes tliey will be divided proportion ally. 

Cor. 2. If any number of lines are cut by three parallel 
planes, they will bo (liviOcd proportionally. 
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PEOPOSITIOK SVI. THEOREM. 

j^ a line is perpendicular to a plane, every plane passed 

through the line wiU also be perpendicular to that plane. 

Let AP be perpendicular to tho plane jlfiVj and let 

JiF be & plane passed through AP : then will JBF he 

perpendicular to MN'. 

In the plane J/iP, draw FI> 
perpendiciilai- to £C, the intersec- 
tion of JiF and MJV. Since AP 
is perpendicular to 3fN', it is per- 
pendicular to JiO and DP (D. 1) ; 
and since AF and _Z>P, in the ^^ 
planes ^F and J!fiV, arc perpendicular to the interseclion 
of these plaues at the same point, the angle which they 
form is equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, SF is perpendicu- 
lar to MJV ; which was to he proved. 

Cor. If three lines AP, BP, and DF, are perpen- 
dicular to each other at a common point P, eacJi lino will 
be perpendiciJar to the plane of tho other two, and the 
three planes will be perpendicular to each other. 

PROPOSI'I'IOS 2VII. THEOREJf. 

If two planes are perpendicular to eacli other, a line drmon 
in one of them, 2>eTpendieiilar to their i 
• to the other. 



Let the planes FF and MN be perpendicular to each 
other, and let tho ime AP, drawn in the plane FF, be 
pei-pendicular to the intersection FG ; then will AF be 
perpendicular to the plane MN. 
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r 



B^^- 



1'' 






For, in the pkne 3fW, draw PD perpendicular to BO 
at, P. Tlieu because the planes Bl'' and JOT are perpen- 
dicular to each other, the angle APD 
will be a riglit angle : hence, AP ia 
pei-pendieular to the two lines PD 
and BG, at their intersection, and 
consequently, ia poipcndioular to their 

plane MN"; which was to be proved. / 

M 

Cor. If the plane B^ is perpendicular to the plane 
ilfJV^ and if at a point P of their intersection, we erect 
a perpendicular to the piano JifN', that perpendicular will 
be in the plane BK For, if not, draw in the plane BK 
/'A perpendicular to PC, the common intersection ; AP 
will be perpendicular to the plane Jif^, by the theorem ; 
therefore, at the same point P, there are two perpendioulai-s 
to the plane MM ; which is impossible {P. IV., C. 2). 



PROPOSITION SVIII. THEOEESr. 

J^ two planes cut each other, and are perpendioidar to a 
third plane, their intersection is also perpendicular to 
that plane. 

Let the pianos JiF, I>I/, be pei-pendicular to 3/Jf : 
then will their inteiscclioii .IP be perpendicular to J/LV. 

For, at the point P, erect a per- 
pendicular to tlie plane MJ!f ; that 
perpendicular must be in the plane 
BF, and also in the plane -DiT 
(P. XVn., C.) ; therefore, it ia their 
common intersection AP: which was 
to be proved. 
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PROPOSITION XIX, THEOREM, 

The mim of any two of the plane angles fonneS by the 
edges of a tnedral angle, is greater than the third. 

Let SA, SB, and SC, be the edges of a triedral 
angle : thea will the sum of iiny two of the plane angles 
ibrmcd by thera, as ASO and CSB, be greater than tJie 
third A SB. 

K the plane angle ASB is equal to, or less than, either 
of the other two, the truth of the proposition is evident. _ Let 
us suppose, then, that ASB is greater than either. 

In the plane ASB, construct 
the angle BSD eqiml to BSC ; 
draw AB in that plane, at plea- 
sure ; lay off SC equal to SD, 
and draw AC and CB. The 
triangles BSB and BSC have 
the side SC equal to SB, by 
constrnotion, the side SB com- 
mon, and the inelnded angles BSD and BSC equal, by 
construction ; the triangles are therefore equal in al! their 
parts : hence, BB is equal to BC. But, from Proposition 
VIL, Book L, we have, 

BC + CA > BB + DA. 

Taking away the equal parts BC and BB, we bare, 

CA > BA ; 

hence (B. I., P. IX,, C), we have, 

angle ASC > angle ASB ; 

and, adding the equal angles BSC and BSB, 
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angle ASG + angle CSB > angle ASD + angle BSB ; 
or, angle ASG + angle CSB > angle ABB ; 

which teas to be proved. 



PROPOSITION SX. THEOEEM. 

The sum of the plane angles fonned by the edges of any 
polyedral angle, is less than four right angles. 

Let S be the vertex of any polyedrnl angle ivliose edges 
fire SA, SB, SO, SD, and SU ; then will the sum of 
the angles about S be less than four right angles. 

For, pass a plane cutting the edges ^^ 

in the 'points A, B, G, J>, and £!, 
and the faces in the lines AB, BG, 
GD, I>E, and EA. From any point 
«-itliiii the polygori thus foi-raed, as 0, 
draw tiie sti-aight lines OA^ OB, OG, 
OB, and OE. 

We then have two sets of triangles, 
one set having a common vertex S, the 

other having a common vertex 0, and both having com- 
mon bases AB, BC, GD, DE, EA. Now, in the set 
which has the common vertex 8, the enm of all the angles 
is equal to the sum of all the plane angles foraied by the 
edges of the polyedral angle whose vertex is S, together 
with the sum of all the angles at the bases : viz., SAB, 
SBA, SBC, &G. ; and the entire sum is eqnal to twice 
as many right angles as there are triangles. In the set 
whose common vertex is 0, the sum of ail the angles is 
equal to the four right angles about 0, together with the 
interior angles of the polygon, and this sum is equal to 
twice as many right angles as there are triangles. Sine© 
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the numlier of tiiangles, in ench set, iH the same, it follo^ 
Ihftt these sums ave equal. But in the trieJial angle who 
vertex is _e, ive have (P. XIX.), 

S 
AJIS + SBC > ABC ; 

!iud the like may be shown .it each 

of the other vertices, C, D, IS, A : 

hence, the sum of the angles at the 

tiascs, in the triangles whose common 

vertex is S, ia greater than the sum 

of the angles at the bases, in the set 

whose common vertex is : therefore, 

the sura of the vertical angles about & 

sum of the angles about : that is, less than 

angles ; which was to be proved. 

SchoUiim. The ahove demoMstration is made on the sup- 
position that the polycdral angle is convex, that is, that the 
diedral angles between the consecutive faces are each less 
than two right angles. 

PROPOSITION SXI.. THKOREM. 

If the 2:^ane angles formed by the edges of two triedral 
angles are equal, each to each, the planes of the equal 
angles are equaUy inclined to each other. 

Let S and T be the vertices of tivo triedral angles, 
and let the angle ASC be equal to DTF, ASS to JfTE, 
and use to ETF i thea will the planes of the equal 
angles be equally inclined to eacli other. 

For, take any point of SB, as 11, and from it draw 
in the two faces ASB and GSB, tlie lines BA and BC\ 
respectively perpendicnlai- to SB: then will the angle ABC 
measure the inchnation of these faces. Lay off TB equal 
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to SB, and from E draw in tlie faces DTJS and 7'7'A; 
the lines ED and EF, rL'sp«ctiveiy pui-peudiculai- to TE ; 
then will the angle DEE 
measure the inclination of these 
faces. Draw AG and DF. 
The right-angled triangles 
8£A and TED, have the 
side- SB eqnal to TE, and 
the angle ASB equal to 

DTE ; hence, AB is equal to DE, and ^;S to TD. 
In like manner, it may be shown that JiV is equal to EE, 
and OS to -FT: The triangles ASG and -DT^ have 
the angle ASC equal to .07!?; by hypothesis, the side AS 
equal to DT, and the side OS to _F2; from what has 
j»st been shown ; hence, the triangles are equal in all tl)eir 
parts, and consequently, AC is equal to DE. Now, the 
triangles ABC and DEE have their sides equal, each to 
each, and consequently, the corresponding angles are aJso 
equal; that is, the angle ABC is equal to DEF : hence, 
the inclination of the planes ASB and GSB^ is equal to 
the inclination of the planes DTE and FTE. In like 
manner, it may be sho^vn that the planes of the other equal 
angles are equally inclined ; which was to be proved. 

Scholium. If the planes of the equal plane angles are 
like placed, the triedral angles are equal in all respects, for 
they may be placed so a? to coincide. If the pianos of the 
equal angles ai-e not simOarly placed, the triedral angles are 
egttal ly symmetry. In this case, they may be placed so 
that two of the homologous faces shall coincide, the triedral 
angles lying on opposite sides of the plane, which is then 
called a plane of symmetry. In this position, for every point 
on one side of the plane of symmetry, there b a correspond- 
ing point on the other wde. 
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DEFINITIONS. 

1. A PoLTEDKON is a volume "bounded by polygons. 
The bounding polygons are called faces of the polyedron ; 

the lines in which the polyedrons meet, are called edges of 
the polyedron ; the points in ^vhich the eiJgea meet, aie 
called vertices of the polyedron. 

2. A Petsm is a polyedronj two of whose 
faces are equal polygons having their homo- 
logous rides parallel, the other faces being 
parallelograms. 

Tiie equal polygons are called bases of the 
prisrn ; onrf the upper, and the other the 
lotoer hose ; the parallelograms taken together 
make up the lateral or cortve'x surface of the piism ; tha 
lines in which the lateral faces meet, are called lateral edget 
of the prism. 

?,. The ALTn-UDE of a prism is tlie perpendicular dia- 
tftiice between the planes of its bases. 

4. A RiGuT PiiiSJt is one whose lateral hkJ^ 

edges are pi'i-pcndicular to the planes of the i j ■ 



In this case, _any lateral edge is equal 
the altitude. 
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lateral edges ars 



6. An Oblique Prism is one 
oblique to the planes of the bases. 

In this case, any lateral edge is greater than the altitude. 

6. Piisms ire named from the numlier of sides of their 
bases ; a frtangnlar pnsm is one whose bases are tningles ; 
a qitadi anffidar prism la one whjse hisea are quadnhterals ; 
a pentayigular piism is tnc whose bases aie jentigons and 
so on. 



a prism whose bases are 



7. A PABALLELOriPEDON 

parallelograms. 

A Mectangtiiar ParaUelopipedon is a right 
parallelopipedon, all of whose feoes are rect- 
angles ; a cube is a rectangular parallelo- 
pipedon, all of whose faces are squares. 

8. A Pyramid is a polyedron bounded 
by a polygon called the base, and by tri- 
angles meeting at a common point, called the 
vertex of the pyramid. 

The triangles taken together make up the 
lateral or convex surface of the pyramid ; 
the lines in which the lateral faces meet, are 
called the lateral edges of tho pyramid. 



9. Pyramids are named from the number of sides of 
their bases ; a triangular pyramid is one whose base is a 
triangle ; a quadrangtdar pyramid is one whose base is a 
quadrilateral, and so on. 

10. The Altitddb of a pyramid is the perpondieul^ 
distwee from the vertex of the pyramid to the plane of its 
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11. A Right Pyramio is one whose base is a regidar 
polygon, aiuT in M-hich the perpendicular drawn from the 
vertex to the plane of tho base, paeses through the contro 
of the base. 

This perpendicular is called the axis of the pyramid. 

] 2. The SlaiiT Height of a right pyramid, is the per- 
pendicular distance from tho vertex to any side of the base. 

13. A Truncated Pykamid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

"When the cutting plane is parallel to 
the base, the truncated pyramid is called 
s FRUSTUM OF A FTKAMiD, and the inter- 

section of the cutting plane ■with the pyramid, is called the 
tt^er base of the frustum ; the base of the pyramid is cal- 
led the lower base of the frustum. 

14. Tlie Altitude of a frustum of a pyramid, is the per- 
pendiculai' distance between the planes of its bases. 

15. The Sla^t Height of a frustum of a right pyramid, 
ia that portion of tlie slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16. Similar Poltedkons are those which are boundod by 
Eimilar polygons, similarly placed. 

Parts which are similarly placed, whether faces, edges, or 
lugles, are called homologous. 

17. A DiAGONAi. of a polyedron, is a straight line join- 
ing the vertices of two polyedral angles not in the same 
fiue. 



Hosted by Google 



BOOK VII. 



181 



18. The Volume of a Poltedeon is its iiunierical value 
cxi)i'esseil in terms of some other polycdron as a unit. 

The unit generally employed is a cube constructed on the 
Unear unit as an edge. 



PROPOSITION I. 



The convex surface (^ a right prism is erjual to tfie perim- 
eter of either base multiplied iy the altitude. 

Let ABCDE-K te a riglit prism: then is its couveK 
surface equal to, 

{AB -^ JiC + CJ) + I)E+ BA) X AF. 



For, the convex surface is equal to 
the sum of all the rectangles AG, BH, 
CI, DK, EF, which compose it. Now, 
the altitude of each of the rectangles 
AF, BG, OR, &c., is equal to the 
altitude of the prism, and the area of 
each rectangle is equal to its base mul- 
tiplied by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex surface of the prism, is equal to, 




{AB + BC -^ CJ) + BE-i- EA) x AF ; 



that is, to the perunetcr of the base multiplied by the allJ- 
tude ; lohich was to be 2^0ved. 



Cor, If two right prisms hir 
convex surfaces are to each othei 



ne altitude, their 
3i-imcter8 of their 
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' parallel planes are e^al 




PROPOSITION II. 

Jn any prism, the sections made i 
polygons. 

Let the prism AS be iatersected by the parallel planes 
NT, SV: then are the Bectioiia IrTOPQH, STVXY, 
equal polygons. 

For, the sides NO, ST, are parallel, 
being the intersections of parallel planes 
with a third plaue AS OF; these sides, 
KO, ST, are included between the par- 
allels JTO; OT: hence, NO is equal to 
ST (B. I., P. XXVin., 0. 2). For like 
reasons, the sides OP, PQ, QJi, "fee, 
of NOPQIt, are equal to the sides 
TV, YX, &c., of STVXY, each to 
each ; and since the equal sides are par- 
allel, each to each, it follows that the 
angles NOP, OPQ, &c., of the first section, are equal to 
the angles STV, TVX, &e., of the second section, each to 
each (B. VT., P. SIH.) : hence, the two sections NOPQE, 
STVXY, are equal polygons ; which was to be proved. 

Cor, Every section of a prism, parallel to the bases, is 
equal to either base. 

PROPOSITION III. THEOREM. 
If a pyramid be cut by a plane parallel to the base : 
1°. The edges and the altitude will be divided proportionally : 
3'. The section will be a polygon similar to the base. 

Let the pyramid S-ABGDE, whose altitude is SO, 
be cut by the plane abcde, parallel to the base ABODE. 
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1°. The edges and altitude will be divided proportionally. 

For, conceive a plane to be passed through the vertex S^ 
parallel to the plane of the base ; then 
will the edges and thf altitude fee cat 
by three parallel planes, and con'seqiiently 
they will be divided proportionally (B. VI,, 
P. XV., C. 2) ; which, was to be proved. 




2°, The Sfc-tion abode, will be simikr 
to the Liise ABVBE. For, ab is par- 
allel to AB, and be to BC (B. \1., 
P. X.) : hence, the angle abi is equal to K 

the angle ABC. In like manner, it may 
be sliown that each angle of tlie polygon abcde is equal 
to the uoiTesponding angle of the base : hence, the two 
polygoni are mutually equiangular. 

Again, because ab is parallel to AB, we have, 

ab : AB : : sh : SB ; 

and, because be is parallel to Bi\ we have, 

he : BC : : sb : SB ; 
hesce (B. II, ^. IV.), wo have, 

ab : AB : : bo : BC. 

In like manner, it may be shown that all the sides cf 

abcde are proportional to the corresponding sides of ll: 

polygon ABCBJi : hence, the section abcde is similar t 

the base ABGDB (B. IV., D. 1) ; which was to be prorec 

Cor. 1. If two pyramids S-ABCBE, and S~XYZ, 
having a common vertex S, and their bases in the san 
plane, be cut by a plane ahe, parallel to the plane <. 
their bases, the sections will be to each other as the basi' 
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For, the polygons abed and A BCD, being similar, are 
to each other as the squares of their honiologoua sidea ab 
Mnd All {B. IV., P. XXVH) ; but, 




Cor. 2. If the bases arc equal, any sections at equal dis- 
tances from the bases will be equal. 

Cor. 3. The area of any section parallel to the base, is 
proportional to the square of its distance from the vertex. 



PKOPOSITION IV. THEOKEi[. 

The convex surface of a right pyramicl is equal to the 
perimeter of its base mulfqMed by half the slant heigJU. 

Let S be the vertex, ASCDE the 

base, and SIP, pei-pendieular to JSA, the 

sknt height of a right pyramid : then will 
the convex surface be equal to, 

{AB -f'jlC + CJ) + J}J^ + EA) X \SF. 
Draw SO perpendicular to the plane of the 




Hosted by Google 



BOOK VII. 



185 



From the deiinitiou of a ilglit pyramid, the point is 
the centre of the base (D. 11) ; hence, the iatcr:il edges, 
SA, SB, &e., are all equal (B. VT., P. V.) ; but tlie sides 
of the base are all equal, being sides of a regular polygon : 
hence, the lateral faces are all equal, and consequently their 
altitudes are all equal, each being equal to the slant height 
of the pyramid. 

Now, the area of any lateral face, as SEA, is equal to 
its base EA, multiplied by half its altitude SF : hence, 
the sum of the areas of the lateral faces, or the convex sur- 
face of the pyramid, is equal to, 

{AB ^ 2iC ^ CD \ I)E\ EA) x i^SF ; 






■ to be proved. 



Scholium, The convex surface of a frustum of a right 
pyramid is equal to half the sum of the perimeters of its 
upper and lower bases, multiplied by the slant height. 

Let ABCBE-e be a frustum of a right 
pyramid, whose vertex is S : then will the 
section abadc be similar to the 'biiss^ ABODE, 
and their homologous sides will be parallel, 
(P. nX), Any lateral face of the frustum, 
as AEea, is a. trapezoid, whose altitude is 
equal to ly, the slant height of the frustum ; 
hence, its ai-ea is equal to ^{EA + ea) x Ff 
(B. IV., P. VU.). But the area of the con- 
vex surface of the frustum is equal to the sui 
of its lateral faces ; it is, therefore, equal to the half sum 
of tiie perimeters of its upper and lower bases, multiplied 
by half the slant height. 
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PROPOSmON" V. THEOREM, 

^ the three faces which include a triedral angle of a pritm 
are equal to the three faces which include a triedral an- 
gle of a second prism, each to each, and- are like placed, 
the two pi-isms. are equal in aU their parts. 

Let _B and h be tiie vertices of two triedral angles, 
included by faces respectively equal to each other, and simi- 
larly placed: then will tho prism ABCDE-K be eqnal to 
the prism almde-h, in all of its parta. 

For, place the base 
abcde upon the eqnal 
base ABCI>E, bo that 
they shall coincide ; then 
because the triedral an- 
gles ivhose vertices are 
b and B, are equal, 
the parallelogram hh will 
coincide with BH, and 
the parallelogram hf with 
BF : hence, the two 

sides fg acd gh, of one npper base, will coincide with the 
homologoua sides of tlio other npper base ; and because the 
npper bases are equal, they must coincide throughout ; con- 
sequently, each of the lateral faces of one prism will coincide 
with the corresponding lateral liice of the other prism : the 
prisms, therefore, coincide throughout, and are therefore equal 
in all their parts ; ■which was to be proved. 

Cor. If two right prisms have their bases equal in all tlieir 
parts, and have also equal altitudes, the prisma themselves will 
be equal in all their parts. For, the faces which include anj 
triedral angle of the one, will be equal to the faces which 
include the corresponding triedral angle of the other, each to 
each, a,nd they wi!l be similarly placed. 
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Xn any parallelopipedon, the opposite faces are equal, each, 
to each, and their planes txre parallel. 

Let ABCD-Jl bo a parallclopipedon : then ivill ita 
opposite faces bo equal and their planes will be parallel. 

For, the bases, ABCD and EFGJI 
are eqnal, and their planes parallel by 
definition (D. 7). The opposite faces 
AEIW and BFGO, have tiie sides AE 
and BF parallel, because they are oppo- 
site sides of the parallelogram BE ; 
and the Eidea EH and FG parallci, 

because they are opposite sides of the parallelogram EG; 
and consequently, the angles AiHt and BFG are equal 
(B. VI., P. Xni.). But the side AE is equal to BF, and 
tlie side EH to FQ ; hence, the faces AEIID and 
BFGQ are equal ; and because AE is parallel to BF^ 
and EH to FG, the planes of the faces are parallel 
{B. VI., P. Xm.). In like manner, it may be shown that 
the parallelograms ABFE and BCGH, equal and their 

planes parallel : Jience, the opposite faces axe equal, each to 
citch, and their pianos are pavallei ; which was to he proved. 

Cor. 1. Any two opposite laees of a para!lelo]>ipedon 
may be taken as bases. 

Gor. 1. In a rectangular paralldo- 
pipedon, the square of either of the 
diagonals is equal to the sum of the 
Hquares of the three edges nhich meet 
.it tbe same vertex. 

For, lot FD be either of the diagonals, and draw FH. 
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ITien, in the right-angled triangle FIID, we have, 



But DH is equal to FB, 
is equal to F^^ plus AH'' 



and 




FD' = FJi^ + FA' + -f 6' 



Vor. 3. A pai'alk-lopipcdoii may be constructed on three 
lines j4£, ad, and AJE, intersecting in a common point 
A, and not lying in the same plane. For, pass through 
the extreinity of each line, a plane parallel to the plane of 
the other two lines ; then will these planes, together with 
the planes of the given lines, determine a pafallelopipedon. 



PROPOSITION VII. TIIEOUEM. 

^ a plane he passed through the diagonally opposite edges 
of a paralklopipedon, it will divide the parallelopipedon 
into two equal triangular prisms. 

Let AJBGD-M be a parallelopipedon, and let a plane 
be passed through the edges BF and DIl : then -will the 
prisma ABD-JI and BCI>~H be equal 
in volume. 

For, through the vertices F and B 
let planes be passed jierpeudiciilar to 
FB^ the foi-mer cutliiig the other lateral 
edges in the points c, A, g, and the 
latter cutting those edges produced, in 
the points n, d, and c. The sections 
Fshg and Bade will be parallelograms, 
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bfioanse their opposite sides are parallel, each to each (B. VI., 
P. X.) ; they ■will also he equal (P. II.) ; hencu, the poly- 
edi'on Badc-g is a right prism (D. 2, 4), as are also the 
polyedrons liad-h and Bcd-h. 

Place the triangle Feh upon Bad, so that F shall 
coincide with B, e with a, and h with d ; then, 
because eF, hH, are perpendicular to the plane Feh, and 
ff.l, dB, to the plane Bad, the line eE will take the 
direction aA, and the line hll the direction dB. The 
lines AE and ae are equal, because each is equal to BF 
(B. I., P. XXVni.). If we take away from the line aE 
the part ae, there will remain the part eE ; and if from 
the same lino, we take away the part AE, there will re- 
main the part Aa : hence, eE and aA are equal (A. 3) ; 
for a like reason hH is equal to (IB : hence, the point 
E will coincide with A, ind tho point If with I), and 
consequently, the polyedrons FeA-If and Bad-B will 
coincide throughout, and are therefore equal. 

If from the polyedron Bad -IT, we take away the 
part Bad-B, there will remain the prism BAB-H ; 
and if from the same polyedron we take away the part 
Fch-H, there will remain the prism Bad-h : hence, 
these prisms are equal in volume. In like manner, it may 
be shown that the prisms BGB-II and Bcd-h are equal 
in volume. 

The prisms Bad-h, and Bcd-h, have equal bases, be- 
cause these bases are halves of equal paraUelograms (B. L, 
P. SSVin., C. 1) ; they have also equal akitndes ; they are 
therefore equal (P. V., C.) : henee, the prisms BAB-H and 
BCB-H are equal {A. l) ; lohich was to be proved. 

Cor. Any triangular prism ABB-II, is equal to half of 
the parallel opiped on A G, which has the same triedral angle 
A, and the same edges AB, AD, and AE. 
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^ two paralUlopipedons 
tfieir upper lascs 
equal in volume. 



I a common lower base, and 
the same parallels, they ar« 




Let the parallclopipedons AG and AZ have the com- 
mon lower base AliGD, and theJr upper bases MFQH 
and IKLM, between the same parallels EK and HL : 
then will they be equal in volume. 

For, the lines EF and 
IK are equal, because each 
is equal to AB ; hence, 
the etim of EF and FI, 
ov EI, is equal to the 
sura of FI and IK, or 
FK. In the tria»gular 
prisms AEI-M and 

BFK-L, we have the line AE equal and parallel to 
BF, and EI equal to FK ; hence, the faoe AEI is 
equal to BFK. The line EH is equal and parallel to 
FG-, and EI is equal and pai'allel to FK ; hence, the 
face EIMH is equal to FKLG ; the faces AEHD and 
BFGG are also equal (P. VI.) : hence, the prisma are 
equal (P. V.). 

If from the polyedron ABKE-H, we take away the 
prism BFK-L, there will remain the parallelopipedon A G ; 
and if from the same polyedron we take away the prium 
AEI-M, there will remain the parallelopipedon AL : hent^ 
these parailelopipedons are equal in volume (A, 3) ; vshich 
Koa to be proved. 
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If two paraUelopipedons have a common lower base and ttit 
same altitude^ they will he equal in volume. 

Let the parallelopipedons A G- and AL have the com- 
mon lower base ABCD and the same altitude: then will 
they be equal in voluinc. 

Because they have the same altitude, their upper bases 
will lie in the same phine. 
Let tbe sides III and KL 
be prolonged, and also the 
sides FE and GS ; these 
prolongations will form a 
])!ii'allelograra §, ■which 
will be equal to the com- 
mon base of the given par- 
all olopipodons, because its 
silica are respectively parallel 
and equal to the correspond- 
ing sides of that base. 

Now, if a third parallelopipedon be conatracted, having 
for its lower base the parallelogram AS CD, and tor its 
upper base N'OPQ, this third parallelopipedon will be equal 
in volume to the parallelopipedon AG, since they bave the 
same lower base, and their upper bases between the same 
parallels, QG, NF {P. Vni.}. For a like reason, this 
third parallelopipedon will also be equal in volume to the 
parallelopipedon AL : hence, the two' parallelopipedons AG, 
AL, are equal in volume ; whicJt was to he proved. 

Cor. Any oblique parallelopipedon is equal in volume to 
a right parallelopipedon, having the same base and an equal 
altitude. 
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PROPOSITION X. PROBLEM. 

7b constT^ct a rectangular parallelopipedon which shall be 
equai in volume to a right paralklopipedon whose ha^e 
is any paraUelogram. 

Let ASOD-M be a right p avail ciopipe don, having for 
its base the parallelogram ABOD. 

Through the edges AI and BK pass MQ_ 
the planes AQ and BP, respectively 
perpendicular to the plane AK, the for- 
mer meeting the plane DL in OQ, and 
the latter meeting that plane produced in 
JVP: then will the polyedron AP be a 
rectangular parallelepiped on equal to the 
given parallel opipedon. It will be a rect- 
angular parallelopipedon, because all of its 
feces are rectangles, and it will be equal to the given 
parallelopipedon, because the two may be regarded as having 
the common base AK (P. VI., C. 1), and an equal altitude 
AO (P. IX.). The rectangle AN is equal to the paral- 
lelogram AC {B. IV., P. I). 

Cor. 1 A right parallelopipedon, whose base is any paral- 
lelogram, is equal in volume to a rectangular parallelopipedon 
having an equal base and the same altitude. For, tiie bnse 
^iV is equal to the base AC (B. IV., P. I.) ; and the 
altitude AI is common. 

Cor. 2. An oblique pai'allelopipedon is equal in volume 
to a rectangular parallelopipedon, having an equal base and 
an equal altitude. 

Cor. 3. Any two parallel opipedon a are equal in volume, 
when they have equal bases and equal altitudes. 
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Two rectangular parallelopipedons having a common lower 
base, are to each other as their altitudes. 

Let the parallel opipedons A G and AL have the cotn- 
mon lower base ABCD: tlien will they bo to eaeh other 
as their altitudes AB and AI. 

V. Let the altitudes be commensurable, and eiippose, for 
example, that AS! is to AI, a-a 15 is to 8. 

Conceive AE to be divided into 15 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to ABGB. These planes will 
divide the parallelopipedon AG into 15 parallelopipedons, 
which have equal bases (P. II. C.) and equal altitudes ; 
hence, they are equal (P. X., Cor. 3). 

Now, AG contains 15, and AL 8 
of these equal parallelopipedons ; hence, 
^(? is to AZ, as 15 is to 8, or as 
AE is to AI. In like manner, it may 
be shown that AG is to AE, as AE 
is to AI, when the altitudes are to each 
other as any other whole numbers. 

■-— -I,.,, 



-T*. 



2°. Let the altitudes be 
able. 

Now, if ^*? is not to AL, as AE is to AI, let 
suppose that, 

AG : AL :: AE : AO, 



in which AO is greater than AI. 

Divide AE into equal parts, such that each shall be 
ess than 01 ; there ivill be at least one point of divinon 



13 
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between and I. Let P denote the parallelopif'e- 



don, .whose bas 
iillitiides AIS^ 
hfi-s, we have, 



ABCB, and altitude Am ; since 
are to each other as two whole 
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AG : P : : AE : 
But, l>y hypothcaia, we have, 

AG : ^Z : : AB 
therefore (B. II., P. IV., C), 
AL : P : : AO 



But jiO ia greater than .4ni ; hence, if 
the proportion is true, AIj must be greater than P. On 
the contrary, it is less ; consequently, the fourth term tsf 
the proportion cannot be greater than AI. In like inannii-, 
it may be shown that the fourth term cannot be less than 
AI ; it is, therefore, equal to AI. Irf this case, therefore, 
AG ia to AL, as AE is to AI. 

Hence, in all cases, tLe given parallelopipedons are to 
each other as their altitudes ; which vjos to be proved. 

Scholium. Any two rectangular parallelopipedons whose 
bases are equal, arc to each other as their altitudes. 

PllOPCeiTXON XII. THEOREM. 

Two rectangular paralldopipedons having equal altitudes, are 
to each other as their bases. 

Let the rectangular parallelopipedons AG and AJ^ liave 
the same altitude AE ; then will they be to each other as 
their bases. 
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For, place tlieiii as shown '. 
plane of the face JVZ, until 
it intersects the plane of the 
face lie, in J>Q; we shall 
thus form a third rectangular 
parallelopipcdon A Q. 

The parallelepiped on s AG 
and A Q have a common 
base AS ; they are there- 
fore to each other as their 
altitudes AB and AO 
(P. XL) : hence, we have 
the proportion, 



I and produce the 



vol. A G : vol. A Q 



AH 



AO. 



The parallelopipedona AQ and AK have t 

AL ; they are therefore to each other as their altitudes 

AD and AM : hence, 



Multiplying these proportions, term by term (B. IL, P, XII,), 
and omitting the common factor, vol. A Q, we have, 



vol AG : vol. AK 



AO : 



AM. 



But AB X AB is equal to the area of the base ABCB; 
and AO X AM is equal to the area of the base AMN'O : 
hence, two rectangular pa rail elopipe dons having equal alti- 
tudes, are to each other as their bases ; which was to be 
proved. 
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PROPOSITION XIII, THEOREM. 

Any two rectangular pardlhlopipedons are to each other as 
the pfoducta of their bases and altitudes y that is, as the 
products of their three dimensions. 

Let AZ and AG- be 
any two - rectangular para]- 
lelopipedons, placed as shown 
ia the figure : then will 
they be to each other as 
the products of their three 



t 



^ 



For, proiluce the fuces 
necessary to complete the 
rectangular parallelupipedon 
AS^. The parallelopipedons 
AZ and AK have a com- 
mon base A]<r ; hence (P. XL), 

vol AZ : vol. AK : : AX : AR 

The parallelopipedons AK and A G have 
dtitade AE ; hence (P. XH,), 



ABCB. 

d omitting 



Moltiplying these proportions, term by term, 
tiie comnaon factor, vol. AK, we have, 

vol. AZ : vol. AG : : AMKO x AK : 

or, since AMKO is equal to AM x AO, 
AB X AD, 

va.AZ : vol. AG : -. AM x AO xAK : AS xADxAK; 

ta&ich teas to < 



ABCD X AE; 
and ABCD to 
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Cor. I. If we make the three o^ges AM, AO, and 

AJT, each equal to the linear unit, the parallelopipuclon AZ 

will be ft cube constructed on that unit, as an edge ; and 

consequently, it will be the unit of vohimc. Under this 
supposition, the last proposition becomes, 

1 : vol. AG : 1 1 : AB X AD x AS ; 
whence, 

vol AG = AB X AB X AE. 

Hcuee, the volume of any rectangular paralklopipedon is 
equal to the product of its three dimensions ; that is, the 
H umber of times which it contains the unit of Tolume, is 
eqital to the number of linear uoits ift its length, by the 
number of linear units in its breadth, by the number of 
liiienr units in its height. 

Cor. 2. The volume of a rectangular parallelopipedon it 
e^al to the product of Us base and altitude ; that is, the 
immber of times which it contains the unit of volume, is 
equal to the number of superficial units In its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any parallelopipedon is equal to 
the product of its base and altitude (P. X., C. 2), 

PROPOSITION" XIV. THEOKEJI. 

T/ic volume of any prism, is equal to the product of its 
base and altitude. 

Let ABCBE—K ho any prism : then is its volume 
equal to the product of its base and altitude. 

For, through any lateral edge, as AF, pass the planes 
Atl, AT, dividing it into triangular prisms. Those prismfl 
will all have a common altitude equal to that of the given 
prism. 
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Now, the volume of any ouo of the triangular prisms, as 
ABC-ff, is equal to h;ilf' that of a pariiUolopipedon con. 
structed on the edges liA, BC, BG 
(P VII, C), but the volume oi this pu 
aUelopipcdon is e jnal to the pioliict of its 
base and iltitude {P XUI ') nntt 
because the biee ot the pn&iii !>* h-ilf 
that of the paiallelopipcdoii, the volume 
of the insm is a! o equal ta the pio 
dwct of Its bi>e anl altitude henct 
the sum of the tinngulai piisms iilith 

make up the gi^en iirism, is equal to tht ^mi cl thtir 
basti, which make up the baue of th' ^nen jii m into 
their common iltitude , via h wai, to he iivttd 



Cor Anj tuo ptisras are to oaoh other as the pioduUs 
of then bises and altitudes Prisms hi\ing equal base^ arc 
to each cthtr as thtir altitudes Ptisms having equal alti 
tudes ^le to eaih othii a then bi=i"9 



PEOPOSITIOM" XV. THEOREM. 

Two triangular pyramids having equal banes and equal alti- 
tudes, are ec[ual in volume. 

Let JS-ABG, and S-abc, be two pyramids having their 
equal bases ABC and aba in the same plane, and let AT 
be their common altitude : then will they be equal in vol- 
ume. 

For, if they are not equal iti volume, suppose one of 
them, as S-ABC, to bo the greater, and let their differ- 
ence be equal to a prism whose base is ABO, and whoso 
altitude is Aa, 
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Divide the altitude AT into equal parts Ax, xy, &c., 
each of which ia less than Aa, and let h denote one of 
these parts ; through the points of division pass planes pai- 
nJIci to the plane of the hases ; the sections of the two 
pyriiniids, by each of the^se planes, will be equal, namely, 
BEF to def, GHI to ghi, &c. (P. lU., C. 2). 





On the triangles ABC, DEF, Ac, taken as lower bases, 
construct exterior prisms whose edges shall be parallel to 
AB, and whose altitudes shall be equal to h : and on the 
triangles t?^, ghi, ifec, taken as upper hases, construct 
interior prisms, whose edges shall be parallel to Sa, and 
whose altitudes shall be equal to h. It is evident that the 
sum of the exterior prisms is gi-eater than the pyramid 
8-ABG, and also that the sum of the Interior prisms is less 
than the pyramid S-aha : hence, the difference between the 
sum of the exterior and the sum of the interior prisms, is 
greater than the <Tjffercnce between the two pyramids. 

Now, beginning at the bases, the second exterior 
prism EFD-G, is equal to the first interior prism efd-Oy 
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because they have the same altitude k, and their hases 
BFD, ef<7, are equal ; for a like reason, tlie, third exterior 
prism IIIG-K, and the second interior prism hig-d, are 
equal, and so on to the last in each set : hence, each of the 
exterior prisms, excepting the first SCA~D, has an equal 
corresponding interior prism; the prism JBCA-D, is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior piisms. But the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference waa 
supposed to be equal to a prism whose base is JiCA, and 
whose altitude is eqnal to Aa, greater than k ; conse- 
quently, the prism JiCA-D is greater than a prism having 
the same base and a greater altitude, which is impossible : 
hence, the -supposed inequality betiveen the two pyramids 
cannot exist ; they are, therefore, equal in voUmic ; which 
was to be proved. 

PROI'OSITIOK XVI. THEOEEM. 

Anp triangular prism may he divided into three triangttlor 
pyramids., equal to each other in volume. 



Let ABC-D be a triangular 
prism : then can it be divided into 
- three eqnal triangular pyramids. 

For, through the edge A 0, 
pass the plane ACF, and through 
the edge EF ]iass the plane 
MFC. The pyramids ACE~F and 
ECD-F, have their bases AQE 
and EGD equal, because they are 
halves of the same parallelogram 
ACDE; and tiiey have a < 
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altitude, becanse tlieir bases are in the same plane AD, and 
their vertieca at the same point Ji' ; iieiice, they are equal 
ill volume (P. XV.). The pyramids ABC-F and DEF-0, 
have their bases AB C and DEF, equal, beeause they are 
the bases of the given prism, and their altitudes are equal 
because each is equal to the altitude of the prism ; they 
are, therefore, ecj^ual in volume : hence, the three pyramids 
into which the prism is divided, are all equal in volume ; 
which was to he proved. 

Cor. I. A tiiangnlar pyi-amid is one-third of a prism, 
having an equal base and an equal altitude. 

Oor. 2. The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PKOPOSITIOS xvir. 



The volume of any pyramid 
product of its base 



i equal to one-third of the 
and altitude. 



Let S-AJBGDE, be any pyramid: then is its volume 
fiqual to one-third of the product of its base and altitude. 

For, through any lateral edge, as BE, 
pass the phines SEB, SEC, dividing the 
pyramid into triangidar pyramids. The alti- 
tudes of these pyramids will bo equal to 
each other, because each is equal to that 
of the given pyramid. Now, the volume 
of each triangular pyramid is equal to one- 
third of the product of its base and alti- 
tude (P. XVI., 0. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 
equal to one-third of the product of the sur 




I of their bases 
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by their eoramon altitude. But the aum of the tnangnlar 
pyramida ia equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid : 
lienee, the volume of the given pyramid ia equal to one- 
third of the product of its base and ahitude ; which was to 
be ^troved. 



Got. 1. The volumr 


1 of a pyi-amid is equal to oi 


ne-third 


of the volume of a pris 


m having an equal base and a 


u equal 


altitude. 







Got, 2. Any two pyramids are to each other as the 
products of their bases and altitudes. Pyi'amids having equal 
bases are to each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

Scholmm. The volume of a polyedron may be found by 
dividmg it into triangular pyramids, and computing their 
volumes separately. Tlie sum of these volumes will be equal 
to the volume of the polyedron. 



PEOPOSITION XVm. THEOREM. 

Tfi,e vofume of « frustum of any triangular pymmi'l ;s 
equal to the sum of the volumes of three pyramiih 
whose common altitude is that of the frustum, und u)hn.\<- 
bases are the hieer lose of the f-ui^tiim, the vppcr luif 
of the frustum, and a mean proportional betirecn the tiff 
bases. 

Let FGII-h bo a frustum of any triangular pyramid : 
then ivill its volume be equal to that of three jiyrarnids 
whose common altitude is that of the frustum, and wliostj 
bases are the lower base FGIT, the upper base fgh, and 
a mean proportional between their bases. 
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For, through the edge FS, pass the plane FSg, and 
tlirough the edge fg^ pass the plane fg^, dividing the 
frustum into three pyramids. The pyra- 
mid g-FGIl, has for its base the lower 
base FG-H of the frustum, and its al- 
titude is equal to that of the frustutn, 
because its vertex g, is in the plane of 
the upper base. The pyramid M-fgh, 
haa for its base the upper bape fg7i of 
the fnistUQi, and its altitude is equal to 
that of the frustum, because its vertex 
lies in the plane of the lower base. 

The remaining pyramid may bo regarded as having the 
triangle FfH for its base, and the point g for its vertex. 
From g, draw gK parallel to fF, and draw also KI£ and 
Kf. Then will the pyramids K-FfM and g-JPfH, be equal ; 
(»T they have a common base, and theu' altitudes arc equal, 
because their vertices F and g are iu a line parallel to 
the base (B. Yl., P. XIL, C. 2). 

No\\', the pyramid K-FflZ may be regarded as having 
FKII for its base and / for its vcrte.\. From K, draw 
KL parallel to GH ; it will be parallel to gh : then -n-ill 
tlie triangle FKL be equal to fgh, for tlie side FK is 
equal to fg, tlio angle F to the angle /, and the angle K 
to the angle g. But, FKII is a mean proportional between 
FKL and FGH (B. IV., P. XXIV., C), or botweeii fgh 
and FGIL The i>yramid f-FKM, has, therefore, for iis 
base a naean proportional between the upper and lower bases 
of the frustum, and its altitude is equal to that of the h-\\^ 
turn ; but the pyramid f-FKII is equal in volume to the 
pyramid g-Ifll: hence, the volume of the given frustum is 
equal to that of three pyramids whose common altitude is 
equal to that of the ffustum, and whose bases are the upper 
base, the lower base, and a mean proportional between 
them ; which was to be provecL 
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Ci>i: The volume of the frustum of any pyramid it 
equal to the sum of the volumes of three pyramids whose 
common altittide is that of the frustum, and whose bases 
are tlie lower base of the frustum,., the upper base of t/te 
frustum, and a mean proportional between them. 

For, let ASCDB-e be a frustum of S 

any pyramid. Through auy lateral edge, a3 
eJ^ pass the planes eElib, eECc, divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frua- 
tuma is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given fi-nstum. The bases of the first 
set make up the lower base of the given 
frustum, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set inal-e 
up a mean proportional between the upper and lower base 
of the given frustum : licnco, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is- the lower base of 
of the frustum ; the sum of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
frustum, and whose base is the upper base of the .'V'.istum ; 
and, the sum of the third set is equal to that of a pyr^ 
raid whose altitude is that of the frustum, and whose base 
is a moan proportional between the two bases. 



PROPOSITION XIX. THEOREM. 

Similar triangular prisms are to each other as the cubes of 

tJieir homologous edges. 

Let CSD~Pj chd-p, be two similar triangular prisms, 

and let J?C, 5e, be any two homologous edges: then will 

the prism CB.D-P be to the prism cbd-p, as PO^ to bti'. 



,C,oo<i^[c 



BOOK VII. 



For, the homologous angles B and S aro equal, and 
the faces which bound them are similar (U. 16) : hence, 
these triedral angles may be 
applied, one to the other, so 
that the angle cbd will coin- 
cide mth CBD, the edge ba 
with BA, In this case, the 
prism chd-p will take the 
position Bcd-jy. From A 
draw AH perpendicular to 

the common base of tbe prisms : tlicn will the plane BAH 
be perpendicular to the plane of the oommon base (B, VI., 
P. XVI.). From a, in the plane BAH, draw <tA 

perpendicular to BH : then will aJi also be pcrpendiciilar 
to the base BB G (B. VI., P. XVII.) ; and AH, ah, will 
be the altitudes of the two prisms. 

Since the bases CBD, cbd, are similar, we have (B. IV., 
P. XXV.), 




base CBD : base cbd 



GW 



cT. 



Now, because of the similar triangles ABH, aBh, and of 
the similar parallelograms AC, ac, we have, 

AH -.ah : : CB : cb ; 

hence, multiplying these proportions term by term, we have, 

base CBD x AH : base cbd x ah : : GB^ : c^^ 

But, base CBD x AH is equal to the volumo of the prism 
CDB-A, and base cbd x ah is equal to the volume of 
the prism cbd-p ; hence, 

prism CDB-P : prism obd-p : : Clf : cb ; 

which was to i 
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Cor^ 1. Any two similar prisms are to each of/its' ok 
the cubes of their homologous edf/es. 

For, emoe the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each be 
divided into the same number of similar triangles, similarly 
placed (B. IV",, P. XXVT.) ; therefore, each prism may be 
divided into the Rame number of tiiangular prisms, having 
their faces similar and like placed ; consequeutly, the tri- 
angular prismi are similar {D. 16). But the^e triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal pri.^ms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologous 



PROPOsrnoN ss. 



Similar pyramids are to each other as the eubes of their 
homologous edges. 

Let S-AJDCTJJE, and S-abcde, be two similar pyra- 
mids, BO placed that their homologous angles at the vertcs 
shall coincide, and let AB and ab be 
any two homologous edges : then will the 
pyranuds be to each other as the cubes 
of AB and ab. 

For, the faee SAB, being similar to 
Sab, the edge AB is parallel to the 
edge ab, and the faee SBG being ami- 
lar to Sbc, the edge BC is paraOel to 
be ; hence, the planes of the bases are 
parallel (B. VI., P. XIH.). 




Hosted by Google 




BOOK VII. 307 

Draw SO perpendicular to the base ABODE; it will 
also lie perpendicular to the baeo abcde. Let it pierce that 
plane at the point o : then will SO 
be to So, as SA is to Sa (P. IH.), 
or as AS I is to ab ; hence, 

ISO : \So ■ ■ AB : ah. 

But the bases being similar polygons, we 
have (B. TV., P. XXVII.}, 

baseABCDU : base abcde : : AB~ : 

iliiltiplying those proportions, term by term, we have, 

base ABODE X \S0 : base abcde x }So : : AB^ : ab^. 

But, base ABODE x ^SO is equal to the volume of the 
pyramid S- ABODE, and base abcde X ^So is equal to 
the volume of the pyramid S~abcde ; hence, 

pyramid S- ABODE : pyramid S- abcde :: AB' : ab^ ; 
which was to be proved. 

Oor. Similar pyramids are to each other as the cubes of 
theu- altitudes, or as the cubes of any other homologous 
lines. 
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QEKEEAL l-'OltMULAS. 



If we denote the volinue of any pris:!! by Y\ its basi 
by _B, and its aUitiide by IT, we shall have {P. XIV.), 



If we denote tbe volnnie of any pyramid by F", its 
base by JB, and its ahitnde by IT, we have {P. XVII.), 

V = yj] X JI (2.) 

If we denote the voUniie of the frnstnm of any pyraiviid 
by y, its lower base by B, its upper base by S, and 
its altitude by JT, wo shall have (F. XVIH,, C), 

r=i(B + b+ V^y~b) y. IT ■ ■ (3.) 



EKGULAR POLTEDEONS. 

A Reguiak Polyedeon is one whose faces are all equal 
regular polygons. 

There arc five regular polyedrons, namely ; 

1. The Tetkaedkox, or reffular pyramid — a polyedron 
bounded by fonr equal equilateral triangles. 

2. The Hexaedron, or mhe — a polyedron bounded by 
sis equal squares. 

3. The OcTAEDEON — a polyedron bounded by eight equal 
equilateral triangles, 

4. The DoDECAEDEON^a polyedron bounded by twelve 
equal and regular pentagoira. 



Hosted by Google 



BOOK YII. 20® 

6. Tho loos AE III! ON— a polyedron bounded by twenty 
equal equilateral ti'iangles. 

In the Totrao droll, the triangles are grouped about the 
polyedral anglea in sets of tliroc, in the Octaedron tlioy are 
grouped in sets of four, and in the Icosaedron tliey are 
grouped in sets of live. Now, a greater number of equi- 
lateral triangles cannot be gi-ouped so as to form a - salient 
polyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges M'ould bo equal to, or greater 
than, four right angles, which is impossible (E. VI., P. XX,), 

In the Hexaedron, the squai-cs are grouped about tha 
polyedral angles in sets of throe. Now, a greater number 
of squares cannot he grouped so as to foi-m a salient polye- 
dral angle ; for the sanie reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
Rbout the polyedral angles in sets of three, and for the same 
reason as before, they cannot he grouped in any greater 
number, so as to form a' salient polyedral angle. 

Furthermore, no other regular polygons can be grouped 
so as to form a salient potyedral angle ; therefore, 

Only Jlce regular polyedrons can be formed. 

14 
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THE CYLINDEE, TH 



AND THE 



DEFINIITONS. 



•rJ^t' 



!!.'t-- 



Ji^ 



I. A Ctiibdek is a volume wliich may be genei'ated hj 
a rectangle revolving about one of ita sides as an axis. 

Thus, if the rectangle AS CD be turned ahont the side 
^_B, as an axis, it will generate the cylinder FGCQ~P. 

The fixed line AB is called the axis 
of the cylinder ; the curved surface generated 
by the side CD, opposite the axis, is called 
the convex surface of the cylinder ; the equal 
circles FGGQ, and BHDP, generated by 
the remaining sides BG and AB., are called 
hoses of the cylinder ; and tlie perpendicular 
distance between the planes of the bases, is 
called the altitude of the cylinder. 

The line BG, which generates the convex surface, is, in 
any position, called an element of the surface ; the eieincnts 
are all perpendicular to the planes of the bases, and any 
one of them is equal to the altitude of the cylinder. 

Any line of the generating rectangle ABGB, as JK, 
which is pei-pendicular to the axis, will generate a circle 
wlioso plane is perpendicular to the axis, and which is equal 
to either base : hence, any section of a cylinder by a plane 
perpendicular to the axis, is a circle equal to either baso. 
Any section, FGBE, made by a plane through the axis, 
IB a rectangle double the generating rectangle. 
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2. SiMiLAK Cylittdees are those ■which may be generated 
by similar rectaDgles revolving about homologoua sides. 

The axes of similar cylinders are proportional to the radii 
of their bases {B. IV., D. l) ; they are also proportional to 
any other homologous lines of the cylinders. 



3. A prism is said to be inscribed 
in a cylinder, when its bases are in- 
scribed in the bases of the cylinder. 
In this case, the cylinder is said to 
be circumscribed about the prism. 

The lateral edges of the inscribed 
prism are elements of the siii-face of 
tKc cii'cnmscrihing cylinder. 



4, A prism is said to be circum- 
scribed about a cylinder, when its 

bases are circumscribed about the bases of the cylinder. 
In this case, the oyiinder is said to be inscribed in the 



prism. 

The lines which join the corres- 
ponding points of contact in the upper 
and lower bases, are common to the 
surface of the cylinder and to the 
lateral feces of the prism, and they 
are the only lines which are common, 
T)ie lateral fiices of the prism are said 
to be tangent to the cylinder along 
these lines, which are then called eler- 
ntents of contact. 




5. A Coke is a volume which may be generated by a 
right-angled triangle revolving about one of the sides adja- 
cent to the right angle, as an axis. 
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Tiiua, if tho triangle SAB, right-angled at A, be turned 
aJwiit the side tS'.-l, as an axis, it will generate the cone 
S-CDBE. 

The fixed line SA, is called (Ae g 

axis of the cone ; the curved surface 
generated by the hypothenuse SB, ia 
called the convex surface of t7ie cone ; 
tho circle generated by the side AB, 
is called the base of the cone ; and 
the point S, ia called the vertex of 
the cone ; the distance from the vertex 
to any point in tho circumference of the 

base, is called the slant height of the cone ; and the per- 
pendicular distance from the vortex to the plane of the base, 
is called the altitude of the cone. 

The line SB, which generates the convex surface, is, in 
any position, called an element of the surface ; the elements 
are all equal, and any one is equal to the slant height ; the 
axis is equal to tbe altitude. 

Any line of the generating triangle SAB, as GJff, 
^idiich is perpendicular to the axis, generates a circle whose 
plane is pei-pendicular to tlie axis : hence, any section of a 
cone by a plane perpendicular to the axis, is a circle. Any 
section SBC, made by a plane through the axis, is an 
isosceles triangle, double tho generating triangle. 

6. A Tkitncated Cone is that portion of a cone included 
between the base and any plane which cuts tho cone. 

When the cutting plane is parallel to the plane of tbe 
base, the truncated cone is called a Fkustitm of a Co:^e, and 
the intersection of the cutting plane with the cone is called 
the upper base of the frustum ; the base of the cone is 
called the foicer base of the frustum. 
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If tlie trapezoiil IIGAB, rjglit-an- 
glcd A and 6^, be revolved about 
AG, as an asia, it will generate a fnis- 
tuin of a cone, wliose bases are EGDB 
and Fiai, whose altitude is AG, and 
whose slant hoisht is BII. 




1. Similar Cojses are those which may be generate*! 
by sunilar right-aDgled triangles revolving about homologous 

The axes of similar cones are proportional to the railii 
of their bases (B. IV., D. 1) ; they are also proportionai to 
any other homologous lines of the cones. 



8. A pyramid is saiil to be in- 
scribed in a cone, when its base is 
inscribed in the base of the cone, and 
when its vertex coincides with that of. 




the cone. 

The lateral edges of the inscribed 
pyramid are elements of the surface of 
the circumscribing cone. 



9. A pyramid is said to bo circumsa-ibeci about a cone, 
when its base is circumscribed about the base of the cone, 
and when its vertex coincides with that of the cone. 

In tJiis case, the cone is said to bo inscribed in the 
pyramid. 

The lateral faces of the circumscribing pyramid are tan- 
gent to the surfecG of the inscribed cone, along lines which 
are called elements of contact. 



10. A frustum of 



pyrai 



xscribed in 



■ frusi'im 
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of a cone, when its baaes are inseiibed in the bases of the 
fruatuiu of the cone. 

The lateral edges of the inscribed frustum of a pyramid 
are elements of the surface of the circaniscribing frustum of 
3 cone. 

11. A frustum of a pyramid is circumscribed about a 
frustum of a cone, when its bases are circamscribcd about 
those of the frustum of the cone. 

Its lateral fa«es are tangent to the surface of the frustum 
of the cone, along lines which are called dements of contact. 

12. A Si'HKRH is a volume bounded by a surface, every 
point of which is equally distant from ,a point within called 
Uie centre. 

A sphere may be generated by a semicircle revolving 
about its diameter aa an axis. 

13. A Kadius of a sphere is a straight line drawn from 
the centre to any point of the surface. A Diajietek .is any 
straight line drawn through the centre and limited at both 
extremities by the sui-faco. 

All the radii of a sphere arc equal t the diameters are 
also equal, and each ia double the radius. 

14. A Spherical Skctoe is a volume generated by a 
sector of a circle revolving about a diameter of the circle 
lying -without it. 

The surface generated by the arc is called the base of 

15. A plane is Tangbst to a Sphkre when it touches 
it in a single point. 

16. A Zone is a portion of the surface of a sphere 
included between two parallel planes. The bounding lines 
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of the sections are called bases of tbe zone, and the distanoe 
between the planes is called the altitude of the zone. 

If one of the planes is tangent to the sphere, the zone 

17, A SroBRiCAL Segment is a portion of a sphere in- 
oluded between two parallel planes. The sections made by 
the planes are called iases of the segment, and the distance 
between them ia called the altitude of the segment. 

If one of the planes is tangent to the sphere, the seg- 
ment has but one base. 



The Cylinder, tho Cone, and the 
called The Thkee Round Eodtes. 



I sonietimee 



PROPOSITIOH" I. 



The convex surface of a cylinder is equal to the 
ference of its base muUi^Med by the altitude. 



Let ABD be the base of a cylinder whose altitude is 
TI : then ivill its convex surface be equal to the circam- 
ference of its base multiplied by the altitude. 

For, iiisciibe within the cylinder a 
prism whose base is a regnlar polygon. 
The convex surface of this prism will 
be equal to the perimeter of its base 
multiplied by its altitude (B. VII., P. I.), 
whatever may be the number of sides " 

of its base. But, when the number of 
sides is infinite (B. V., P. X., C. 1), the 
convex surface of the prism coincides with 
tiiat of the cylind^'v, the pei'imeter of 
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ilie base of the prism coincides ivitl» the circumference of 
the base of the cyhnder, and the altitude of the prism ia 
the same as that of the cyhnder : lience, the convex surface 
of the cylinder ia equal to the circumference of its base 
multiplied by the altitude ; which teas to be proved. 

Cor. TliG convex surfaces of cyliodera baring eqnal alti- 
tudes are to each other as the circumference a of their bases. 



V4. 



PROPOSITION II. THEOREM. 

The volume of a cylinder is eQual to the product of its 
base and altitude. 

Let ABD be the base of a cylinder wliose altitude is 
H ; then will its volume be equal to tho product of its 
base and altitude. 

For, insoiT-be within it a pi'ism whose 
base is a regular polyi^on. The volume 
of this prism is cqna! to the product 
of its base and altitude {B. VII., P. 
XIY,), whatever may be the number of 
ades of its base. But, when the jiuni- 
ber of sides is infinite, the prism coin- 
cides with the cylinder, the base of the 
prism with the base of the cylinder, and 
the altitude of the prism is the same 

as that of the cylinder : hence, the volume of the cylinder 
ia equal to the product of its base and altitude ; ichich ims 
to be proved. 

Cor. 1. Cylinders are to each other as the proiUiots ol 
their bases and altitudes ; cylinders liaving equal bases art' 
to each other as their altitudes ; cylinders having equal alti- 
tudes are to each other as their bases. 
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Cor. 2. Similar cylinders ai'e to eacii otlier as tbe cubes 
of their altitudes, or as the cubes of the radii of their 
b;ises. 

For, the bases are as the squares of their radii (B. V., 
P. XIII.), and the cylindei-s being similar, these radii are to 
each other as their altitudes (D. 2) : hence, the bases are 
aa the squares of the altitudes ; therefore, the bases multiplied 
by the altitudes, or the cylinders themselves, are hs tlie 
cubes of the altitudes. 



PKOPOSITIOX XIT. 



Fh6 conii^e aiirfate <f a mi, is equal to the eircumferenoe 
(f tti, ba e multqlied by hilj tie s'ant height. 

Let S-lfD lu 1 c ne ^vIo^l bi^L i^ iOJ), and whose 
slant hci;,] t it, SI tl cu will its con\e\ surface bo equal 
to the circumference ot it? bise multiplied by half the slant 
height. 

For mscnbe within it i n^^lit pyramid 
The coEvex sur£i<,e of thia pjiamid is 
equal to the petimeter of its bise mul 
tiplied by half tha slant height (B VII, 
P. rV.) ■fthatevei may be the Dumber 
of Kdes of its base But when the num 
ber of sides of the base is mfii ite, the 
convex surface cjincilea mth that of the 
cone, the ptiimetei ot the base of the pjramid coincides with 
the cifcumfeience of the ba?e of tbe cone and the slant litight 
of the pyramid is equal to the slant height of the cone : 
hence, the convex suifoce ot the cone is (.qual to the cir- 
cumference of its base multipliel bj lilt the slant height; 
which wfa to be proied. 
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of ita 



PROPOSITION IV. TIIEOEKM. 

yAe corner surface of a Jrustum of a cone is e(/ual to 
half the sum of the circumferences of its two bases 
muUijMed by the slant height. 

Let SIAD be a frustura of a cone, BIA and EO D 
it3 two liases, and KB its slant lieight : then is its convex 
surface equal to half t!ie sura of the circumferei 
two bases nmltiplied by ita slant height. 

For, inscribe within it the frustum 
of a right pyramid. The convex sur- 
face cf this frustum is equal to half 
the sum of the perimctei-a of its bases, 
multiplied by tho slant height (B. VII., 
P n , C), whatever miy be the 
numbei ot its literal fice'f Bnt when 
the number of these ftcea la infinite, 

the convex surtice of the fiustum ot the pviimid cnnnd s 
with that of the cone, the peiimetera ot its Lases coincide 
with the ciieninfcrences of the bises of the ttu^tum of the 
cone, and its slant height is equal to thit ot the tone 
hence, the con\ex surface of the fiustum of i cone ih cquil 
to half the sum of th" ciicumfeiences of its bases limit plinl 
by the slant height, which was to be jnoved 




Scholium. From the extremities A and D, and ivt,m 
the middle point I, of a line AB, let the lines -40, T>(\ 
and IE", be drawn perpendicular to a line G : then will 
IK bo equal to half the sum of ^O and BC. Yov, 
draw Bd and li, perpendicular to ^ 6> : then, because Al 
is equal to IB, we shall have Ai equal to id (B. JV., V. 
XV,), and consequently to k ; that is, ^ exceeds IK 



Hosted by Google 



BOOK VIII. 219 

as much as IK exceeds J> ; hence, IK is equal to the 
half mm o<L AO and DO. 

Now, if the line AD be revolved about OC, as an 
axis, it will generate the surface of a frustum of a cone 
whose slant height is AD ; the point I will generate a 
circumference which is equal to half the sura of the circum- 
forencea generated by A and D : hence, if a straight line 
be revolved, about another straight line, it inill generate a 
surface whose measure is eqiuil to the product of the gene- 
rating line and t/te circumference generated by its middle 
point. 

This proposition holds true when the line AD meets 
OC, and also when AD is paralle! to OG. 

PKOPOSniON V. THEORESr. 

The volume of a cone is equal to Us base multiplied by 
one-third of its altitude. 

Let AJiDE be the base of a cone whose vortex is S, 
and svliose altitude is So : then will its volume be equal to 
the base multiplied by one-third of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid A 

is equal to its base multiplied by one- /i\-\\ 

third of its altitude (B. VU., P. XVII.), ///; \\ 

whatever may bo the number of its /''/'^y-fi~,\\ 

lateral faces. But, when the number &¥—- i L \ A 

of lateral faces is infinite, the pyramid \>v I ji/ 

coinddes with the cone, the base of b ' 

the pyramid coincides with that of the 

cone, and their altitudes are equal : hence, the volume of a 
cone is equal to the base multiplied by one-third of tiie 
altitude ; which was to he 'i 
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Gor. 1. A cone is equal to one-tliird of a cylinder hav- 
ing an equal base and au equal altitude. 

Gor. 2. Cones are to each other as the pvodiicta of 
their bases and altitudes. Cones having equal bases are to 
each other as their altitudes. Cones liaving equal altitudes 
are to each other as theii- bases. 



PROPOSITION VI. TIIEOEEM. 

The volume of a frustutn of a cone is equal to the sum 
of the volumes of three cones, having for a common 
altitude the altitude of tlie frustum, and for bases the 
loioer base of the frtistum, the upper bane of the frus- 
tum, and a i7iea?i proportional between the bases. 

Let MIA be the lon'cr base of a frustum of a con e, 
EG.'D its upper base, and OC its altitude : then will its 
volume be equal to the sum of three cones whose common 
altitude is 00, and whose bases are the lower base, the 
upper base, and a mean proportional between them. 

For, inscribe a frustum of a right 
pyramid in the given frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pjramids whose common altitude is 
that of the frustum, and whose bases 
are the lower base, the upper base, 
and a mean proportional between the 
two (B Vir, P XVIII), -tthiteier 

may be the number of htei i! ftoes But ^hcn the number 
of ficts 1'! infinite, the fiustuni of the jjjrtnud comudca 
\^^th the fiustum of the cone, its bT^es iiith the bisea of 
the cone, the tbiee pjraraids become conei>, and then altitudes 
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are equal to that of the frustum ; hi 
frustum of a cone is equal to the t 
thrua cones whose common altitude i: 
and whose bases are the lower bai 
upper base of the fnistum, and a me 
them ; w/iich was to he proved. 



ice, the volume of the 
im of the volumes of 
that of the frustum, 
t of the frustum, the 
n proportioual between 



PEOPOSITIOW Vfl. 



Any section of a sphere inade by a pla? 



: circle. 



Let C be the centre of a sphere, OA one of its 
radii, and AMB any section made by a plane : then will 
this section be a circle. 

For, draw a radius GO perpen- 
dicular to the cutting piane, and let 
it picico the plane of the section at 
0. Draw radii of the sphere to any 
two pomta M, M', of the curve which 
bounds the section, and join these 
points with O : then, because the radii 
CM, CM' are equal, the points 

M, M', will be equally distant from (B. VI.,P. V., 0.) ; 
hence, the section is a circle ; which was to he proved. 




Cor, I. When the cutting plane passes througfi the centre 
of the sphere, the radius of the section is equal to that of 
the sphere ; when the cutting plane docs not pass through 
the centre of the sphere, the radius of the section will be 
less than that of the sphere. 

A section whose plane passes through the centre of the 
called a great circle of the sphere. A section 
! plane does not pass through the centre of the sphere, 
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is called a small circle of the sphere. All great circlea of 
the Bame, or of equal spheres, are equal. 

Got. 2. Any great circle divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherwise there would lie 
some points of the surface unequally distant from the centre, 
which is i 



Co 3 The ccutii- cf a sphere, and the centre of any 
small ciide ct that sphtie, are in a straight line perpen- 
diculu ti" the plane of the circle. 

Cor 4 The squaio of the radius of any small circle is 
equal to the square of the radius of the sphere diminished 
by the squire ot the di'.tancL from the centre of the sphere 
to the plane ot the cnclc (B. IV., P. XI., C. 1) : henco, 
circles which are tquiUy 'listant from the centre, are equal; 
and of two ciides which are unequally distant from the 
centre, tliat one is the less whose plane is at the greater 
distance from the centre 

Cor. 5. The circumference of a great circle may always 
be made to pass through any two points on the surface of 
a sphere. For, a plane can always be passed through these 
points and the centre of the sphere (B. VI., P. II.), aud its 
section will be a great circle. If the two points are the 
extremities of a diameter, an infinite number of planes can 
be passed through them and the centre of the sphere (J5. VI., 
P. I., S.) ; in tills case, an infinite number of great circ'es 
ean be made to pass through the two points. 

Cor. C. The bashes of a zone are the circumferences of 
circles (D. 16), aiid the bases of a segment of a sphere are 
W'cles. 
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at tbat point ; 



PROPOSITION VIII. TIIKOEEM. 

Any plane perpendictdar to a radius of a sphere at its 
extremity, is tiinyent to the sphere at that point. 

Let C be the centre of a sphere, CA any radius, and 
FAG a plane pei peiidicular to CA at A : tlien will the 
plaae FA& be tangent to 'the sphere at A. 

For, from any other point of the 
plane, as iff, draw the lino MC : 
then because CA \a a perpendicular 
to the plane, and OM an oblique 
line, CM will be greater than CA 
(B. VI., P. v.) : hence, the point M 
lies without the sphere. The plane 
FAG, therefore, touches tho sphere 
at A, and consequently is tangent 
which teas to be proved. 

Scholium. It miv bt shown, bj i coui^e ot reasomng 
analogous to thit employed m Bsok III, Propositions XI, 
XII., Xni., and XIV, th'it two spheres niiy ]ia\e any oni 
of six positions with rcpeet to eich othti, viz 

I". When the, '3 1 Stan M, between their centrts ib t,ieiter thin 
the sum of their lalii, they ai exlona/, one to the othir 

2°. When the distance is equd to thi sum of thtir 
radii, they are tanffnt., externally 

3°. When this distance li less than the sum "ind sreater 
thaji the diffeience of their ridu, thty t?itets rt eafh other 

4°. When this distance is equal to the diiftience of their 
radii, tliey are tanqfnt znt&rnaUy 

5°. When this distinte is kss thin the difioren(,e of their 
radii, one is wholly lodhtn the othci 

6°. When thi- distance is e jual to zero, they haf a 
eommon centre, ov, are concentric. 
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I If 1 sea it cnco b d ded into equal arcs, the 

ol Is of the ire to half of th perimeter of a regular 
! 1 y Ijgon th I If pe neter is called a regular 
pe neter The fif bo nl d by the regular semi- 
pe n eter ind the d imete of th sem -circumference is called 
1 r I k s ^o?V7<:> The 1 neter itself is called tha 
axis of the eemi-polygon. 

2°. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the ,7*^^ 
axle, the intercepted portion of the axis is // 
called the projection of that side. / 

The broken line AJIGDGP is a regu- I 

lar semi-porimcter ; the figure bounded by Dv- 

it and the diameter AP, is a regular N^ 

Bemi-polygon, AF is its axis, IfJ^ is the Cr^ 

projection of the side JiO, and the axis, 
AP, is the projection of the entire scmi-perimeter, 

PKOPOSITION IX. LEMSIA. 

If a regular semi^yolygon he revoked about its axis, the 
surface generated hy the semi-perimeter will be equal to 
tJte axis multiplied hy the cireumferenee of the inscribed 
circle. 

Let ABGDEF be a regular semi-polygon, AF its axis, 
and ON its apotbem : then will the surface generated by 
the regular semi-perimeter bo equal to AF x circ. ON. 

From the extremities of any ade, as J)E, draw DI 
and Eff perpendicular to AF ; draw also NM perpen- 
dicular to AF, and EK perpendicular to DI. Now, the 
surface generated by ED is equal to DE x circ. IfM 
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(P. IV., S.). But, because the ti-iangles EBK and ONM 
;ii'e siraiLir (B. IV., V. XXI.), ive have, 



whence, 



: IH :: ON : NM : 



■c. jV-M = III X ciTC.ON ; 



cOiV : circ.NM; 



that is, the surface geaeratod by any side 
is equal to the projection of that side 
multiplied by the circumference of the in- 
ici'ibed circle : hence, the surface g(sie- 
rated by the entire semi-penmeter is equal 
to the sum of the projections of its sides, 
oi' the axis, multiplied by the circumfer- 
ence of the inscribed circle ; v;hich was to ie proved. 

Cor. The surface generated by any portion of the perim- 
eter, as GDM, is equal to its projection PH., multiplied 
bv the circumference of the inscribed circle. 




riioTosrnoN x. theokem. 

The surf'H'e of a sphere is equal to its diameter multiplied 
hy the circumference of a great circle. 

Let AH ODE be a semi-circumference, 
its centre, and AE its diameter : then 
will the fciirfaee of the sphere generated 
by revolving the semi-circu inference about 
AE, be equal to AE X circ. OE. 

For, the semi-civcumfcrence may be re- 
garded as a regular sonii-perimetei' ivith an 
infinite number of sides, whose axis is AE, 
and the radius of witose inscribed circle 
is OE : hence (P. IX,), the surfece generated 1 
to AE X circ OE; which wos to be j 




! equal 
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or to irrOls: 

equal to fow 



Cor. 1. The circumference of a great circle is equal to 
2iri9-E' (B. v., P. XVI.) : hence, the area of the surfjce 
of the sphere is equal to %0E Y. 1-::0E, 
that is, the area of the, surface of a sj>here 
great circles. 

Cor. 2. The surface generated by any 
arc of tiie semicii'cle, as IB 0, will be 3 
Kone, whose altitude is equal to the pro- 
jection of that arc on the diameter. But, 
the arc JiC is a portion of a sonai- 
perimeter having an iniinite number of 
sides, and the radius of whose inscribed 
circle is equal to that of the sphere : 
hence (P. IX., C), the surface of a zone 

is equal to its altitude multiplied by the circumference of a 
great circle of the sphere. 

Cor. 3. Zones, on the same sphere, or on equal spheres, 
are to each, other as their altitudes. 




PK0P08ITI0N XI. LEMMA. 

^ a triangle and a rectangle having the same base and 
equal altiMdes, he revolved about the common batie, the 
volume generated by tlie triangle will be one-third of that 
generated hy the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, having 
he same base BG, and an equal altitude AT>, and let 

liiem both be revolved about BG: then will the volume 

generated by ABC be one-third of that generated by 

EFBG. 

For, the cone generated by the right-angled triangle 

ADB, is equal to one-third of the cylinder generated by 
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the recLanglc ABBF (P. V., C. l) ; and the cone generated 
by tlic triangle ADC, is equal to one-third of the cylinder 
generated by the rectangle ADCE. 
But, when AJD falls within the 
triangle, the sum of the cones 
generated by ADB and ADC, 
is equal to the volume generated 
by the triangle ABC; and the 
sum of the cylindoi-s generated by 

AJiBT? and ADCE, is equal to the volume generated by 
the rectangle EFBC. When AB falls without the triangle, 
the difference of the cooes generated by ABB and ABO, 
is equal to the volume generated by ABC; and the differ- 
ence of the cylinders generated by ABBF and ADCE, is 
equal to the volume generated by EFBC: hence, in either 
case, the volume generated by the triangle ABC, is equal 
to one-third of the volume generated by the rectangle 
EFBC-y which was to he proved. 

Cor. The volume of the cylinder generated by EFB G, 
ia equal to the product of its base and altitude, or to 
vAD'' X BC: hence, the volume generated by the triangle 
ABC, is equal to ^irAD^ X BC. 

PKOPOsmorr xii. lemma. 

If an isosceles triangle he revolved about a straight line 
passing through its vertex, the volume generated toiU be 
e^ial to the si'rfooe generated hg the base multiplied by 
one-third of the altitude. 

Let CAB be an isoscclc! triangle, C its vertex, AB 
its base, CI its altitude, and let it bo revolved about the 
line CD, as an a\is ; then w ill the volume generated be 
equal to sii/rf. AB x | CI. 
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There may be two oases : the tase, or bas^ produced, 
may meet the axis ; or, the base may be parallel to the axia. 

1°. Suppose the base, when A 

produced, to meet the axia at 
D ; draw AM, IK, and J3K, / q^^ 

perpendicular to CD, and BO 
parallel to D G. Now, the 
volume generated by GAB is „^ 
equal to the difference of the 
volumes generated by GAD and GBD ; hence (P. XL, C), 

volOAB^^AM^xCD-^sBN''^ x CD^^rr{AW-DlP) x CD. 

But, AM^ - BN^ ia equal to (AM + JiN) {AM - BK), 
(B. IV"., P. X.) ; and because AM + BN^ is equal to 2lK 
(P. lY., S.)j an'J AM-- BJV to AO, we have, 

vol. CAB ^ i*IIC X AO X CD. 

But, the right-angled triangles A OB and GDI are sirat- 
lar (B. IV., P. XXI.) ; hence, 

AO : AB : : CI : CD; or, AO X CD = AB x CI. 

Substituting, and changing the ordev of the factors, we have, 

vol. CAB r= AB X 2^ZA^ x iCI. 

But, AB X l-nlK is equal to the surface generated by 
AB ; hence, 

ml. CAB = surf. AB x }GI. 

This demonstration holds good when the axis CD coin- 
cides with one aide of the triangle CAB. 

2°, Suppose the base of the triangle to be parallel to 
the asis. 
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Draw AM and ^JV" perpendicular to the 
volume generated by CAM, is equal . 

to the cylinder generated by the rectan- 
gle ABJSfM, diminished by the sum of 
the cones generated by the triangles 
CAM and BCW ; hence, 

vol. GAB ~ «CI^ X AB - i^rCl' x AI - iwC7"^ x IB. 

But the sura of AI an(l IB is equal to AB : hence, 
va have, by reducing, and changing tlio order of the tiictoi's, 

vol. CAB = AB X 2*CIx iGZ 

Bat AM X i-rC'I is equal to the surface generated by AB \ 

consequently, 

vol CAB = mrf. AB x ^01; 

hence, in all cases, the volume generated by CAB is equal 
to surf. AB X iCI; which was to be proved. 

PROPOSITION XIIE. LEMMA. 

^ a regular semi-polt/ffon lie revolved about its axis, the 
volume generated will be equal to (he surface generated 
hy the semi-perimeter multiplied hy one-third of the 
apotkem. 

Let FBBG be a regular semi-poly- 
gon, FG its axis, OT its apotliem, and 

1st the semi-polygon be revolved aboat 

I'd : then will the volume generated 

be equal to surf.FDBG X ^01. 

For, draw lines from the vertices to 

the centre 0. These lines will divide 

the semi-polygon into isosceles triangles 

whose bases are sides of the semi-polygon, 

and whose altitudes are equal to 01. 
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M'ow, tlie sum of the volumes generated by tlieae trian* 
gles is equal to the volume generated by the semi-polygon. 
But, the volume generated by any triangle, as OAB, is 
equal to surf. AB X ^01 (P. XH;) : hence, the volume 
generated by the semi-polygon ia equal to surf. FBD G X \ 01 ; 
which teas to he proved. 

Cor. The volume generated by a portion of the semi- 
polygon, OA JS C\ limited by indii G, OA, is equal to 
mrf.ABG X lOI. 



PROPOSITION XIV, TIIK0EE5I. 

The volume of a sphere is equal to its surface miiltiplie< 
by oncrthird of its radius. 

Let ACE be a seraicircle, AE its 
diameter, its centre, and let the semi- 
circle be revolved about AE : then will 
the volume generated be equal to the 
surface generated by the semi- circumfer- 
ence multiplied by one-third of the radius 
OA. 

For, the semicircle may be regarded 
as a regular semi-polygon having an infi- 
nite number of sides, whose semi-perimeter 
coincides with the semi-circumference, and whoso apoth 
equal to the radius : hence (P. XIII.), the volume 
rated by the semicircle is equal to the sui'fiice geucrati 
the semi^jircumference multiplied by one-third of the radius ; 
which was to be proved. 

Cor. 1. Any portion of the semicircle, as 0J3C, bounded 
by two radii, will generate a volume equal to tlie surfiice 




geue- 
!d by 
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generated by the arc JiC iiiuUiplicd by one-tliird of the 
radius (P. XIII., C). But tliis portion of the semicircle is 
a circular sector, the volume whicli it generates is a splieii- 
cal sector, aud the surface generated by the arc is a zone : 
hence, the volume of a spherical sector is equal to the sons 
whicit forms its base multiplied hy one-third of the radius 

Cor. 2. If wo denote the voUime of a sphere by V, 
and its radius by It, the area of the surface will he equal 
to 4*i2^ (P. X., C. 1), and the volume of the spiiero will be 
e..]ual to 4ff^'xJ-if; consequently, we have, 

Ag;un, if we denote the diameter of the sphere by _Z>, wo 
shall have R equal to \D, and Ji' equal to ^D^, and 
conscq\icntly, 

hence, the volumes of spheres are to each other as the cubet 
of their radii, or as the cubes of their diameters. 

Sclioliiim. If the flguro EBDF, a 

formed by drawing lines from the ex- 
tremities of the arc BD perpoiidieular 
to CA, be revolved about CA, as an 
axis, it win generate a segment of a 
sphere whose volume may be found by 
adding to the spherical sector generated 
by GDJB, the cone generated by CBE, and subti-acting 
from their sum the cone generated by CDF. If the are 
BB is so taken that the points E and F fall on oppo- 
site sides of the centre (7, the latter cone must he added, 
instead of subtracted : hence, 

segimntEBBF= zone BD x \CB-\^^b1^ x \ CE~ sBP' x i OF'. 
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PROPOSITION XV- THEOREM. 

The surface of a sphere is to the entire surface of the 
circumscribed cylinder, including its bases, as 2 is to 3 .* 
a}id t/te volumes are to each other in the same ratio. 

Let PMQ be a Bemicircle, and PADQ a rcctungie, 
whose sides PA and QI> are tangent to the seniicivde at 
P and Q, and whose side AD, is tangent to the semi- 
circle at M. If the semicircle aud the rectangle be revolved 
about PQ, aa an axis, the former will generate a sphere, 
and the latter a drcumscribed cylinder. 

1°, The surface of the sphere is to the entire surface of 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great circles (P. X., C l), 
the conxes surface of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I.) ; 
that is, it is e<jiial to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this tlio 

two bases, each of which is equal to a great circle, we have 
the entire surface of the cylinder equal to six great circles : 
hence, the surface of the sphere is to the entire surfiice of 
lie circumscribed cylinder, as 4 is to 6, or as 3 is to 3 ; 
which was to be proved. 

2°. The volume of the sphere is to the volume of the 
cyiinder as 2 is to 3. 

Foi-, tlie volume of the sphere is equal to a*-B^ (P. XIV., 
C. 2) ; the volume of the cylinder is equal to its base 
multiplied by its altitude (P. II.) ; that is, it is equal to 
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«Ii^ X 2R, or to ^-vH^ : hence, the voiume of the sphere 
is to that of the cylinder as 4 is to 6, or as 2 is to li ; 
trki.ch teas to be proved. 

Cor. The sui-face of a sphere is to the entire surface of 
a circumscribed cylinder, as the volume of the sphere is to 
volume of the cylinder. 

Scholium, Any polyedron ivliich is cireumscnbed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases arc 
the faces of the polyedron, whose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is equal to its base multiplied by one- 
ihird of ita altitade ; hence, the volume of a circumscribed 
polyedron is equal to its surface multiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-third of its radius, it ibllows 
that the volume of a sphere is to the volume of any cir- 
cumscribed polyedron, as the surface of the sphere is to the 
eurfaco of the polyedron, 

Polyedrons circumscribed about the same, or about equal 
spheres, are proportional to their surfaces. 



GENERAL FORMULAS. 

If we denote the convex snrface of a cylinder by S, its 
volume by Y, the radius of its base by Ji, and its alti- 
tade by H, we Jiave {P. I., H.), 

S = 2-:fIi xM (1.) 

V = ■^li^X If (2.) 
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If we deiiots the convex surface of a cone by S, its 
volume by V, the rsitSius of its base by Ji, its altitude 
by S, and its slant height by II', we have (P. IIL, V.}, 

S '-= '^i: X jr (3.) 

v= ■^/r-'A 71 (4-) 

If we denote the convex surface of a frustum of a cone 
by S, its volume by V, the radius of its lower base by 
Ji, the radius of its upper base by iS', its altitude by IT, 
and its slant height by IT', we have {P. IV., VI.), 

S = ^{Ji + Ji') X H' (5.) 

V = i'^iJi^ + li" + ^/jTxTf) X I! ■ (6.) 

If we denote the surface of a sphei'c by S, its volume 
by V, its radius by H, and its diameter by 7>, we have 
(P. X., C. 1, XIV., C. 2, XIV., C. 1), 

S =z i^It^ (1.) 

V = i*/e= ^ ir& (s.) 

If WG denote the radius of a sphere by iJ, the area of 

any zone of the sphere by S, its altitude by IT, and the 

volume of the correspondiug spherical sector by V, we 
ehall have (P. X., 0. 2), 

S == 2ffi? xJI ■ • ■ (0.) 

V = i^n^xir (10.) 

If wc denote the vohirae of the corresponding spliericnl 
segment by V, the radius of its lower base by Ii', the 
radius of its upper base by H", the distance of its lowej 
base from the centre by //', i'.nd tlio dist.anco of its upper 
base from the centre by //", we have (P. XIV., S.), 

V = i'r(2_fi^ X //+ Jr' X //' ^ Ji'"' X II") ■ (n.) 

uJbyCoOgIC 
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BrnEniCAL geometey. 



DEFINITIOKS. 



1 A SrnDKiCAL AtfGLE is an angle included between the 
area of two great circles of a spliere meeting at a point. 
Tho ares ' are called sides of tho angle, and the point at 
which they meet is called the vertex of the angle. 

The measure of a sphencal angle is tho same as that of 
the diedral angle included between the planes of it;; sides. 
Spherical angles may be aoule, ri^hl, or ohtusr. 

2. A Spiif.eical Polygon is a portion of the surface of 
a sphere bounded by arcs of three or more great circles. 
Tlie bounding arcs are called sides of the polygon, and the 
points in which the sides meet are called vertices of the 
polygon. Each side Is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons arc classified in tho same inaTiner as 
plane polygons. 

3. A Spuehicai/ Triangle is a spherical polygon of three 
sides. 

Spheric!.! triangles are classiiied in the same manner as 
plane triangles. 

4. A LuNE is a portion of tho surface of a sphere 
bounded by s ami-circumferences of two great circles. 

5. A Spheeical Wedge is a portion of a sphere bounded 
by a lunc and two semicircles meeting in a diamet^^r of the 
sphere. 
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6. A Spherical Pykaiiid is a portion of a sphere 
bounded by a spherical polygon and sectors of circles whose 
common centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and the centre of the sphere is called the vertex of the 
pyramid. 

7. A Pole op a Circle 13 a point on the surface of 
the sphere, equally distant from all the points of the cir- 
cumference of the circle. 

8. A DiACoNAL of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which ar« 
not consecutive. 



PROPOSITION I. 



^herical triangle is I 
the other two. 



than the sum of 



Let AJiC be a spherical triangle situated on 
whose centre is O : then will any side, as AB, 
than the sura of the sides AC and BG. 

For, draw the radii OA, OB, and 
OC \ these radii form the edges of a 
triedra! angle whose vertex is 0, and 
the plane angles included between them 
are measured by the area AB, AG, 
and BG (B. III., P. XVII., Sch.). 
But any plane angle, as AOB, is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XIX.) : hence, 
the aro AB is less tiian tiie 
BC; which was to he proved. 



, spher 




of the arcs AG and 
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Qqt. 1. Any side AS, of a spherical polygon ABODE, 
IS less than the sum of al! the other sides. 

For, draw the diagonals AC and AD, dividing the 
polygon into triangles. The arc AB is less than the sum 
of AG and BG, the arc AG is 
loss than the sum of AD and I)C, 
and the arc AD is less than the 
sum of DE and EA ; hence, AB 
is less than the sum of BG, GD, 
DE and EA. 

Gor. 2. The arc of a great circle joining any two points 
on the surface of a sphere, is less than the arc of a small 
circle joining the same points. 

For, divide the arc of the small circle into equal parts, 
and through the extremities of each part pass the arc of a 
great circle. The arc of the great circle joining the given 
points -n'ill he loss than the sum of these ares (C. 1), what- 
ever may be their number. But when this number is infinite, 
the ares of the gi'cat circle coincide with the corresponding 
ares of the small circle, and their sum ia equal to the entire 
are of the small circle. 

Cor. 3. The shortest distance between two points on 
the surface of a sphere, is measured on the arc of a great 
circle joining them. 

PEOPOSITION II. THEOREM, 

The sum of the sides of a spherical polygon is less than 
tlte cireumferenoe of a greal circle. 

Let ABGDE be a spherical polygon situated on a 
sphere whoso centre is O ; then will tho sum of its sidea 
be less than the circumference of a great circle. 
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For, draw the radii OA, OB, 
these radii form the edgea of a polyedi'al f 
is at 0, ,ind the angles included between 
t.lieni are measured by the arcs AH, J3C, 
CD, DE, and EA. But the sum of 
these angles is iess than four right angles 
^B. VI., P. XX.) : hence, the sum of the 
arcs which naeasure them is loss than the 
circumference of a great circle ; .which was 
to be 



OC, OD, and OE: 
whose vertex 




PROPOSITION III. THEOREM. 

If a diameter of a sphere be drawn perpendicular to the 
plane of any circle of the sphere, its extremilies will be 
poles of that circle. 

Let G be the centre of a sphere, ENG any circle of 
the sphere, and DE a diameter of the sphere perpendicular 
to tho plane of FITG : then will the extremitiea B and E, 
be poles of the circle ENQ. 

The diameter DE, being p 

perpendicular to the plane of 
FlfO, must pass through 
the centre (B. Vin., 
P. Vn., 0. S). If arcs of 
gi-eat circles DJV, DE, DG, 
&c., be drawn from JJ to 
different points of the cii'- 
cumference EJVG, and chorda 
of these arcs be drawn, these 
chords will be equal (B, TI., 

P. v.), consequently, the arcs themselves will be equal. Bm 
these arcs are the shortest lines that can be drawn from the 
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point D, to the different points of tlie circumference (P. I., 
0. 2) : liencB, tlie point D, is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D, 7). Iq like manner, it may be shown that 
the point J! is also a pole of the circle : hence, both D, 
and E, are poles of the circle FNG- ; wJuch was to be 
proved. 

Cor 1 let AMIi be t grext circle peipendicuiar to 
BE: tlan lull the injes DCM, ECM, &c , be nght 
angles , ind consequently, the iif* DM, EM, &c , ^v^ll 
each be equal to a quidrant (B III , P X\ II , & ) hcntc, 
the t«o poles of i grcit cuele lie at cqu il dist ncea fiom 
the ciicumtucncc 

Kimll fHcIe ^lo xt utljuI 
1 t th bitin cs 



Gor 2 The tivo 


\o\e-^ of 1 SI 


distances ticm thi. t 


ntuniteience. 


being equal to i ■'cm 


iciicumfeient,!. 



Cor 3 The hue I>(~ b<. ng peipcn Kuhr to tht pUne 
AMB, ^ny plane, is BMC, passtd through it -will ilio 
be peipendii,ul r to the plane A2IB hence, the spherici! 
angle DMA, is a mjht-aogle , that is, il any pomt, in the 
cirdumftience of a great ciicle, be jjined with either pole by 
the arc of a gitat eiitle such aic mil be peipenliuiHi to 
the drcumfticnce of thi, gi\en tiicle 

Cor 4 If the distance ff a pomt J>, l om each of the 
points A and 3[ in the ciicumfcience of a great cirule, 
is equal to a quadiant, the point D, is thi, yoV of the 
arc AM. 

For, let C be the centre of the sphere, and dmw the 
radii CD, GA, OM. Since the angles ACD, MCD, are 
right angles, the line CD is perpendicular to the two 
Btraigbt lines GA, CM: it is, therefore, perpendicular to their 
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plane (B. VI., P. TV.) : hence, the point i>, is the pole of 
the arc AM. 

Scholium. T!ie properties of these poles enable us to 
describe arcs of a circle on the surface of a sphere, with 
the same facilit,y as on a plane surface. For, by turnitij; 
the arc DF about the point D, the extremity F iv-ill 
<Jescribe the smiill circle FNG ; and by turning the quad- 
lant DFA round the point Ji, its extremity A will 
describe an arc of a great circle. 



PKOPOSITION IV. TIIEOREII. 

TAe angU formed by two ares of ffreat circles, is equal t9 
that formed by the tangents to these arcs at their jjoinl 
of intersection, and is measured by the arc of a great 
circle described from t7ie vertex as a pole, and limited 
by the sides, produced if necessary. 

Let the angle BAG be formed by the two arcs Ali, 
A G : then is it equal to the angle FA G formed by th<! 
tangents AF, AG, and is measured by the arc DF of 
a great circle, described about ^ as a pole. 

For, tbe tangent AF, drawn in the 
plane of the arc AS, is pei-pendicular 
to the radius A O ; and the tangent 
A G, drawn in the plane of the arc 
AC, is perpen<licalar to the same radius 
AO: hence, the angle FAG is equal 
i"0 the angle contained by the planes 
ABBS, ACER (B. VI., D. 4) ; which 
is that of the ares AB, AC. Now, if 
the arcs AB and AF are both quad- 
rants, the lines OB, OF, are perpendicular to OA, and 
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the angle DOE is equal to the angle of the planes ABDS, 
ACEH: hence, the arc I>E is the measure of the angle 
contained by these planes, or of the angle GAB ; vihich 
was to be jyroved. 

Cor. 1, The angles of spherical triangles may be com- 
pared by means of the arcs of great circles described from 
their vertices as poles, and included betiveen their sides. 

A spherical angle can always be constructed equal to a 
giTen spherical angle. 

Cor. 2. Vertical angles, such as 
A GO and B GN are equal ; for 
either of tliem is the angle formed 
by the two planes ACS, OGN'. 
When two arcs AGS, OCN, in- 
tersect, the sum of two adjacent 
angles, as AGO, OCB, is equal 
to two right angles. 




PEOPOSmON V. TIIEOREM. 

j^ from the vertices of (he angles of a spherical triangle, 
as poles, arcs be described forming a spherical triangle, 
the vertices of the angles of this second triangle will be 
respectively poles of the sides of the first. 

From the vertices A, B, C, 
as poles, let the arcs EF, FD, 
ED, be described, forming the 
triangle DFE: then will the 
vertices D, E, and F, be 
respectively poles of the sides 
BC, AC, AB. 

For, the point A being 
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tho pole of tbe arc EF, the distance /(£', is a quadrant ; 
the point C being tlie pole of the arc DE, the distance 
CE, is likewise a quadrant : hence, the point ^ is at a 
quadrant's distance from the points A and C : hence, it is 
Uie pole of the arc AG (P. III., C 4), It may be shown, 
ill like manner, that D is the pole of the arc liC^ and 
E that of the arc AB ; which was to be proved. 

SchoKiim. The triangle ABC, may be described by 
means of JDEF, as JOEF is described by means of AJiC. 
Triangles thus related are called polar triangles, or supple- 
menial triangles. 



PROPOSITION TI. 



jinp angle, in one of two polar triangles, is measured by a 
eemi^ircum/erence, minus the side lying opposite to it in 
the other triangle. 

Let ABO, and EF1>, be any two polar triangles : 
then mil any angle in eitlier triangle be measured by a 
flemi-circumferenco, minus the side lying opposite to it in the 
other triangle. 

For, produce the aides AS, 
AC, if necessary, till they 
meet EF, in G and S. The 
point A being the pole of 
tho arc GM, the angle A is 
measured by that arc (P. IV.). ^ 
But, since E is the pole of 
AIT, the arc FJI is a quad- 
rant ; and since F is the 
pole of AG, FG is a quadrant 
arcs , EJI and GF, is equal to ! 




hence, the sum of the 
iemi-circiimference. But, 
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the sum of the ai-cs MH and GF, ia equal to the sum 
of the arcs EF and U^K : hence, the arc GM, which 
measures the angle A, is equal to a semi-circuraference, 
minus the arc EF. In like maimer, it may be shown, that 
any other angle, in either triangle, is measured by a eemi- 
circamferoncc, minus the side lying opposite to it in the 
other tiiangle ; \cM<h was to he proved. 

Scholium. Besides the triangle BEF, 
three others may be formed by the 
intersection of the arcs BE^ EF, BF. 
But the proposition is applicable only 
to the central triangle, ubioh is dis- 
tinguished from the other three by the 
circumfctanee, that the two vertices, A 

and B, lie on the same side of -CC; the two vertices, 
S and E, on the same side o? AC ; and the two verti- 
ces, C and F, on the same side of AB. 



PROPOSITION VII. THEOREM. 

^ from the vertices of any two angles of a spherical tri- 
angle, as poles, arcs of circles be described passing 
through the vertex of the third angle ,' and if from the 
second point in which these .arcs intersect, arcs of great 
circles be drawn to the vertices, used as poles, the parts 
of the triangle thus formed will be equal to those of the 
given triangle, each to each. 

Let ABC be a spherical triangle situated on a sphere 
whose centre is 0, CEB and GFB arcs of circles 
described about B and A as poles, and let BA and 
BB be arcs of great circles : then will the parts of the 
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triangle ASD be equal to those of the given triangle 
A£G, each to each. ,jj 

For, by construction, the side AD 
IS equal to ^ C, the side DJl is 
equal to BG, and the side AB ie 
fiommoD : hence, the sides are equal, 
each to each. Draw the radii OA, 

OB, OC, and 0I>. The radii OA, 

OB, and OC, will form the edges 
of a triedral angle whose vertex is 

; and the radii OA, OB, and OB, will form the 
edges of a second triedral angle whoso vertex is also at ; 
and the plane angles formed by these edges will ho equal, 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VI., P. XXI.). But, the 
angles made by these planes are equal to the corresponding 
q)herical angles ; consequently, the angle BAB is equal to 
BAC, the angle ABB to ABC, and the angle ABB 
to ACB: hence, the parts of the triangle ABB are equal 
to the parts of the triangle A CB, each to each ; which 
v>as to be proved. 



Scholium 1. The triangles ABO nad ABB, are not, 
in general, capable of superposition, but their parts are 
symmetrically disposed with respect to AB. Triangles 
which can be so placed are. called symmetrical triangles. 



If symmetrical triangles are isosceles, they 
can be so placed as to coincide throughont : hence, they 
are equaZ in area. 
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PROPOSITION YIU. 



If two spherical triangles, on the same, or on equal spheres, 
have two sides and the iiieluded angle of the one eqiial 
to two sides and the included angle of the other, each 
to each, the remaining parts are equal, each to each. 

Let the spherical triangles AHQ and EFG, have the 
side EF equal to AS, the side EG equal to AC, and 
the angle FEG equal to BAG: then will the side FQ he 
equal to BG, the angle EFG to ABC, and the anglo 
EGF to ACB. 

For, the triangle EFG may 
ho placed upon ABC, or upon 
its symmetrical triangle ADB, so 
as to coincide with it throughout, 
as may be shown by the same 
coui-se of reasoning as that em- 
ployed in Boob I., Proposition V, : 
hence, the side FG is equal to 

BC, the angle EFG to ABC, and the angle EGF to 
ACB; which was to be proved. 



PROPOSITION IS. THEOREM. 

Tf two spherical triangles on the same, or on equal spTiereSf 
have two angles and the included side of the one equal 
to two angles and the included side of the other, each 
to each, the remaining parts will be equal, each to each. 

Let the sphciical triangles ABC and EFG, have the 
angle FEG equal to BAG, the angle EFG equal to 
ABC, and the side EF equal to AB : then will tha 
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fflde EQ lie equal to AC, the 
the angle FGS to SCA. 

For, the triangle SFG- may 
be- placed upon A£C, or upon 
its Bymmetiical triangle ADB, bo 
as to coincide with it throughout, 
as may be shoivn by the same 
course of reasoning aa that em- 
ployed in Book L, Proposition 
VI. : hence, the side JEG is equal 
to ^C, the side FG to BC, : 
BGA ; which was to be proved. 



FG to BC, and 




id the angle FGE to 



PEOPOSITIOCT X. THEOREM. 

^ two spherical triangles on the same, or on equal spheres, 
have their sides equal, eaoh to each, their angles will be 
equal, each to each, the equal angles lying opposite the 
egwai sides. 

Let the spherical triangles FFG and ABC have the 
fade EF equal to AB, the side FG equal to AC, and 
the ade FG equal to BC: then win the angle FFG be 
equal to BAG, the angle FFG to ABC, and the angle 
BGF to ACB, and the equal angles will 1 
equal sides. 

For, it may be shown by the 
same course of reasoning as that 
employed in E. I., P. X., that the 
triangle FFG is equal in all 
respects, either to the triangle 
ABC, or to its symmetrical tri- 
angle ABB : hence, the angle 
FFG, opposite to the side FG, ia equal to the angle BAG, 



! opposite tho 
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opposite to BG; the angle EFG, opposite to EG, is equal 
to the angle ABO, opposite to AC; and the angle BGF, 
opposite to EF, is equal to the angle ACB, opposite to 
AJB ; which was to be proved. 



PEOPOSITION Xr. THEOREM. 

In any isosceles spherical triangle, the angles opposite the 
equal sides are equal ; and conversely, if two angles of 
a spherical triangle are equal, the triangle is isosceles. 

1°. Let ABO be a spherical triangle, having tlie side 
AB equal to AG : then will the angle O ha equal to 
the angle B. 

For, draw the arc of a great circle 
from the YCrtex A, to the middle point 
B, of the base BO: then in the two 
triangles ABB and ABC, we shall have 
the side AB equal to AC, by hypothe- 
sis, the side BB eqnal to BO, by con- 
Btruction, and the side AB common ; 
consequently, the triangles have their angles equal, each to 
each (P. X.) : hence, the angle is equal to the angle 
B ; which was to be proved. 

2°. Let ABO be a spherical triangle having the angle 
C equal to the angle B : then will the side AB be 
equal to the side AC, and consequently the triangle wil 
be isosceles. 

For, suppose that AB and AC are not equal, but that 
one of them, as AB, is the greater. On AB lay off the 
arc BO equal to AC, and draw the arc of a great circle 
from to C ; then in the triangles ACB and OBG, 
we shall have the side AC equal to OB, by construction^ 
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tlie side BQ common, and the included angle ACJi equal 
to the included angle OSC, by hypothesis : hence, the 
remaining parta of the triangles are equal, 
each to each, and consequently, the angle 
OCB is equal to the angle ABC. But, 
tJio angle ACB is equal to ABC, by 
hypothesis, and therefore, the angle OCB 
is equal to ACB, or a pai't is equal to 
the whole, which is' impossible : hence, the 
supposition that AB and A C are un- 
equal, ia absurd ; they are therefore equal, and consequc 
the triangle ABC is isosceles; which was to be proved. 

Cor. The triangles ADB and ADC, having all of 
their parts equal, each to each, the angle ADB is eqna! 
to ADC, and the angle BAB is equal to Jl^AC ; that 
ia, if an are of a great cirole be drawn from the vertex 
of an isosceles spherical triangle to the middle of its base, 
it mil le perpendicular to the base, ayid will bisect the verti- 
cal angle of the triangle. 

PROPOSITION XIT. THEOEEM. 



mtly, 



In any spherical triangle, the greater side is opposite the 
greater angle j and conversely, the greater angle is'Oj^o- 
site the greater side. 
1°, Let ABC bo a spherical triangle, in which the anglo 

A 13 greater than the angle B : then will the side BC 

be greater than the side AC. 
For, draw the arc AD, 

making the angle BAD equal 

to ABD : then will AB be 

equal to BD (P. XI.). But, 

the sum of AD and DO is 
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greittor than AG (P. I.) ; or, putting for AD Us equal 
BD, we have the sum of JiD and DC, or DC, greater 
than A C ; which loas to be ^jcoi'ef?, 

2°. In the trbngle ADC, let the side DC he greater 
than A C : then will the angle A be greater than the 
angle D. 

For, if the angles A and D were equal, the sides DO 
and A C would be equal ; or if the angle A was less 
than the angle D, the side DC would be less than AC, 
either of whidi conchisiona is absurd : hence, the angle A 
is greater than the angle D ; which was to be provec7. 



PROPOSITION Xlir. THEOREM. 



If two triangles on the sam 
mutually equiangular, they < 



or on equal sjjheres, are 
also mutually equilateral. 



Let the sphericjil triangles A and D, be mutually » 
angular : then will they also be mutually equilateral. 

For, let P bo the polar triangle of A, 
and Q the polar triangle of D : then, be- 
cause the triangles A and D are mutually 
equiangular, their polar triangles D and Q, 
must be mutually equilateral (P. VI,), and con- 
sequeutly mutually equiangular (P. X.). Bnt, 
the triangles P and Q being mutually equi- 
angulai", their polar triangles A and D, are 
rautaally equilateral (P, VI.) ; which was to be proved. 

Scholium. This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi- 
angular, but not necessarily mutually equiiatc-val. Two 
spherical tiiangles on the same or on equal spheres, cannot 
be similar without bdng equal. 
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PROPOSITION XIV. THEOREM. 

Tlie sum of the angles of a spherioai triangh is less than 
six right angles, and greater than two right angles. 

Let ASO be a spherical triangle, and IlEF its polar 
triangle : then will the sum of the angles A, Ji, and C, 
be less than tax right angles and greater than two. 

For, any angle, as A, be- 
ing measured by a Re mi- cir- 
cumference, minus the side EF 
(P. VI.), is less than two right 
angles : hence, the sum of the 
three right angles is loss than 
six right angles ; and because 
the measure of each angle is 

equal to a semi-circumference, ^'~~~~ — — — 'F 

minus the side lying opposite 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus the 
sum of the sides of the polar triangle DEF, But the 
latter snra is leas than a circumference ; consequently, the 
measure of the sum of the angles A, B, and C, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the sum 
of the angles A, J?, and C, is less than six right aiigh's, 
and greater than two ; which was to ha proved. 




Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like tliat of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
fore, do not serve to detei-mine the third. 
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Cor, 2, A splierical triangle may have two, or even three 
of its angles right angles ; also two, or even three of its 
angles obtuse. 

Gor. 3. If the triangle ABC is M-^ectan- A 

gular, that is, has two right angles IS and 
6', the opposite sides of the polar triangle 
will be quadrants, and their point of intersec- 
tion will be the pole of the other side (P. 
III., C. 4). The angles opposite the equal 
sides are right angles (P. III., C. 3) : henee, the sides AB 
and AG are quadrants 

It h B 



E = A-\- B + (7-2. 

The spherical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If wc denote tlie spherical excess by E, the sum of the 
angles by iS, and the number of sides by ra, we shall 
have, 

E ^ S- 2{n - 2) = S - 2n + i. 
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PItOPOSITIOI." XV. 



,The area of a lune, is to the- surface of the sphere, as the 
angle of the litne is to four right angles, or as the are 
which measures that angle is to the circumference of a 
great circle. 

Let AMBIf be a lunc, and MCN' tho angle of the 
!une : then will tho area of the luiie be to the surface of 
the sphere, as the arc Jl/iV is to the circumffrcnee of a 
great cirelo MN'I'Q ; or, what is the same thing, as the 
angle MOS' is to fonr right angles. 

In the first place, suppose the arc 
MN and the circumference MIfFQ 
to he commen surah le. For example, 
let them be to each other as 5 is 
to 48. Divide the circumforence 
MNFQ into 48 equal parts, be- 
ginnitig at M ; MK will contain 
five of these parts. Join each point 

of division with the points A and j5, by a quadrant : 
there will he formed 90 equal isosceles spherical triangles 
(P. VII., S. 2) on the sui-face of the sphere, of which the 
Inne will contain 10 : hence, in this case, the area of the 
lane is to tho surface of the sphere, as 10 is to 96, or 
as 5 is to 48 ; that is, as the are MN is to the circiun- 
ference MITPQ, or as the angle of the hine is to fonr 
right angles. 

In like manner, the same relation may be shown to 
exist when the arc MM, and* the circumforence MJVPQ, 
are to each other as any otlier whole numboj-s. 

If the arc MIV, and the circuraferetice MNPQ, are not 
commensurable, the same relation may be shown to exist by 
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a course of reasoning entirely analogous to that employed in 
Book IV"., Proposition III. Hence, in all cases, the area of 
a lune is to the surface of the sphere, as the angle of the 
lune is to four right angles, or aB the are which measures 
that angle is to the circumference of a great circle ; which 
was to be proved. 

Cor. 1. Lunes, on the same or on equal spheres, are to 
each other as their angles. 

Cor. 2. If we denote the area of a tri-rectangu!ar triangle 
by T, the area of a Inne by X, and the angle of the 
Inne by A, tho right angle being denoted by 1, we shall 
have, 

L : sT :: A : 4; 
whence, 

L = Tx 2A ; 

hence, tho area of a hme is equal to the area of a tri- 
reetatigulai- triangle multiplied by twice the angle of the 
iune. 

Scholium. The spherical wedge, whose angle ia MON', 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lone 
which forma its base, multiplied by one-third of the i-adius. 



PEOPOSITIOS XVI. THEOREM. 

Symmetrical triangka are equal in area. 

Let ABC and UEF be symmetrical triangles, the 
side DE being equal to AB, the side DF to AC, and 
tho side EF to BG : then will the triangles be equal m 
area. 
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For, coDceive a small circle to be drawn through A, S, 
and C, and let P he its pole ; draw area of great circles 
from P to A, B, and G : these 
arcs will be equal (U. 7), Draw 
the arc of a great circle FQ, 
making the angle DJFQ equal to 
ACP, and lay off on it, FQ 
equal to GP; draw arcs of great 
circles QD and QK 

In the triangles PA G and 
FD Q, we have the side FD 

equal to AG, by hypothesis; the side FQ equal to PC, 
by construction, and the angle DFQ equal to ACP, by 
construction : hence (P. VIU.), the side DQ is equal to 
AP, the angle FDQ to PAO, and the angle FQI> to 
APG. Now, because the triangles QFD and PAG are 
isosceles and equal in all theu" parts, they may bo placed so 
as to coincide throughout, the side DF falling on AG, 
and the side QJ) on PA : hence, they are equal in area. 

If we take from the angle DFE the angle BFQ, and 
from the angle AGIi the angle AGP, the remaining 
angles QFE and PCB, will be equal. In the triangles 
FQF and PGP, we have the side QF equal to PG, 
by construction, the side FF equal to PG, by hypotheds, 
and the angle QFF equal to PCB, from what has just 
been shown ; hence, the triangles arc equal in all their 
parts, and being isosceles, they may be placed so as to 
coincide throughout, the side QF felling on P£, and the 
side QF on PC ; these triangles are, therefore, equal in 

In the triangles QI>E and PAB, we have the sides 
QB, QF, PA, and PB, all equal, and the angle BQF 
equal to APB, because they are the sums of equal angles: 
hence, the triangles are equal in all their parts, and 
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because they are isosceles, they may be so placed as to 
coincide throughout, tho side QJ) falling on PJi, and the 
side QS on I'A ; these triangles are, therefore, equal in 

Hence, the sum of the triangles QKD and QFB, is 
eijual to the sum of the triangles PAO and FBO. If 
from the former sura we take aivay the triangle QDE, 
there will remain the triangle DFE; and if from the latter 
Bum we take away the triangle PAB, there will icmain 
the triangle ABG : hence, the triangles ABC and Z)_EF 
are equal in area ; which vsas to be proved. 

Scholium. If the point P falls within the triangle ABC, 
the point Q will fall within the triangle BPJP. In this 
case, the triangle BEF is equal to the sum of the triangles 
QFD, QFF, and QBE, and the triangle ABG is eqnai 
to the sum of the equal triangles PAC, BBC, and FAB; 
the proposition, therefore, still holds good. 

PROPOSITION XVII. THEOEEM. 

^ the circumferences of two great circles intersect on the 
surface of a hemisphere, the sum of the opposite triangUt 
thus formed, is equal to a lane whose angle is equal to 
that formed bg the circles. 

Let the cb'cumferences AOB, OOB, O 

intersect on the surface of a hemis- 
phere : then will the sum of the oppo- 
site triangles AOG, BOB, be equal 
to the luno whose angle is BOB. 

For, produce the ares OB, OB, 
on the other hemisphere, till they meet 
at -iV. Now, since AOB and OBUT 
ure semi-circumferences, if we take away the common part 
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Oli, 



shall have BN equal to AO. For a lil;e 



BI) equal to AC: 



doii, we have _Z>iV equal to CO, anc 
hence, the two triangles AOG, JiBIf, 
liave their sides respectively equal : 
ihey are therefore symmetrical ; coii- 
Bcquoiitly, they are equal in area 
(P. XVI). But the sum of the tri- 
angles BDN', B OB, is equal to 
the lune OBNDO, whose angle is 
BOD: hence, the sum oi AOG and 
B OD is equal to , the lune whose 
angle is B OD ; which was to he proved. 

Scholium. It is evident that the two spherical pyranaida, 
which have the triangles AOG, BOB, for bases, are 
together equal to the spherical wedgo whose angle is BOD. 

PROPOSITION XVIII. TIIKOREM, 




The area of a sphertcai triangle is equal to iCs spherical 
excess miiltipUed hy a tri^eetangular triangle. 

Let AB C lie a spherical triangle : then will its surface 
be equal to 

{yl + _B + C - 2) X 7! 

For, produce its sides till tbey meet 
the great circle DEFG, drawn at plea- 
sure, without the triangle. By the last 
tbeorem, the two triangles ABE., AGII, 
are together equal to the lune whose 
angle is A ; but the area of this lune 
is equal to 2A x T (P, XV., C. 2) : 
hence, the sum of the triangles ADE an 




to 2^ > 



Id like 



it may be shown that the 
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sura of the trianglea BFQ and BID, is equal to 2B x T, 
and that the sum of the triangles CIS and CFU, ie 
uqual to 2 0x2". 

But the sum of these Bis trianglea exceeds the hemis- 
phere, or four times T, by twice the triangle ABC. Wa 
sliall therefore hayc, 

2 X area ABC = 2A x T+ 2B x T+ 20 X T- iT ; 

or, by reducing and factoring, 

area ABC - (A + B + C - 2) x T ; 

which was to be proved. 

Scholium 1, The same relation which esista between the 
spherical triangle ABC, and the tri-rect angular triangle, 
exists also between the spherical pyramid which has ABC 
for its base, and the tri-rectangdar pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABO to the tri-rectan- 
gular ti'iangle. From these relations, the following conse- 
quences are deduced : 

1°. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided into triangular pyramids, it follows that any two 
spherical pyramids are to each other as their bases. 

2°. Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherica! polygons 
intercepted by their faces. 

Scholium 3. A polyedral angle whose faces are pei-pen- 
dicular to each other, is called a right polyedral angle ; 
and if placed at the centre of a sphere, its faces wiU inter- 
cept a tri-rectangular triangle. The right polyedi'al angle is 
11 
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taken as the unit of polyedral angles, and tho tri-rectangalar 
Bpherical triangle is taken as its measure. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
portion of the surface intercepted by its faces will bo the 
measure of the polyedral angle, a tri-rectangalar trinngle of 
the sarao sphere, being the unit. 



PEOPOsrnoiT xix. theorem. 

The area of a spfiencal polygon is equal to its qylierioal 
excass mitUipUed hy the trl-reotangulai- triangle. 

Let ASCDE be a spherical polygon, the sum of whose 
angles ia S, and the number of whose sides is n : then 
will its area be equal to 

(S - 2ra + 4) X T. 

For, draw the diagonals AG, AH, 
dividing the polygon into spherical tri- 
angles : there will be n — 2 such tri- 
angles. Now, the area of each tii- 
angle is equal to ita spherical esccsa 
into the tri-rectangular triangle : hence, 
the sum of the areas of all the triangles, 
polygon, is equal to the sum of all the 
angles, or the sum of the angles of the polygon diminished 
by 2{n — 2} jnto the tri-rectangular triangle ; or, 

area ABCI>J3 = [S - 2(n ~ 2)1 x T ; 

whence, by reduction, 

area ABODE = {S - In -i- 4) x 7; 




the area of the 
'les of tlie tri- 



which ■ 



■ to 1)6 ^proved. 
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QENEEAL SCHOLIUM. 



From any point on a hemisphere, two arcs of great 
circles can always be drawn which shail be perpendicular t« 
the circumference of the hemisphere, and they will in general 
be unequal. Now, it niny be proved, by a course of reason- 
ing analogous to that employed in Book I., Proportion SV. : 

1°. That the shorter of ihe two arcs is the shortest arc 
that can be drawn from the given point to the circum- 
ference . 

2°. That two oblique arcs drawn from the same point, to 
points of the circumferonco at equal distances from the foot 
of the perpendicular, are equal : 

3°. That of two oblique arcs, that is the longer which 
meets the circumference at the greater distance fi-om the foot 
of the perpendicular. 

This propei'ty of the sphere is used in the discus^on of 
triangles in spherical trigonometry. 



Hosted by Google 



HosBdb, Google 



TRIGONOMETRY 



MENSURATION. 
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ISTKODUCTION TO TBIGOS'OMETRT. 



LOGARITHMS. 

1, The LoGAEiTHM of a number is the exponent of the 
power to \vliich it is neccssaiy to raise a fixed number, to 
produce the given number. 

The fixed nmiiber is called the base of the sysUm. Any 
positive number, except 1, may bo taken as tbe base of a 
svBtcin. In the common system, the base is 10. 

2, If we denote any positive number by jj, and the 
corresponding exponent of 10, by x, we shall have the 
exponential equation, 

10' = " (1.) 

In this equation, x is, by definition, the logarithm of n, 
which may be expressed thus, 

« = log" • • w 

3, From the definition of a logarithm, it folloivs that, thfi 
logarithm of any power of 10 is eg^ual to the eaiponent of 
that power : hence tbe formula, 

log (10)" =p (3.) 

If a number is an exact power of 10, its logarithm ia 
a tohole number. 
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If a number is not an exact power of 10, its logarithm 
will not be a whole number, but will bo made up of an 
entire part plus a fractional part, which is generally expres- 
sed decimally. The entire part of a logarithm is called tl^e 
characteristic, the decimal part, is called the mantissa, 

4. li', in Equation ( 3 ), wo malco p successively equal 
to 0, 1, 2, 3, &c., and also equal to - 0, — 1, — 2, — 3, 
ifec, we may form the following 



log 100 =. 2 


log .01 


log 1000 = 3 


log .001 



&c., &c. 4c., &c. 

If a number lies between 1 and 10, its logarithm lies 
between and 1, that is, it is equal to plus a deci- 
mal ; if a number lies between 10 and 100, its logarithm 
is equal to 1 plus a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 plus a decimal ; and so on : 
hence, we have the following 



The cliaracteristic of the logarithm of a whole number is 
positive, and numerically I less than the number of places 
of figures in the given number. 

If a decimal fraction lies between ,1 and 1, its loga- 
rithm lies between — 1 and 0, that is, it is equal to — 1 
plus a decimal ; if a number lies between ,01 and .1, its 
logarithm is equal to ■ — 2, plus a decimal ; if between .001 
and .01, its logarithm is equal to — 3, plus a decimal ; 
and so on : hence, the follomng 
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The characteristic of the logarithm of a decimal fraction 
is negative, and numeeically 1 greater than the ntimber 
of 0'« that immediately foUoio the decimal point. 

The characteristic alono is negative, th& mantiasa being 
always positive. Tliis fact ia indicated by wi-iting the neg- 
ative sign over the characteristic : thus, 2. 371465, is equiv- 
alent to — 2 + .ziues. 

It is to be observed, that the characteristic of a mixed 
number is tho same as that of its entire part. Thus, the 
mixed number '?4.103, lies between 10 and 100 ; hence, 
its logarithm lies betv.'een 1 and 2, as does the iogarithm 
of 74. 



GENERAL PEINCIPLES, 

5. Let m and n denote any two numbers, and x 
and y their logarithms. We shall have, from the defini- 
tion of a logarithm, the following equations, 

10" = »■ (*•) 

1»' = » (5-) 

Multiplying (4) and (5), member by member, we have, 

10' "^^ ^ mn ; 
whence, by the deSnition, 

X + y ^ log (mn) (6.) 

That is, the logarithm of the product of two numbers ia 
equal to the sum of the logarithms of the mimbers. 
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6. Dividing ( 4 ) by ( 5 ), member by member, we have, 

10"'"'' =: "* ; 

whence, by the definition, 

x~y = 'og{-j) (7.) 

That ia, the logarithm of a quotient is equal to the loga- 
rithm of the dividend diminished by that of tM divisor. 

7. Raising both members of (4) to the power denoted 
by p, we have, 

lO'P = m^i 

whence, by the definition, 

xp = logm^ (8.) 

That is, the logarithm of any power of a number is equal 
to the logarithm of tJie number multiplied by the exponent 
of (he power. 

8. Extracting the root, indicated by r, of both members 
of (4), we have, 

lO""- = ^i/m ; 
whence, by the definition, 

2 = logv« • ■ ■ ■ (e.) 

That is, ;Ae logarithm of any root of a number is equal 
to the logarithm of the number divided hy the index of the 

The preceding prindplea enable us to abbreviate the oper- 
ations of multiplication and division, by converting them into 
the Ampler ones of addition and subtraction. 
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TABLE OF LOGARITHMS. 



9. A Table of Logaeithms, is a table by means of 
whicli we can find the logarithm corresponding to any num- 
ber, or the number corresponding to any logarithm. 

In the tablo appended, the complete logarithm is given 
for all numbers from 1 up to 10,000. For other numbers, 
the mantissas alone are given ; the characteristic may be 
found by one of the rules of Art. 4. 

Before explaining the use of the table, it is to be s!iown 
that the mantissa of the iogaritlim of any number is not 
changed by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whiitever, and lo"" any 
pOTver of 10, p being any whole number, either positive 
or negative. Then, in accordance irith tlio principles of Arta, 
6 and 3, ive shall have, 

log (n X 10') = log n + log 10'' ^ p + log n ; 

but p is, by bypotheaa, a whole number : hence, the dect 
mal part of the log {n X 10*") is the same as that of log « ; 
wkio/t was to he proved. 

Hence, in finding tho mantissa of the logarithm of a num- 
ber, ive may regard the number as a decimal, and move the 
dedmal point to the right or left, at pleasure. Thus, the 
mantissa of the logarithm of 456S57, is the same as that of 
the number 4563.57 ; and the mantissa of the logarithm of 
£.00357, is the same as that of 2003.57. 
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HANKER OF USING- THE TABLE. 
1°. To find the logarithm of a number less than 100. 

10. Look on the first page, in the colunm headecT "N," 
ftir the given number ; the number opposite is the logarithm 
required. Thus, 

log 67 = 1.8260J5. 

2°. To find the logarithm of a number between 100 and 
10,000. 

11, Find the characteristic by the first ruio of Art. 4. 
To find the mantissa, look in the column headed "IT," 

fbr the first three figures of the number ; then pass along 
a horizontal line until yoti come to the column headed with 
the fourth figure of the number ; at this place will be found 
four figures of the mantissa, to which, two other figures, 
taken from the column headed " 0," are to he prefixed. If 
the figures found stand opposite a roiv of sis figures, in tlie 
column headed "0,"-tho first two of this row aro the ones 
to be prefixed ; if not, ascend the column till a row of six 
figures is found ; the fii-st two, of this row, are the ones to 
be prefixed. 

If; however, in passing back from the four figures, first 
found, any dots are passed, the two figures to be prefixed 
must be taken from the Ime immediately below. If the 
figures first found &11 at a place where dots occur, the dots 
must be replaced by O's, and the figures to be prefixed must 
be taken from the line below. Thus, 

Log 8979 = 3.953228 
Log 8098 = 3.491081 
Log 2188 = 3.340047 
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3°. To find the logaritJim of a number greater than 10,000. 

12. Find the characteristic by the first rule of Art, 4. 

To find the mantissa, place a decimal point after the fourth 
figure (Art, 9), thus converting the number into a mixed 
number. Find the mantissa of the entire part, by the me- 
thod laat given. Then tate from the column headed "D," 
the corresponding tabular difference, and multiply this by the 
decimal part and add the product to the mantissa just found. 
The result will be the required mantiasa. 

It is to be observed that ivhen the decimal part of the' 
product just spoken of ia equal to or exceeds .5, we add 
1 to the entire part, otherwise the decimal part is rejected. 



1. To find the logarithm of 672887. 

The characteristic is 5. Placing a decimal point after the 
fourth figure, the number becomes 0728.87. The mantissa 
of the logarithm of 6728 ia 827886, and the corresponding 
number in the column "D" is 65. Multiplying 65 by .87, 
we have 66,55 ; or, since the decimal pai-t exceeds ,5, 57, 
We add 57 to the mantiasa already found, giving 827943, 
and we finally have, 

log 672387 = 5.827943. 

The numbers in the column "D" are the differences be- 
tween the logarithms of two consecutive whole numbers, and 
are found by subtracting the number under the heading " 4 " 
from that under the heading "5." 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6729 is 827951, and 
theia- difference is 65 ; 87 hundredths of this difference ifl 
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57 : hence, the mantissa of the logarithm of &128.S1 is found 
by adding 57 to 827880. The principle employed is, that 
the differences of numbei's are proportional to the differences 
of their logarithms, Trhen these differences are small. 



4*. To find the logarithm of a decimal 

13. Find the characteiistlc by the second rule of Art. 1. 
To find the mantissa, drop the decimal point, thus reduc- 
ing the decimal to a whole number. Find the mantissa of 
the logarithm of this number, and it will be the mantissa 
required. Thus, 

log .0327 = 2.5U548 
log 8.8.024 ~ 2.577520 



S". To find iJte number co'i~respondinfj to a given logarithm,. 

14. The rnle is the reverse of the l jiiat gncn Look 
in the table for the mantissa ot tht en en bgaiithm If it 
cannot he found, talte out the next kss nnntlt.'^^, 'incl also 
the corresponding number, which °.i.t asilc Fml tie differ 
ence between the mantissa taken out and that of the given 
logarithm; annex as many s ts may be necessiij, and 
divide this result by the correspondmg number in the column 
"D." Annex tho quotient to the numbei "iet a^ilc, anl then 
point off, from tho left hand, a number of places of lignies 
equal to the charactorististic plis 1 tho lOault mil bi, tic 
number required. If the chain cteuatio is negative, tho lesult 
will be a pure decimal, and the nnmbei of O'a whicli im 
mediately follow tho decimal point will bo one less than the 
number of units in the characteristic. 
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EXAMPLES 



1. Let it te required to find the number corresponding 
to the logarithm 5.233568. 

Tlie next less mantissa in tlie tablo is 233504 ; tlie cor-' 
responding uumlicr ia 1112, and the tabular difference ia 
253. 

OPEEATION. 

Given mantissa, 233568 

Next less mantissa, • ■ ■ 233504 ■ ■ 1TI2 



253 ) 6400000 ( 25296 

.*. The required mumber ia 171225.296. 
The number con-cspondmg to the logarithm 2,233568 is 
.0171225. 

2, What is the number corresponding to the logarithm 
2.785407 ? Ans. .00101084. 

3. What is the number corresponding to the logarithm 
1.646741 ? Ans. .702653. 



MULTIPLICATION BY MEANS OF LOGARITHMS. 
15. From the priuciple proved in Art. 6, we deduce the 



Mnd the logarithms of ths factors, and talis their sum; 
then fnd the number corresponding to the rcstdting logarithm, 
and it will he tlie product required. 
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EXAMPLES. 


1, Midtiply 23.14 


by 6.062. 




OPEKATTON. 


log 23,14 ■ 


. . 1.364363 


log 5.062 . 


. ■ 0.704322 




2.068683 



117.1347, product. 



2. Find tho continued product of 3.902, 507.16, and 
0.0314728. 

OPEEATION. 



log S.902 ■ ■ ■ 0.591287 

log 597.16 . • ■ 2.77Q091 
log 0.03U728 ■ ■ ■ 2.497936 



1.S653I4 .-. 73.3354, product. 

Here, the 2 cancels the + 2, and the 1 carried from 
Ae decimal part is Bet doivii. 

3. Find the continued product of 3.586, 2.1046, 0.8372, 
and 0.0294. Ans. O.185V015. 



DIVISIOH" BY MEAMS OF LOGAF.ITnMS. 

16. From the principle proved in Art. 6, we have the 
following 

Find the logarithms of the dimdend and divisor, and 
tubtract the latter from tlie former / then find the numher 
eorrespondinff to the resulting logarithm, and it will be tJie 
quotient required. 
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1. Divide 24163 by 4567. 







OPERATION. 






log 24163 ■ 


■ ■ 4.383151 






log 4567 ■ 
Divide 0.7438 


■ . 3.659631 






0.723520 


■ . 5.29078, quotient. 


2. 


by 12.0170. 








OPERATION. 






log 0.7438 ■ 


■ . 1.871456 






log 12.9476 ■ 


. ■ 1.112189 






2.759267 . 


■, 0.057447, quotient. 



Here, 1 taken from 1, gives 3 for a, result. The 
rubtraction, as in this case, is always to be performed in the 
algebraic sense. 



3. Divide 37.149 by 523.76. 



Am. 0.0709274. 



The operation of division, particularly when combined -with 
that of multiplication, can often be simplified by using the 
principle of 

TIIE AKITHJIETICAL COMPLEMENT. 

17, The ARiTiiMKncAT. Compleuejtt of a logarithm is the 
result obtained by subtracting it from 10. Thus, 8.130456 
is tbe arithmetical complement of 1.869544. Tlie arithmetical 
complement of a logarithm may be written out by commenc- 
ing at the left hand and subtracting each figure from 9, 
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until the last eigntjicant figure is reached, which must ba 
taJcen from 10. The aritbmetical complement is denoted by 
the symbol (a. c). 

Let a and i represent any two logarithms ivhatever, 
and a — b tlieir difference. Since we may add 10 to, 
and subtract it from, a — b, without alteruig its value, we 
have, 

a ~ b = a + (10 - b) - 10. . . . { 10.) 

But, 10 — S is, by definition, tlio arithmetical complement 
of b : hence, Equation (10) shows that the difference be- 
tween two logarithms is equal to the first, plus the arith- 
tnetica! complement nf the second, mintia 10, 

Hence, to divide one number by another by means of 
(iie arithmetical complement, we have the followiDg 



Find the loffaritkm of the dividend, and the arithmeticcU 
complement of the logarithm of the divisor, add them toge- 
ther, and diminish the sum by 10 ; the number correspond- 
ing to the resulting logarithm tsill be the quotient required. 



1. Divide 327.5 by 22.07. 

OPERATION. 

log 32T.5 . ■ . 2.515211 
(a. c.) log 22.07 ■ - • 8.656198 



2. Divide 37.149 by 523.76. 



14.839, quotient. 



Ans. 0.0709273. 
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9. Multiply 358884 by 56V2, odA divide tlie product 
by 89721. 

OrEKATION, 

log 358884 ■ ■ ■ 5.564954 

log 5672 ■ ■ ■ 3.75373G 

(a. c.) log 89721 ■ • • 5.047106 



4.355796 .-. 22688, teBult. 



4. Solve the proportion. 






3976 : 


7952 : : 6903 

OPEKATION. 


: X. 




log 7952 ■ 


. . 3.900476 






log 5903 ■ 


. . 3.771073 






(a. c.)log 3970 ■ 


■ ■ 6.400554 


X = 






4.072103 .-. 


11806 



The operation of subtracting 10 is ^ways performed 
mentally. 



RAISING TO P0WEE3 BY MEAira OF LOOAKIXHSia. 

18. From the principle proved in Art. 7, we have the 
following 

snLE. 

Mnd the loffarithm of the number, and midtiply it by 
the exponent of the power ; then find the number correspond- 
ing to the reszcUinff logarithm, and it will be the power 
required. 
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EXAMPLES. 

1. Find tho 5th power of 9. 

OPERATION. 

log 9 • - - 0.954243 

4.vn215 .-. 59049, power. 
S. Find the 7th power of 8. Ans. 2097152. 

BXTEAOTIHG ROOTS BY MEANS OF LOGAEITHJIS. 

19. From the principle proved in Art. 8, we have the 
following 

EULE, 

Find the logarithm, of the number, and divide it by the 
ind^ of the root ; then find the member corresponding to 
the reauUing logarithm, and it wiU be the root required. 

EXAMPLES. 

1. Find the cnhe root of 4096. 

The logarithm of 4096 is 3.ei2360, and one-third of 
thia is 1.204120. The corresponding number is 16, which 
is the root sought. 

When the characteristic is negative and not divisible hy 
tiie index, add to it the smaUest negative number that will 
make it divisible, and then prefix the same number, with a 
plus sign, to the mantissa. 

2. Find the 4th root of .00000081. 

The logarithm of .00000081 ia 71908485, which is equal 
to 8 + 1.908485, and one-fourth of thia is 2.477121. 

The number corresponding to thia logarithm is ,03 : 
heoce, ,03 is the root required. 
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20 Plane Teigonometp.t is that branch of Mathematics 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three sides 
and three angles. When three of these parts are given, one 
being a ^de, the remaining parts may he found by compirt- 
ation. The operation of finding the 'unknown parts, is called 
the solution of the triangle. 



21. A plane angle is measured by the arc of a circle 
included between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius AJl be p/ 
equal to 1, the intercepted arc HC y^\^ 
will measure the angle A (B. III., P. ■ y '. 

xvn., s.). ^ 

Let ABGD represent a circle whose radius is equal to 
1, and AG, BJ), two diameters per- 
pendicular to each other. These dia- 
meters divide the circumference into 
four equal parts, called quadrants ; and 
because eaeh of the angles at the cen- 
tre is a I'ight angle, it follows that a 
right angle is measured by a quad- 
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raM. An acuU angle is measured by an ara less than a 
quadrant, and an oiluse angle, by an are greater than a 



22. In Geometry, the unit of angular measure is a righl 
angle ; sn in Trigonometry, the ^wimary unit is a tpiridrant-, 
vhicb is the measure of a right angle. 

For convenience, the quadrant is divided into 90 equal 
parts, each of which is called a degree ; each degree into 
60 equal parts, called minutes; and each minute into 60 
equal parts, called seconds. Degrees, minutes, and seconds, 
are denoted by the symbols °, ', ". Thus, the expression 
7° 22' 33", is read, 7 degrees, 22 minutes, and 83 seconds. 
Fractional parts of a second are expressed decimally, 

A quadrant contains 324,000 seconds, and an arc of 1" 
22' 33" contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the ^j^^^^tb part of a right angle. 
In like manner, any angle may be expressed in terms of a 
right angle. 



23. The complement of an arc i 
that arc and 90°. The eomjjlenient 
of an angle is the difference be- 
tween that angle and a riglit angle. 

Thus, EB is the complement of 
AE, and FB is the complenictit 
of AF. In like manner, FOB 
IB the complement of AOF, and 
FOB is the complement of AOF. 

la a right-angled triangle, the 
acitte angles are complements of each other 



■ the difference between 




24, The supplement of < 



is the difference between 
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ID 



that arc and 180°. The supplement of an angle is the dif- 
ference between that angle and two right angles. 

Thus, EC 13 the supplement of ^-E", and FG the 
supplement of AF. In like manner, FOG is the supplft- 
ment of A OF, and FO C the supplement of A OF. 

In any piano triangle, either angle is the supplement of 
the snni of the other two. 

25. Instead of employing the arcs themselves, we usually 
employ certain functio7is of the arcs, as explained Lclow, 
A function of a quantity is sometliing which depends upon 
that quantity for its value. 

The following functions are the only ones needed for solv- 



26. The sine of an arc is the distance of one extremity 
of the arc from the diameter, through the other extremity. 

Tims, PM ia the sine of 
AM, and P'M" is the sine of 
AM'. 

If AM is oqual to M'C, 
AM and AM' nill he supple- 
ments of each other ; and he- 
cause il/Jjf' is parallel to AC, 
PM will be equal to P'M' 
(B. I., P. XXni.) : hence, the 
gbie of an arc is equal to the 
vine of its sujililement. 
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27. The cosine of an arc is the sine of the complement 
of the arc. 

Tim?, NM is the co-inc of AM, and NM' is the 
cosine of AM'. These lines are respectively equal to OP 
and OF'. 
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It is eviiJent, from the equal triangles of the figure, that 
the cosine of an aro is equal to the cosine of its supph- 



28. The tangent of an arc is the perpendicular to the 
radius at one extremity of the arc, limited hy the prolon- 
gatiou of the diameter through the other extremity 

Thus, AT ia the tangent of 
the arc AM, and AT'" is 
the tangent of the arc AM'. 

If AM is equal to M'G, 
AM and AM' will be supple- 
ments of each other. Bat AM'" 
and AM' are also supplements 
of each other : hence, t!ie arc 
AM is equal to the arc AM'", 
Rnd the corresponding 'angles, 

AOM and AOM'", are also equal. The right-angled tri- 
angles AOT and AOT"', have a common base AO, and 
Uie angles at the base equal ; consequently, the remaining 
parts are respectively equal: hence, *AT ia equal to AT"'. 
But AT is the tangent of AM, mid AT'" is the tangent 
of AM' : hence, the tangent of an aro is equal to the ton- 
gent of its supplement. 

It is to be observed that no account is taken of the alge- 
bi-aic Mgna of the cosines and tangents, the numerical values 
alone being referred to. 




29. The eotang&nt of an arc is the tangent of its com- 
plement. 

Thus, BT' is the cotangent of the arc AM, awl JiT'- 
ifi the cotangent of tiie aro A3I'. 

The wne, cosine, tangent, and cotangent of an arc, a, 
are, for convenience, written sin a, cos a, tan a, and cot a. 
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31 



an arc have been defined on 
s of the arc is equal fo 1 
considered as functions of the angle 



tbis 



These functions of 
position that the radi 
case, they may also I 
which the arc measures. 

Thus, PM, NM, AT, and JiT', are respectively the 
sine, cosine, tangent, and cotangent of the angle A03r, aa 
well as of the arc AM. 



30, It is often convenient to use some other radius than 
1 ; in such case, the functions of the urc, to the radius J, 
may be reduced to corresponding functions, to tlie radius M. 

Let AOM represent any angle, 
AM an arc described from aa 
a centre with the radius 1, PM 
ita sine ; A'M' an arc described 
from as a centre, with any i-a- 
radius It, and P'M' its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have, 



OM : PM : : OM' : P''M', 



I : P3I :: It : P'l 



PM = 



M 



and, 



P'M' = PM X M ; 



and similarly for each of the other functions. 

That is, an^ function of an are lahoss radius is I, is 
equal to the corrc^pomllng function of an arc whose radius 
is P, divided by that radius. Also, any function of an 
arc whose radius is R, is equal to the correspondlnf/ fune- 
tion of an are whose radius is 1, multiplied by the- ra- 
dius P. 

By making these changes in any formula, the forjnuh will 
be rendered homogeneous. 
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TABLE or NATURAL SINES. 

31. A NATdK.iL Sine, Cosine, Tangent, ok Cotak 
is the sine, cosine, tangent, or cotangent of an are wliose 
radius Is ], 

A Table of Naiukai. Sines is a table by means of wliieh 
the uatuval sine, cosine, tangent, or cotangent of any are, 
may be fouucl. 

Sucb a table might bo nst'd for iill the purposes of tri- 
gonometrical oompntalion, but it is found more eoiivenieiit to 
employ a tabic of logarithmic sines, as explained in thn next 
article. 

TABLE OF LOGAKITilMIC SINES. 

32. A LoGAKiTnmo Sise, Cosike, Tasgent, or Cotajj- 
OEHT is the logarithm of the eine, cosine, tangent, or cotan- 
gent of an are whose radius is 10,000,000,000. 

A Taele of IiOGATtrrirsiic Sises is a, table from ivliicb tha 
iogarithmie sine, codne, tangent, or cotangent of any arc may 
be found. 

The logarithm of the tabular radius is 10. 

Any logarithmic function of au are may bo found by mul- 
tiplying the corresponding natural function by 10,000,000,000 
{Art. 30), and then taldng tho logarithm of the result ; or 
more simply, by talcing the logarithm of the corresponding 
natural function, and then adding 10 to the result (Art. 5). 

33. In the tabic appended, the logarithmic functions are 
given for every minvtc from 0° up to 90°. In addition, 
their rates of change for each second, arc given in the 
column headed " D." 

The method of computing the nnrabors in the column 
headed "D," will be anderstood from a single example. The 
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logaiithmic sines of 27° 34', and of 27° 35', aro, respect- 
ively, 9.665375 and 0.005017. The difEerenco between their 
mantissas is 242 ; this, divided by 60, the number of sec- 
onds in one minute, gives 4.03, whicli is the change iri tlie 
mantisisa for 1", between the limits 27° 34' and 27° 35'. 

For the sine and cosine, there are separate columns of 
differences, which are ivritten to the right of the respective 
columns ; but for the tangent and cotangent, there is but a 
flingle column of difforencei, which is written, between them. 
The logarithm of the tangent incren'«cs, just as fiist as that 
of the cotangent decreases, and the I'everse, their sum being 
always equal to 20, The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logai ithms must 
always be equal to twice the logarithm of the radius, or 20. 

The angle obtMiied by taking the degrees fiom the fop 
of the page, and the miuutes from any lino on the loft hand 
of tlie page, is the complement of that obtained by tatijig 
the degrees from the bottom of the page, and the minutes 
from the same line on the right hand of the page. But, 
by definition, the cosine and tiio cotangent of an arc ai'e, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, tlie columns designated 
sine and taiii;, at the top of the page, are desiguated cosine 
and cotang at tlio bottom. 

USE OF TIIR TABLE. 

To jind the loffarilhmio functions of an arc which is eX' 
pressed in degrees and mimites. 

34. If the arc is less than 45°, lOok for the degrees at 
the top of the page, and for the minutes in the left hand 
column ; then foUoiv the corresponding horizontal line till you 
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come to the eoliimn designated at the top hy sine, cosine, 
tang, or cotang, as the case may be ; the number there 
found is tlie Jogarithm roquii'cd. Thus, 



sin 19" 55' 
tan 19= 55' 



9.532312 
9.559097 



If the angle i« greater than 45°, look for the degrees at 
the bottom of tlic page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you conic to tJio column designated at the bot- 
tom by sine-, cosine, tang, or cotang, as the case may be ; 
the number there found is the logaritlim required. Thus, 



log COS 52° 18' 
log tan 52° 18' 



9.7S6416 



To find the logarithmic functions of an arc whicJi is &>>■ 
pressed in degrees, minutes, and seconds. 

33, Find the logarithm corresponding to the degrees and 
minutes as before ; tlion multiply the corresponding number 
taken from the coluoin headed "D," by tlie number of sec- 
onds, and add the product to the preceding result, for tho 
Bine or tangent, and subtract it therefrom for the cosine or 
cotangent. 

ESAMPLES. 

1. Find the logarithmic smo of 40° 26' 28". 

OPEU.iTION, 

log sin 40° 26' 9.811952 

Tabular difference 2.47 

No. of seconds 28 

Product ■ ■ • 6D.16 to be added ■ ■ 69 

log sm 40° 26' 28" 9.312021 
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The earae ruie is followed for decimal parts, as in Art. 12. 
2. Find the logarithmic cosine of 53° 40' 40". 



log coa 53" 40' 9.772C75 

Tahular difference 2,86 

No. of seconds 40 

Product ■ ■ - 114.40 to be snhtracted 114 

log cos 53=" 40' 40" 9.772561 

If the arc is greater than 90°, we find the required 
fijnction of its snpplement {Arts. 26 and 28). 

3. Find the logarithmic tangent of 118° 18' 25". 

OPEKATIOS, 

180° 

Given arc 118° 1 8' 25" 

Supplement 61° 41' 35" 

log tan 61° 41' 10.268556 

Tabular difference 5.04 
No. of seconds 35 

Product . ■ . 176.40 to be added ■ 176 

log tan 118° 18' 25" 10.268732 

4. Find the logarithmic sine of 33" 18' 35". 

Ans. 9.727945. 

5. Fmd the logarithmic cosine of 05° 18' 24". 



6. Find the logarithmic cotangent of 126" 23' 50". 
Ans. 10.13233 
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To find the arc correspondinf/ to any logarithmic function. 

36. Tiiis ia done by reversing the preceding i-iile : 
Look in the propei' cohimn of the table for the given ]og- 
aritlim ; if it is found there, the degrees are to bo taken 
from the top or bottom, and the minutes from the left or 
light hand column, as the case may be. If the given log- 
arithm is not found in the tabic, then find the next less 
logarithm, and take from the table the coiTCSponding degrees 
and iniinites, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the corresponding tabuiar difference. The quo- . 
tient will be seconds, which must be added to the degrees 
and minutes set aside, in the ease of a sine or tangent, and 
subtracted, in the case of a cosine or a cotangent. 



1. Find the 
) 9.422248. 



corresponding to the logarithmic 



Given logarithm ■ - ■ 9.422248 

Next less in table ■ ■ ■ 9.421857 ■ ■ . 15° 19' 

Tabular difference 7.G8 ) 301.00(51", to be added. 

Hence, the required arc is 15° 19' 51", 

2. Find the arc corresponding to the logarithmic 
line 9.427485. 

OPERiTlO^, 

Given logarithm ■ ■ . 9,427435 
Next less in table ■ ■ 0.427354 ... 74" 29'. 
Tabular difference 7.58 ) 131.00 { 17", to be Bubt. 

Hence, the requii'ed arc is 74° 28' 43". 
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3. Find the arc corresponding to tlic logantbmio 
Biae 9.8S0054. Ans. 49= 20' 50". 



4. Find tlio arc 
cotanu;cnt 10.008G88. 



responding to tlic lognrithmio 
Ans. 4i° 25' 37". 



5. Find tbe arc corresponding to the logarithmic 



cosme 0.944G99. 



Ans. 28"= 19' 45". 



SOLUTION OF ItlGHT-AWGLlCD TRIAKGLES. 

37. In what follows, we rLiIE designate the three angles 
of every triangle, by the capital letteis A, JJ, and C, A 
denoting the right angle , and the eides lying opposite the 
angles, by the corresponding small Icttera a, b, and c. 
Since the order in which these letteis iie placed may be 
changed, it follows that ivhateier is proved with the letters 
placed in any given order, will be cqinlly true when the 
letters are correspondingly placed in ^nJ other order. 

Let CAM represent iny tn mgle, 
right-angled at A. With (, ib a 
centre, and a radius C-Z>, equal to 1, 
describe the arc DG, and draw GF 
and HE perpendicular to CA : then 
will FG be the sine of the angle C, 
coane, and BF its tangent. 

Since the throe triangles CFG, CDF, 
similar (B. IV., P. XVIII.), we may 

G£ : CG : : AB : FG, or, a : 
CB : CQ :: CA : CF, or, a : 
CA : GO : : AS : J>F, or, 6 : 
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sin (7 • 




(1.)" 




sin (7 , 


a 


cos (7 ■ 




[2.) 




■ eosC 


b 


tanO ■ 




(3.) 




tnnO 



(5.) 
(6.) 



Translating these formulas into ordiaary language, we have 
the following 

PRINCIPLES. 

1. The perpendicular of any right-angled triangle is equot 
to the hypothenuse into the sine of tlie angle at the base. 

2. The base is equal to the hypothenuse into the cosine 
of the angle at the base. 

3. The perpendicular is equal to the base into the tan- 
gent of tJie angle at the base. 

4. The sine of the angle at the base is equal to the 
perpendiffular divided by tJie hypothenuse. 

5. The cosine of the angle at the base is equal to the 
base divided by the hypothenuse. 

6. The tangent of the angle at the base is equal to the 
perpendicular divided by the base. 

Either dde about the right angle may bo regarded as the 
baae ; in which case, the other is to be regarded as the 
perpendicular. We see, then, that the above principles are 
suiiicient" for the solution of every case of right-angled tri- 
angles. When the table of logarithmic sines is used, in the 
Kolution, Formulas { 1 ) to ( 6 ) must be made homoyencous, 
by substituting for wn C, cos C, and tan G, respectively, 
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sin 

— ^ ' ~ It ' """ ~Ii 

10,000,000,000, as explained in Art. 30. 

Making these changes, and reducing, we have, 

a sin C , ^ , . ., Jic , „ , 

c = — g— ... (7.) sin (7 = — ■ . . OO.) 

, « cos C , „ , „ Mb , , , , 

S = — „— . . . (8.) cosC = — ■ • (n.) 

(12.) 



In applying these fomiulaa, four cases may arise 

CASE I. 

Given the hypothemtse and one of tlie acute angles, to Jlnd 
the remaining parts. 

38. Tho other acute angle may be found Ly suhtracting 
the given one from SO" (Art. 23), 

The sides about tho right angle may 
ba found by Formulas^ ( 7 ) and ( 8 ), 

i; X A M r L E s . 

1. Given a — Y49, and = 41° 31' 10" ; required 
B, b, and c. 

OPEKATION. 

£ = 00° — 41° 03' 10" — 42" 5G' 50". 

Applying logarithms to Formula (7), remembering that the 
logarithm of Ji is equal to 10, we have. 




log c = log « + log sin O 
log a (749) .... 2.874482 

log sin C (47° 03' 10") ■ 9.864501 
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Applying logaritiims to Formula (8), we bave, 

log b — log a + log cos C — 10 ; 

log a (749) . . . ■ 2.874i81 

log cos C (47° 03' 10") ■ 9.833 354 

log 5 2.707835 .-. * = 510.31 

Ans. B = 42" 56' 50", b = 510.31, and c ^ 548.265 

2. Given a = 439, and ^ = 27° 38' 50", to find 
f7, b, and c. 

OPEEATION, 
(7 — 90° — 27° 38' 50" = 62° 21' 10" ; 



log a ■ (439) . ■ ■ 
log sin G {62° 21' 10") 



log a ■ (439) ■ ■ . 

log cos C (02= 21' 10") 

log 6 



2.642465 
9.947346 
2.589811- .-. c = 388.875 ; 

2.642465 
9.666543 
2.309008 .-. b ~ 203.708. 



Ans. = 62° 21' 10", h = 203.708, and c — 388.875- 

3. Given a - 125.7 yds., and B = 75° 12', to find 
llie other parts. 

Ans. G - 14° 48', b — 121.53 yds., and c = 32.11 yds. 

4. Given a ~ 325 ft., and C - 27° 34', to find tde 
other parts. 

Ans. B ^ 62° 26', c - 150.4 ft., and b ^ 288.1 ft. 
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Given one of the sides about the right angle and one t^ 
the acute angles, to Jind the remaining parts. 

39. The other acute angle may be found by subtracting 
the given one from 90°. 

The liypothenuae may be found by Formula ( 7 ), and 
the unknown side about the right angle, by Foiinula (8). 

EXAMPLES. 

1. Given c = 56.293, and G = 64° 27' 39", to find jB, 
a, and li. 

OPERATION. 

B = S0° — 54" 27' 39" = 35" 32' 21". 

Applying logarithms to Formula (7), we have, 

log c = log a + log sill t? — 10 ; whence, 

log a = log c + 10 — log sin C = log c + (a. c.) log Bin Cj 

log c (56.203) • ■ • 1.750454 

(a. c) log sin C (54= 27' 39") ■ 0.QS9 527 

log « 1.839981 ,-. « = 69.18. 

Applying logarithms to Formula (8), we have, 

log S = log a + log cos C — 10 ; 

log a (69.18) ■ ■ • ■ 1.839981 

log cos C (54° 27' 39") ■ ■ 9.764370 

log 5 1.604351 .-. b = 40.2114. 

.:1ns. jB = 35" 32' 21", a = 69.18, and ft = 40.2114. 
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2. Gman C = 358, and B = 28° 4T', to 1 
and b. 



C = 90° - 28° 47' = 61° 13'. 

We have, as before, 

log a = log c + {a. c.) log sin C, 

and, log b = log a + log cos (7 — 10 ; 

log c (358) • ■ ■ 2.553883 

{a. c.) log sin C (61° 13') ■ ■ 0.057 274 

log a 2.611157 .-. a = iOB.U 



log a (313.776) ■ ■ 2.611157 

log cos (61° 13') • ■ 9.6S2595 

log & 2.293V52 .-. b = 196.676. 

Ans. G = 61° 13', a = 403.466, and b = 196.676. 

3. Givm b = 162.67 yds., and C = 50° 18' 82", to 
find the other parts. 

Am. S = 39° 41' 28", c = 183.95, and a = 239.05. 

4. Given c = S79.628, and C = 39° 26' 16", to find 
jP, a, and b. 

Ans. B = 50° 33' 44", a = 597.613, and 5 = 461.65. 



CASE m. 

64we» the two sides about the right angle, to find the re- 
maining porta. 
40. The angle at the base may be found by Formula 
(12), and the solution may be completed as in Case II. 
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EXAMPLES. 

1. Given 5 =: 26, and c = 15, to find C, B, and a. 



Applying logarithms to Formula (12), we bave, 

log tan C = log c + 10 — log J = log c + {a. c.) log h ; 

log c (15) .... 1,176001 
(a. c.) log b (26) ■ . . . 8.585027 

log tan C ... 9.7 61118 .-. - 29° 58' 54" ; 

B = W - = 60= 01' 06". 

As in Case II., log a = log c + (a. c.) log sin C ; 

■log o ■■ . (15) . ■ 1.170091 
(if. e.) log sin G (29° 58' 54") 0.301271 

log a 1.477862 .-. a = 30.017. 

Ans. G ^ 29° 58' 54", B = 60° 01' 06", and a = 30.017. 

2. Given b = 10S2 yds., and c = 347.21 yds., to find 
B, G, and a. 

B = 71° 44' 05", G = 18° 15' 55", and a = 1108.05 yds, 

3. Given b = 122.416, and c = 118.297, to find B, 
G, and a. 

B = 45° 58' 50", G = 44° I' 10", and a = 170,235, 

4. Given 5 = 103, and c = 101, to find B, C, 
and a. 

B = 45° 33' 42", = 44° 26' 18", and a = 144.266. 
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Given the hypothenuse and either side about the right an^/le, 
to find the remaining parts. 

41. The angle at tlie base may be found by one of 
Formulas (10) and (11), and tfia remaining side may then 
i>o found by one of Formulas (7) and (8). 

EXAMPLES. 

1. Given a = 2391.76, and b = 385.7, to find J5, 
C, and c. 

OPEKAH0N. 

Appljing logarithms to Formula (11), we have, 

log cos G — log 6 + 10 — log a ~ log b + (a, o.) log a ; 

log b (385.7) ■ . ■ 2.586250 
(a. C.) log a (2391.76) ■ • 6.621233 

log cos C ■ - ■ 9.207532 .-. (7= 80° 43' II"; 

.B = 90° — 80' 43' 11" = 9° 16' 49". 

From Formula (7), we have, 

log c = log a + log sin C — 10 ; 

log a (2391.76) ■ 3.378718 

log sin (80° 43' 11") 9.994273 

log c 3.372996 .'. o = 2360.4B. 

Arts. J3 = 9" 16' 49", G ~ 80° 43' 11", and e = 2360.45. 
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2. Given a ~ 127.174 yds., and c = 125," yds., to 
find B, C, and b. 

OPERATION. 

From Formula (10), ive have, 

log sm C = log c + 10 ~ log a = log c + (a. c.) log a ; 

log C (125.7) - ■ . 2.099335 
(a. G.) log a (127.174) . . 7.895G02 

log Bia c- ■ ■ ■ 9.994037 .'. = 81° 10' 6" ; 

.B = 60° - 81° 16' 6" = 8° 43' 54". 

From Formula ( 8 ), we have, 

log 6 ^ log a + log COS C — 10 ; 

log a (127.174) ■ 2.104398 

log cosC (81° IG' 6") . 9.18 1292 

log d 1.285690 .■. 5 - 19.3. 

Ans. B = 8° 43' 54", = 81° 16' 6", and b ~ 19.3 yda. 

3. Given a = 100, and b = 60, to find Ji, C, and r". 
Ans. B = 36° 52' 11", C = 53° 7' 49", and c = 80. 



4. Given a ~ 19.209, and c = 16, to liiid 7?, C, 
Ans. B = 38° 39' SO", G = 51° £0' 30", b ^ 12. 
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SOLUTION OF OBLIQUE-ANGLED TEIANGLES. 

42, In the solution of oblique-angled triangles, four caaea 
may arise. "Wc shall discuss these cases in order. 

CASE 1. 

Given one side- and two angles, to determine the remaining 
parts. 

43. Let .AB C represent any C 
oblique-angled triangle. From the 
vertex C, draw CD perpendicular y< 
to the base, forming two right- ,/ 

angled triangles ACD and BCD. £ 

Assume the notation of tho figure. 

From Formula (0), we have, 



(.11) --= & -An A, and 
Kquati.ig tht.A; two val'ics, wc hav* 



CD 



B sin i? : 



I sin D ; 



whence (B. II., P. IL), 



sin^ : 



i-B. 



(13.) 



Since a and b are any two sides, and A and iB the . 
angles lying opposite to them, we liave the following piinci- 
pie: 

The sides of a plane triangle are proportlonai to the 
nnes of the opposite angles. 

It is to be observed that Formula (13) is true for any 
value of the radius. Hence, to Bolve a triangle, when a side 
and two angles are given : 
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First fiod the thircl angle, by subtracting the sum of the 
given aoglea from 180" ; then find eacii of the required sidaa 
by means of the principle just demonstrated. 



1. Given B = 68° Ol\ e = 22° 37', and a = 4 
find A, h, and e, 



JB 58° 07' 

C 22° 3f' 

A . . . 180° — 80° 44' = 99" 16'. 

To find b, write the proportion, 

KE j4 : sin ^ : : a : 5 ; 

that is, the sine of the angle opposite the given side, is to 
the sine of the angle opposite the required side, as the given 
aide is to the required side. 

Applying logarithma, and reducing, we have, 

log b = log a + log sin .B + (a. c) log sin ji — 10 ; 

log « ■ ■ (408) ■ ■ . ■ 2.610660 

log sin B (58° 07') ■ ■ • 9.92a9'72 

(a. c.) log Bin A (99° 16') ■ • ■ 0.005705 

log 5 2.545337 .-. 5 = 351.024. 

In Jiice manner, 

log c = log a + log sin G + (a. c.) log sin A — 10 ; 

#log a ■ ■ (408) ■ ■ ■ 2.610660 

log Bin C (22° 37') • • ■ 9.584968 

(a. c.) log sin .4 (09° 16') • ■ ■ 0.005705 

log c 2.201333 .-. c = 158.976. 

Am. A = 99° 16', 5 — 351.024, and c = 158.976. 
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2. Given A = 38° 25', B :^ 51" 42', and c = 4CM>, 
to find C, a, and d. 

Ans. G = 83° 53', a — 249.974, b = 340.04. 

3. Given A ~ 15° 19' 51", (7 = 1%° 44' 05", and 
« = 250,4 yds, to find -B, a, and b. 

Ans. B = 91° 56' 04", a = C9.332 yds., b ^ 2G2.0G6 yds. 

4. Given B = 51° 15' 35", C = 37° 21' 25", and 
a = 305.236 ft., to find A, b, and c. 

Am. A = 91= 23', b ~ 238.1978 ft., e = 185.3 ft. 



Given two sides and an angle opposite one of them, to find 
the remaining parts. 

44. The solution, in tbis case, is commenced by finding 
a second angle by means of Foi-mula (13), after which we 
may proceed as in Case I. ; or, the solution may bo com- 
pleted by a continued application of Formula (13), 



1. Given A = 22=37', b = 216, and « = 117, to 
find _B, C, and o. 

From Formula (13), we have, 

a : b : : em A : sin B ; 

that is, the si^e opposite the given angle, is to the side op- 
posite the required angle, <ts the sine of the given angle is 
to tlie sine of the required angle. 



Hosted by Google 



PLANE TRIGONOMETRY. 



Whence, by the application of logarithms, 



log sin Ji = log b + ] 

log 5 ■ ■ (216) ■ 

log sin A {22° 3T') ■ 

(a. c.) log « ■ . (117) • 

log sin ^ . . . 



sin ^ + (a. c.) log a — 10 ; 

2.334454 
9.584968 
r.931S14 

9.851236 .-.B^ 45° 13' 55", 
and B' = 134" 4(i' 05". 



Hence, we find two values of Ji, which are supplements of 
each other, because the sine of any angle is equal to tlie 
sine of its supplement. Tliis would seem to indicate that 
the problem admits of two solutions. It now remains to 
determine under what conditions there will bo two solutions, 
one sohition, or no solution. 

There may be two eases : the given angle may be aeiite, 
or it may be obtuse. 

First Case. Let ABC re- 
present the triangle, in which the 
angle A, and the ddes a and 
b are given. From C let fall 
a perpendicular upon AB, pro- 
longed if necessary, and denote its length by p. We shall 
have, from Formula ( 1 ), Art. 31, 

p T^ b mi A ; 

from which the value of p may be computed. 

If a is intermediate in value between p and b, there 
will be two solutions. For, if with O as a. centre, and a 
as a radius, an arc bo described, it will cnt the line AB 
in two points, B and _E', each of which being joined with 
C, will give a triangle which will conform to the conditions 
-of the problem. 
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AB'G and 



ase, the angles B' and B^ of the two triangles 
ABC, will be supplements of each other. 



If 



solution. 



there ^ 



in bo but 
For, in this case, 
arc will be tangent to AB, 
two pomts B and B' will 
.11 be I 




unite, and there 
In this case, 



the ! 



; a single triangle formed. 
AJiO will be equal to 90°. 



If « is greater than both p 
and h, there will also be but one 
solution. For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of tlie problem. 

In this case, the angle ABC will 1 
consequently acute. 

If a < p, there will bo no 
solution. For, the arc can neither 
cut AB, nor be tangent to it. 




less than A, and 



'.sn. When the given an; 
angle ABC will be acute ; the 
side a will be greater than 5, 
and there will be but one solit- 



Tn the es.imple under considera- 
tion, there are two solutions, the 

first corresponding to ^ — 45° 13' 56", arid the secorsd to 
B' = \3i° 46' 05". 
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In the fii'st case, we have, 

A 230 37' 

£ 45= 13' 55" 

180° — Ql" 50' 55" — 112° 09' 05". 

As in Case I, we have, 

log c = log b + log sin C + (a. c.) log em H — 10 ; 

log 6 . ■ (216) . . • 2.334454 

log sin (7 (112° 09' 05") ■ 9.966700 

(a. c.) log sin Ji ( 45° 13' 55") ■ 0. 148764 

log c 2.449018 .-. c = 281.785. 

Arts. S = 45= 13' 55", C = 112° 09' 05", and c =: 281.785. 

In the second case, we have, 

A 22° 37' 

£' 134= 46' 05" 

G 180° - 157° 23' 05 '_ ' =; 22° D8' 55" ; 

and as before, 

log 6 . . (216) . ■ ■ 2.334454 

log sin G {22° 36' 55") ■ 9.534943 

(a. c.) log sin £ (134° 46' 05") - 0.148764 

logo 2.0C8161 .-. c r^ 116.993. 

Arts. B' = 134° 46' 05", = 22° S6' 55", and c = 116.993. 

2. Given A ~ 32°, a = 40, and b = 50, to find 
£, G, and c. 



Ans. 



(B = 41° 28' 59", G = 100° 31' 01", C = 72.368. 
\^ = 138° 31' 01", G ■= 9° 28' 59", C = 12.436. 
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8. Given A — 18' 51' 13", a — 2T.465 yds., and 
- 13.180 yds." to find B, C, and c. 

4ns. It - B° 56' 05", ^ 152" 11' 42", c =: 39.611 yds. 
170.21 ft., and 
C = 57° 44' 34", c = 149.014 ft. 



4. Given A =. 32° 15' 26", b 
= 94.047 ft., to find Ji, 0, and 



CASE III. 

(jfiven two ndes and their included angle, to find the f 
maining parts. 

45. Let ABG represent any E 

plane triangle, AB and AC any /\ ""■-., < 

two sides, and A tlieir Included 
angle. With j4 as a centre, 
and AC, the shorter of the two 
sides, as a radius, describe a semi- 
circle meeting AM in J, and the proloi 
in E. Draw CI and EC, and throTigh 
parallel to EC. 

Because ECI is an angle inseribed in a semicircle, it is 
a right angle (B. III.. P. XVIII., C. 2) ; and consequently, 
both GE and IH .ire perpendicular to CI. The angle 
EAO being external to the triangle ABC, is equal to the 
sum of the opposite interior angles, that is, equal to 
plus B ; the angle EA C being also external to the isos- 
celes triangle AIC, it is equal to twice the angle AIC : 
hence, twice the angle AIG is equal to C plus B, or, 



;ation oi AB 
I draw III 



AIG : 



HG +.; 



.yC(>OgIC 
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The angle ICB is equal to AIC diminislicd by the angle 
ISC (B. I., P. XXV., C. 6) ; that is, 

ICU = i{G + Jl)-B = i{0 ~B). 

From the two right-angled triangles ICE and liJIT, we 
liave (Formula S, Art. 37), 

EO = IG tan ^(C + -B), and lU ^ IG tan \{G - B); 

hence, from the preceding equations, we have, after omitting 
tho eqnal factor IG (B. II., P. VII.), 

EG : IH :: tan ^(C + i?) : tan|(C-J3). 

Tlie triangles EGB and IHB teing sirailar, their homo- 
logona sides are proportional ; and Isecause EB is equal to 
AB ■{■ AG, and IB to AB - AG, wc shall Lave the 
proportion, 

EG : IH :: AB + AO : AB - AC. 

Comhining the preceding proportions, and substituting for 
AB and AC their representatives c and b, we have, 

c + b : c^h :: lim\{G-\-B) : t3.n ^{C~B). . ( U.) 

Hence, we have the following principle : 

In any plane triangle, the sum of the sides including 
either ungle, is to their difference, as the tangent of half 
the stem of the two other angles, is to the tangent of half 
their difference. 

The half sum of the angles may be found by subtracting 
the given angle from 180°, and dividing tiie remainder by 2 ; 
the half difference may be found by means of tlie piincipie 
juBt demonstrated. Knowing . the lialf sum and tho half 
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difference, the greater angle is found by adding the half 
difference to the half sum, and the less angle is found by 
subtracting the half difference from the half sum. Then the 
solution is completed as in Case I. 



EXAMPLES. 

1. Given c = 640, h = 450, and A = 80% to find 
j5, C, and a. 

OFEKATION, 

c + & = 990 ; c - & = 00 ; \{G^B) = -^(180° ~ 80°) = 50°. 

Applying logarithms to Formula (14), ive have, 

log Bin I ((7 -5) = !og(c — 6) + log tan ^(t; + _B) + 
(a. c.)log (e + J) — 10 ; 

log {c~h) ■ ■ (90) 1.954243 

log tani(C + J5) '(50") 10.076187 

(a. c.) log (c -f 5) ■ ■ (990) 7.004365 

log tan i((7-.B) S.034795 .-. ^{C-5) = 6° 11'; 

C = 50' + 6° 11' = 66° 11' ; -B = 60' — 6° 11' = 43° 46', 

From Formula (13), we have, 

log o = log c + log sin A + (a. c.) log sin C — 10 ; 

log C ■ ■ (540) ■ ■ 2.732394 
log Bin A (80°) ■ 
(a.c.)log sin C (56" 11') 



Ans. B = 43° 



2.806237 -■. = 640.082. 
= 50° 11', a = 640.082. 
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2. Given c - 1686 yds., b ~ 960 yds., mid A = 138" O-l', 
to find B, 0, iind a. 

Ana. B ^zz 18° 21' 21", 6' =: S3» 34' 39", a zz 2100 yds. 

3. Given a = 18.739 yds., b = r.64!2 yds., n..l 
r; = 45= 18' 28", to find A, ]i, and c. 

Ans. A - 112° 34' 13", Ji = 11" OT' 19", c z^ 14.426 yds. 

4. Given a = 404.7 yds, b = 28i).3 yds., :ind 
C' = 87" 03' 48", to find A, 7;, :v.id r. 

Ans. A ~ 00° 13' 39", B = 32' 42' 33", c — 534.66 yds, 

5. Given a = 16.9584 ft., b ^ 11.9613 ft., and 
C = 60° 43' 30", to find A, B, iind c. 

Ans. A ^ 7«^ 04' 10", B - 43° 12' 14", c = 15.22 ft. 



0. Given rt =. 3754, J ::^ 3277.628, and (7 ^ 57° 53' 17", 
to titid A, B, and c. 

Ans. A ~ 68° 02' .25", B = 54° 04' 18", c = 3428.512. 

CASE IV. 

Given the three sides of a triangle, to find the remaining 
parts." 



46. Let ABO represent any 
plane triangle, of which BC is 
the longest side. Draw AJD per- 
pendiculaj' to the base, dividing it 
into two segments JID and ^'JJ. (j 




* The angles may be found by Fonnulii {■^) or O), Lei 
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Fi'om tiic i-iglit-angled triangles BAD and GAD, vt 

AD'' =^ A~J? - SD^, and AI? = AC''' ~ D(f- ; 

Efjiiuting these values of AD , wo have, 

Ali" ~ mf = AG" - DG^ ; 

whence, Ity transposition, 

ATf - Ali"- = DG"" - DD\ 

Factoring each member, we have, 

{AG + AB) {AG-AB) = (DC + BD) (DG - BD). 

Converting this equation into a proportion (B. II., P. II.), 
we have, 
DG + BD : AG + AB :: AG - AB : DO - BD ; 

or, denoting the 3eg;ment9 Tjy s and s', and the siilis 
of the triangle by a, b, and c, 

s + b' : b + c :: b~c : a - «' ; (13.) 

that 58, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle pei-pendicular to the base, divid- 
ing it into two segments ; then. 

The sum of the two segments, or the lehole base, ie to 
the sum of the two other sides, as the difference of these 
iiles is to the difference of the segments. 

The half difference added to the half sum, gives the 
greater, and the half difference subtracted from the half sum 
gives the less segment. We shall then have two i-ig!it- 
angled triangles, in each of which we know the hypothennse 
and the base ; hence, the angles of these triangles niny bu 
found, and consequently, those of the given triangle. 
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1. Given a = 40, b ~ 34, and « = 25, to find A, 
B, and C. 

OPEKATIOrf, 

Applying logailtbms to Formula (15), we have, 

log (5-*') =log{J + c) + log(*-c) + (a.c01og(s + s')-IO; 

log (& + c) ■ (50) - . 1,770852 

log (5 — c) ■ (9) ■ ■ 0.954243 

(a. c.) log (s + s') . (40) ■ " ■ 8.397940 

log (s - a') ■ ■ ■ . 1.123035 .'. s - s' = 13.275. 

s = ^(s + b') + ^(s-y) - 26.6375 
&' = ^.(e + s') - |(s ~ «') = 13.3626 
■From Foi'mula (11), we find, 
log coa C = log s + (a. c.) log h .-. <7 = 38° 25' 20", and 
log cos B = log s' + (a. c.) log e .-.2= 51° 41' 25" 
96" 06' 45" 



A = 180" ~ QQ° 06' 45" = 83° 53' 15". 

2. Given a = 6, b = 5, and c = 4, to find A, 
B, and 0. 

Ans. .^ = 82° 49' 09", ^ = 55° 46' 16", C = 41° 24' 35". 

3. Given a — 71.2 yds,, 5 = 64.8 yds., and c — 87.4 
yds., to find A, B, and C. 

Am. A = 83° 44' 32", B = 64° 46' 56", C = 31° 28' 30". 
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1. Knowing the distance AJi^ 
equal to 600 yards, and the angles 
BAC = 57= 35', . ABG = 64" 51', 
find the two distances A G and 
BO. 

Ans. AC ^ 643.49 yds., BC ^ COO.II yds. 

2. At what horizontal distance from a column, 200 feet 
high, will it subtend an angle of 31= 17' 12" ? 

Ans. 329.114 ft. 



3, Required the height 
of a hill J) above a hor- 
izontal piano AB, the dis- 
tance between A and B 
being equal to 975 yards, 
and the angles of elevation at ji and B being respect- 
ively 15° 36' and 27=' 29'. Ans. DC = 587.61 yds. 




4. The distances AG and BG 
found by measurement to be, res- 
8 feet and 672 feet, and 
their included angle 55° 40'. Requir- 
ed the distance AB. 

Ans. 592.967 ft. 



5. Being on a horizontal plane, and wantmg to aseei-tain 
the height of a tower, standing, on the top of an maccessible 
hill, there were measured, the angle of elevation of the top 
of the hill 40°, and of the top of the tower 51° ; then 
measuring in a direct line 180 feet farther from the hill, the 
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angle of elevation of the top of the tower was 33" 45' 
required the height of the tower. Ans. 83.998 ft. 



6. Wanting to know the horizontal distance between two 
inaccessible objects Jf! and W, the 
following measurements were made : . 



IAli = 536 yan 

JiAW = 40" 16' 

WAJi; = 51° 40' 

AJIB ^ 42= 22' 

£JB W ^ n° 07'. 

Required the distanee EW. 



-%r 



Ans. 939.634 yds. 




7. Wanting to know the 
liorizoDtal distance between 
two inaccessible objects A 
and Ji, and jiot finding any 
station from wbich both of 
them conld be seen, two 
points G and 2>, were chosen 
at a distance from each other 

equal to 200 yai-ds ; from tlie former of these points, A 
could be seen, and from the latter, B ; and at each of the 
points C and TJ, a staft' was set up. From C, a dia- 
lance CF was measured, not in the direction DC, equal 
to 200 yards, and from J}, a distance BE, equal to 200 
yards, and the foUoiving angles taken ; 

AFG = 83" CO', BBE =r. 54° 30', ACB — 53'^ 30', 

BBC = 156° 25', ACE = 54= 31', BEB ^ 68° 30'. 



, Required the distance A B. 



345.467 yds. 
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8, The distances AB, AG, and 
BC^ between the points A, B, and 
C, are known ; viz. : AB — BOO yds., 
AC =eQQ yds., and BO = 400 yds. 
From a fourth point B, the angles 
APO and BPO are measured ; 
viz. : ABC = 33° 45', 

and BBC = 23° 30'. 

Sequired the distances AB, BP, and OP. 

AP = 710.193 yds. 

BP = 934.291 yds. 

CP ^ 1042.522 yds. 

This problem is used in locating the position of buoys in 
maritime surveying, as follows. Three points A, B, and 
0, on sliore are known in position. Ti>c surveyor stationed 
at a buoy P, measures the angles APO and BPO. The 
distances AP, BP, and OB, are then found as follows : 

Suppose the circumference of a circle to be described 
through the points A, B, and P. Draw CP, cutting 
the circumference in B, and draw the lines BB and BA. 

The angles GBB and BAB, being inscribed in the 
same segment, are equal (B. HI., P. XVIII., C. l) ; for a 
like reason, the angles OBA and BBA are equal : hence, 
in tho triangle ABB^ we know two angles and one side ; 
we may, therefore, find the side BB. In the ti-iangle AOB, 
we know tho three sides, and we may compute the angle B. 
Subtracting from this the angle B'BA, we have the angle 
BB C. Now, in the triangle BB C, we have two sides 
and their included angle, and wo can find the angle DOB. 
Finally, in the triangle CPB, we have two angles nud one 
Mde, from which data wo can find CP and BB. In like 
manner, we can find AP. 
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47. AifALYiiCAL TKiaoNOMBTRT ia that branch of Mathe. 
matics wLich treata of the general properties and relations 
of trigonometrical functions. 

DEFINITIONS AND GENEEAL PRINCIPLES. 




48 Let ABGB repieient a cir 
rie nhose radin^ is 1, and eupjose 
its ciiouniference to be dm led into 
fou! equal part«, Ijy the diameteia 
AC and MD, diawn peij endiculir to 
cifh othur The hoiizontal dnmetei 
yl( , IS cilled the tmtirU diameter , 
the \ertical diameter JID, is callel 

the secondare/ diameter , the pcint A, from which arcs are 
uiuilly reckoned, is called the ortjin of arcs, and the point 
B 90° dibttnt, 19 cilled the setjn'fajy origin. Arcs esti- 
jiattd fiom A, around tow aids S that is in a direction 
contiiiy tJ that oE the motion of the hands of a watch, an' 
considered pontile , conBequently, those reckoned in a con- 
trary direction must be regarded as negatihe. 

The arc AB, is called fh^ Jirst quadrant; the arc BC, 
the second qtiudtunl , the aic CD, the third quadrant; 
and the arc CA, the fourth quadrant. The point at which 
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an area terminates, is called its extremity^ and an arc is said 
to be in that quadrant in which its extremity ia situated. 
Thus, the arc AM ia in the first 
•quadrant, the arc AM' in the sea- 
end, the arc AM" in the third, 
and the arc AM'" in the fourth. 




49, Tlio complement of an arc 
has been defined to be the difl'er- 
ence between that arc and 90° (Art. 
23) ; geometrically considered, the 

complement of an arc is the aro included between the extremity 
of the arc and the secondary origin. Thns, MB is tht 
complement of AM;' M'B, the complement of AM'; 
M" B, the complement of AM", and so on. When the 
;iro is greater than a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

The supplement of an arc has been defined to be the 
difi'erence between that arc and 180° (Art, 24) ; geometrically 
eutiaidered, it is tM arc included between the extremity of 
Oie arc and the left hand ^tremity of the initial diameter. 
Thus, MO is the supplement of AM, and M"0 the sup- 
plement of AM". The supplement is negative, when the 
arc ia greater than two quadrants. 



50. The sine of an are is 
the distance from t/te initial 
diameter to the ext/remity of tJte 
eire. Thus, PM is the sine 
of AM, and P"M" is the 
Bine of the arc AM". The 
term distance, is used in the 
sense of shortest or perpendicu- 
lar distance. 
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51. T/ie cosine of an ara is the distance from the see- 
ondary diameter to the extremity of the are : thus, NM- 
ia the cosine of AM, and K3{' is tlio cosine of AM'. 

The cosine may be measured on tlie initial diameter : 
thus, OP is equal to the cosine of AM, and OP' to the 
cosine of AM'. 

52. The versed-sina of an are is the distance from the 
sine to the origin of arcs : thaf, PA is the versed-sine of 
AM, and P'A is the versed-^ine of AM'. 

53. The co-versed-sine of an arc is the distance from 
the cosine to the secondary origin : thus, JVS is the co- 
vevsed-sine of AM, and Ii"Ji is the co -versed-sine of AM". 

54. The tangent of an arc is that part of a i>erj>en- 
dicular to the initial diameter, at the origin of arc^, ii^- 
duded between the origin and the prolongation of the diam- 
eter through the extremity of the arc : thus, AT is the 
tangent of AM, or of AM", and AT" is the tangent 
of AM', or of AM'". 

55. The cotangent of an arc is that part of a perpen- 
dicular to the secondary diameter, at the secondary origin, 
included between t/ie secondare/ origin and (he prolongation 
of the diameter through the extremity of the arc : thus, 
_B2" is the cotangent of AM, or of AM", aud £T" 
is the cotangent of AM', or of AM'". 

56. The secant of an are is the distance from the cen- 
tre of the arc to t/ie extremity of the tangent : thus, OT 
is the secant of AM, or of AM", and OT'" is the so- 
cant of AM', or of AM"'. 

57. The cosecant of an arc is the distance from the 
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centre of the arc to tJte extremity of the cotangent : thug, 
OT' is the cosecant of AM, or of AM", and OT" k 
tha cosecant of AM', or of A3f"'. 

The term co, in combination, is equivalent to complement 
of; thus, the cosine of an arc is the same as the sine of 
the complement of that arc, the cotangent is the same as 
the tangent of the complement, and so on. 

The eight trigonometrical functions above defined are also 
called circular functions. 



DKTEEMISING 



Hr: ALGEBKAIC STONS 
UXCTIOHS. 



58. AH distances estimated upwards are regarded as pos- 
itive ; consequently, all distances estimated dowmoards must 
he considered negative. 

Thus, AT, PM, NB, F'M', 
are positive, and AT'", P"'M"', 
P"M", &c., are negative. 

AU distances estimated towards 
the right are 
consequently, all 

ed towards the left must be con- -^ 

sidered negative. 

Thus, IIM, BT', PA, &c., 
are positive, and JSf'M', BT", &c., are negative. 

All distances estimated from the centre in a direalion (o- 
towards the extremity of the arc are regarded as positive ; 
consequently, dU distances estimated in a direction from the 
second extremity of the are must he considered negative. 

Thus, OT, regarded as the secant of AM, is estimated 
in a direction towards M, and is positive ; bat OT, re- 
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giirded aa the secant of AM", is estimated in a direction 
from M", and is negative. 

These conventional rules, enable na at onco to give the 
proper sign to any fiinction of an arc in any quadrant. 

59. In accordance with tlie above rules, and the defini- 
tiona of the circular functioiis, we have the following princi- 
pled: 

The sine is positive in the first and second quadrants, 
and negative in the third and fourth. 

The cosine is positive in the first and fourth quadrants, 
and negative in the second and third. 

The versed-sine and the co-versed-sine are always positive. 

The tang&nt and cotangent are positive in the first and 
third quadrants, and negative in the second and fourth. 

The secant is positive in the first and fourth quadrants, 
and negative in tlie second and third. 

The coseeant is positive in the first and second quadrants, 
and negative in the third and fourth. 



T,IMIT1NG VALUES OF TilE CIECULAE FUNCi'IOSB. 

60 Ihi. Jimitins ■vihus ot the i.nt.ul'ii functuns iic tl o e 
values which thej hiie at tho beginning and eni ot tlio 
different quadrants Then numerical vilnes aie diseo^cicd 
by following them as the aic incicoses Jioni 0° around to 
360°, and so on around through 450°, 540*', ite Tl e si<.ns 
of these %alaea iie deteimined by the piinuplc, that the vfn 
of a varying magnitude up to the limit is th si pi at the 
lunit Foi illiistiatun let us ex muin. the liuiili y \aliies of 
tlie sine and tangent. 
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If we suppose tlio arc to be 0, the sine will te ; as 
tbe are increases, tlie siiie increases until the arc becomes 
equal to 90°, when the sine becomes equal to +1, which is 
its greatest possible value ; as the are increases from 90°, 
the Mue goes on diminishing until the arc becomes equal to 
180°, when the sine becomes equal to +0; as the arc 
increases from 180°, the rfne b^omes negative, and goes on 
increasmg numerically, but decreasing algebraically, until the 
arc becomes equal to 270°, when the sine becomes eqital to 
~ I, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numerically, but in- 
creasing algebraically, until the arc becomes 360°, when the 
sine becomes equal to — 0. It is — 0, for this value of 
the arc, in accordance with the principle of Kniits. 

The tangent is wiien the arc is 0, and increases fill 
the arc becomes 90°, when the tangent is + m ; in passing 
through 00°, the tangent changes from + co to — cu , and 
as the arc increases the tangent decreases, immerirally, but 
increases algebraically, till the arc hecomeM equal to 180°, 
when the tangent becomes equal to —0; from 180° to 
270°, the tangent is again positive, and at 270°' it becomes 
equal to + ro ; from 270° to 360°, the tangent is again 
negative, and at 360° it becomes equal to — 0. 

If we still suppose the arc to increase after reaching 360°, 
tlie functions will again go through the same changes, tliat 
is, the functions of an arc are the same as the functions 
that are increased by 1160°, 720°, &c. 

By discussing the limiting values of all the circular func- 
tions we are enabled to form the following table : 
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Arc 


= 0. 


Aco 


.«0'. 


A„ 


= 180°. 


Arc = 


270°. 


Arc 


= SCO'. 


din 


= 


sm 


- 1 


sia 


= 


Bin 


^_1 


sin 


= -0 


(03 


= 1 


cos 


^ 


cos 


= -1 


cos 


= -0 


COS 


= 1 


T-sia 


= 


t-eIq 


= I 


v-sia 


= 2 


y-sia 


= 1 


y-sin 


= 


co-y-s 




co-v-s 


n= 


co-y-E 


11= I 


co-T-si 


= 2 


c-v-e 


□ = 1 


tau 


= 


taa 


= ro 


tan 


= -0 


tan 


^ iw 


ta* 


= -0 


cot 


= M 


cot 


~ 


cot 


= -ro 


cot 


= 


cot 


=^-M 


SCO 


- 1 


sec 


= Oi 


soc 


= -1 


sec 


= -00 


sec 


= 1 


ccec 


= « 


coseo 


= 1 


C0S.O 


- TO 


CO.CC 


=_1 


coscc 


=-" 



RELATIONS BETWEEN THE CIRCCLA.R FUNCTIONS OF 

61. Let A3I represent any arc de- 
noted by a. Draw the lines as repre- 
sented in the figure. Then wc shall 
have, by definition 

OM r= OA = 1 ; I'M = ON' = sin a 
NM = OP ^ COS a ; PA = ver-sin a 
NB ~ co-ver-Bin a ; AT = tw. a 
BT' ^ cot a; OT = sec «; 







P A 



and OT' — eosec a. 

From the right-angled triangle 0PM, we have, 

1^^ -f OP' = OW , or, Ein% + co8^« ^ I. . (I.) 

Tlie symbols ain^^r, cos^«, &c., denote the square of the 
Bine of a, the square of the cosine of a, &c. 
From Formula ( 1 ) we have, by transposition. 



sin'a = 1 - 



. (2) ; and cos^a 



(3) 
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We have, from tlio figure, 

I'A ~ OA- or, 

or, ver-siii a — 1 — cos a. . . (4.) 

and, RB = OB - OIT, 

or, co-ver-sin a = 1 — sin a, . . (6,) 

From tbe similar triangles OAT and OFM, we have, 
OP : PM : : OA : AT, or, cos « : eiu a : : 1 : tan a; 

sin a , , 

vhence, tan a = ~ (6.) 

COS a ' ' 

From the similar triangles OJVIf and OBI", we have, 
ON^: iOf: ; OB : BT', or, sin a : cos a : : 1 : cot a ; 

whence, cot a = -. (7.) 

Multiplying { 6 ) and ( 1 ), member by member, we have, 

tan a cot a = 1 ; .....( 8, j 

whence, by division, 

tan a ~ : - ( 9.) and cot a = ■ ■ MOO 

cot a ^ ' tan (X ^ ' 

From tlie similar triangles OFM and OAT, we have, 
0_P : OM : : OA : OT, or, cos a : 1 : : 1 : see a ; 
whence, sec a = • — - , fll.l 

P.flS n ^ ' 
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Prom the amilar tiiangles ONM and OBT', we have, 
ON" : OM : i OS : OT, or, ain a : l : : l ; co-sec o; 
whence, co-sec a = —. (12.) 

From the right-angled triangle OAT, we have, 
02" = OA^ f AT" ; or, sec^a = 1 + tan^. . (13.) 

From the right-angled triangle OST', we have, 
6W = OW + BT^; or, co-sec^a = 1 -|- cot'cr. . (14.) 

It is to te observed that Formnlaa (5), (7), (12), and 

(14), may be deduced from Foi-mulaa (4), (6), (n), and 

( 13 ), by Bubstituting 80° — o, for a, and then mating the 
proper reductions. 

CoDecting the preceding Formulas, we have the following 
table : 



(I.) Bm'a + e03'a = 1. 
(a.) aiD>o = l-coe'«. 
(3.) C03'o = i-Ein'a. 
(4.) ver-Biao = 1 - c03 o. 
( 6,) co-ver-^n a = 1 ^ ein a. 
( 6.) tan a = ^ . 

(1.) cot a - ~. 
(8.) Una oota = 1. 


(11.) sec a = ^^. 
(12.) coaec o = ~-^ . 
( 13.) seo'a = 1 + tan'a. 
( 14.) cosec'o = 1 + cot'a. 
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0¥ NEGATIVE AECS. 



62. Let A3f"\ estimated from A towards 2), be 
numerically equal to A3f ; then, 
if we denote the .ire AM by a, ij.;< 
the arc AM'" Mill be denoted 
by - a (Art. 48). 

. .All the functions of AM'", 
will be the same as those of 
ABM'"; that is, the functions of 
— a are the samo as the func- 
tions of 330° — a. 

Fi'om an inspection of the fig- 




ure, we shall discover the following relations, viz. : 

tan {— a) — ~ tan a ; cot {—a) ~ — cot a ; 
sec( — (t) = sec « ; coscc(— «) = — cosec a. 



FOHCriONS OF AEC8 FORMED BY ADDING AN AKC TO, OK t 
TEACriNG IT FliOM ANY NDMBEK OF QtlADEANTS. 



63. Let a denote any arc I 
13 preceded, wo know that, 

sin (90" - a) = cos 



Now, suppose that B3I' ^ 
"We see from tlie figure that, 



than 90°. I 

cos (90= - a) : 
cot (90° — a) 
cosec {90° — a) 
, then will AM' ■ 
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I>fM' = sm a, P'M' = cos a, BT" = tan a, 

AT'" - cot ff, OT" = sec a, OT'" = coseo a, 

without reference to their signs. 

By a simple inspection of the figure, observing the rule 
for signa, we deduce the following relations : 

EiQ (90° ■\- a) = COS a, cos (90° + a) = — sin a, 

tan {90° + o) — — cotan «, cot (00" -\- a) = — tan a, 

sec (90° + a) = — cosec «, cosec (90° + a) = sec a. 

Again, suppose 

M'G = AM = a; then will AM' ~ 180" - a. 

We see from the figure that, 

P'M' = ain a, OP' = cos a, AT'" = tan a, 

BT" = cot a, OT" = coseo o, 02"" = cosoc «, 

without reference to their signs : hence, we have, as before, 
the following relatione : 

sin (180° ~ a) = sm ((, cos (180° —a) ^ — cos a, 
tan (180« — a) = — tan «, cot (180° — ft) = — cot «, 
sec (180° — a) = — see a, cosec (180 — a) = cosec «. 

Uy a similar process, we may discuss the remaining arcs 
in question. Collecting the results, we have the foUowmg 
table : 
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TABLB III. 



Ace = 


90' + a. 


Arc = 270° 


— a. 


em - cos a. 


cos = - sin a, 


Bill = - COB 1, COS 


= - sin a, 




cot = ~ tan a. 


tan = cot o, cot 


= tan o, 


sec = - cosec a. 


coseo = sec «. 


BCC = - COBOC a, cose 


c^^BCCa. 


Arc = 


180° - a. 


Arc = 2*70° 


\ a. 


Bin = sm a. 


COB = - cos a. 


sin = - cos a, COS 


= sin o, 


tan = - tan a, 


cot = - cot a. 


tan = - cot a, cot 


= - tan a, 


sec = - see a. 


coBoc= ccseca. 


sec= cOBCo:., cobo 


c = -Beca. 


Arc - 


180° + a. 


Arc = SGO° 


-a. 


Bin = - sia a, 


cos = - cos 0, 


sm = - em a, cob 


= cos 0, 


tan - tan a, 


cot = cot a. 


ton = - tan a, cot 


= - cot n, 


Bee - - aec a, 


c<«ec= -coseco. 


sec - sec a, cose 


c=-coBee-.. 



It will be observed that, when the arc is added to, or 
subtracted from, an even number of quadrants, the name of 
the fiinetion is the same in both columns ; and when the 
arc is added to, or subtracted from, an odd number of quad- 
rants, the names of the functions in the two columns are 
contrary ,• in all Cases, the algebraic sign is determined by 
the rules already given (Art. 58), 

By means of this table, we may find the functions of 
;ii!y arc in terms of the functions of an arc loss than 90° 
Thus, 

sin IW = sin ( 90° + 25°) = cos 25°, 



sin 284° 


.= sm (270= 


+ 14°) = 


— cos 14", 


sin 400" 


= Kn (360° 


+ 40°) = 


sin 40°, 


tan 210° 


= tan (180° 


+ 30°) = 


tan 30". 
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PAETIOOLAB VALUES O] 

64. Let MAM' be any arc, ( 
by 2 a, M'M its cbord, and OA a 
radius drawn perpendicular to M'M: then 
will PM = PM', and AM = AM' 
(B. in., P. VI.). But PM is the sine 
of AM, or, PM = sin a : hence, 



sin a = ^M'l 

that is, the sine of an arc is equal 
of twice the arc. 

Let M'AM = 60° ; then -will AM 
will eqiial the radius, or 1 : hence, we 

sm 30" = i ; 




to one half the chord 
and M'M 



that is, the sine of 30° is equal to half the radius. 
Also, 

cos 30= = -/l — sin^ 30= = iv^; 
hence. 



Again, let M'AM = 90° ; then will AM = 
M'M = ya" (B. v., P. m.) : benee, we have, 

sin 45° = iv^; 



vr~ 



.M5° = i-)/2; 



cos 46" 
Many other nomerical yalues might be dedaoed. 
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FORMULAS EXPEESSING RELATIONS BETWEEN THE CIKCDLAE 
FUNCTIONS OF DIFFEEENT ARCS. 

65. Let A£ and JIM represent two arcs, having tlie 
common radius 1 ; denote the first by 
b, and the second by a. From M 
draw MF, perpendicular to CA, and 
JifN" perpendicular to CB ; from N" 
draw iW perpendiculai- to CA, and 
NL parallel to AG. 

Then, by definition, we shall have, 

PM = sin {a + 6), N'M = sin a, and GN = cos a. 

From the figure, we have, 

PM = PZ + LM. (1.) 

From the right-angled triangle C'P'N' (Art. 21), we have, 

P'JSr ^ CJSr sin b; 

C9-, since P'N = PL, PL = cos a sin 5. 

Sin«e the triangle MLN is similar to CP'lf^ the angle 
LMN is equal to the angle P'ON"; hence, from the 
right-angled triangle MLW, we have, 

LM •=. MN cos 5 = sin « cos b ; 

Substituting the values of PM, PL, and LM, in Equa- 
tion ( 1 ), we have, 



sin (a + J) ^ 



I o cos 5 + cos a 



(&.) 



that is, the sine of t?ie sum of two arcs, is equal to the 
sine of the first into the cosine of the second, plus (he co- 
sine of the first into the sine of the second. 
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Since the above formula is true for any values of a and 
h, we may substitute — 5, for b ; whence, 

sin (a — b) = sin a cos ( — 5) + cos a sin ( — S) ; 
but (Art. 62), 

cos { — b) = cos b, and, sin ( — 5) = — sin b ; 
hence, 

siu ((s — 6) = sin a cos 5 — cos « sin J ; • { 2),) 

that is, the sins of the difference of two arcs, is equal to 
tJie sine of the first into the cosine of the second, minus the 
cosine of the first into the sine of the second. 

If, in Formula ( S) ), we substitute (90° — a), for a, we 

sin (90°-«— i) = sin (90°— a) eos5— cos (90°— «) sin 5 ; • (2.) 

but (Art. 63), 

wa (90°— a — i)= sin [90°— {a + 6)] = cos {a -h b), 
and, 

sin (90° — a) = cos a, cos (90° — «) = sin a ; 

hence, by substitution in Equation ( 2 ), wo have, 

cos (tr + 5) — cos a cos 5 — sin a sin S ; ■ ( ®.) 

that is, the cosine of tfie sum of two arcs, is equal to the 
rectangle of their cosines, minus the rectangle of their sines. 

If, in Formula (<9), we substitute —5, for 5, we find, 

cos {a — b) = cos a cos ( — 5) — sin a sin ( — b), 
or, 

cos {a — b) — cos a cos b + sin a sin b ; • • (£>.) 

uJbyCoOgIC 



6« ANALYTICAL 

that is, the cosirae of the difference of two arcs, is equal 
to the rectangle of their cosines, plus the rectangle of their 



If we divide Formula (^) by Formula f^), member by 
member, we have, 

sin {a + h) __ sin g cos 5 + coa a sin b 
cos {(t + b) cos ffl cos 5 — Bin ffi sin d 

Dividing both terms of tlie Bccond member by cos a cos b, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

,, tan a + tan b ,,^, 



tiiat is, the tangent of the sum of two arcs, is egfual to the 
mm of their tangents, divided by 1 minus the rectangle of 
their tangents 

I^ in Formula (SI), we substitute ~~ b, for b, recollect- 
ing that tan {— b) = — tan b, we have, 

, ,. tan o — tan & , „ , 

tan (a~-b) ^ ~— T : r ;■■■-( I?.) 

^ ' 1 + tan o tan J ' "■ ' 

that is, the tangent of the difference of two arcs, is equal 
to .the difference of their tangents, divided by 1 plus the 
rectangle of their tangents. 

In like manner, dividing Formula (^9) by Fonnnla (dl), 
member by member, and reducing, wc have, 



■ ■ (a.) 
HosBdb, Google 



TEIGONOMETRY. 61 

and thence, by t!ie substitution of — S, for b, 

^ , ,, cot a cot 6 + 1 ,,„ , 

cot {a -b) = —i 7 — ; . . . . (la.) 

■■ ' cot 6 — cot a ' * ' 



rUHCTlONS OP DOUBLB AKCS ABD HALF AECS. 

66. If, in Formulas (ii), (9), (a), and (<3), wo 
make a = b, we find, 

sin 2a — 2 sin a cos a ; ■ ■ ■ ■ (&'.) 

cos 2a = cos^« — singes ; . . . . ( ©',) 

2 tan a , , ^, , 

tan 2a = ■ ■ ^ -- ; (1^'.) 

1 — tan^a ' "■ ' 

cot 2<x = — ■ ■■ . ■ (Q.) 

2 cot « • ^ ' 

Substituting in ( <d'), for cos^a, its value, 1 — sin'a ; and 
afterwards for sin^ct, ita value, 1 — cos^a, we have, 



cos 2a = 1—2 Bin=£(, 
cos 2(1 = 2 cos^a — 1 ; 

vlience, by solving these equations, 



. =y^i^, .... (1.) 



,_/!] 



(2-) 



! sJso have, from the same equations, 

I — cos 2a — 2 sin'a ; (3.) 

1 + cos 2a = 2 cos'a, (4.) 
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Dividing Equation (^'), first by Equation (4), and then 
by Equation ( 3 ), member by member, wo have, 



(5.) 
(6.) 



ia, for a, in Equations (1), (2), (5), 
and ( 6 ), we have, 



■ 1 / 1 — cos O , r.,. \ 

Bin ia = ^ ^ ; ■ ■ • (^".) 

, / 1 + cos a , ^„ , 

cos ^a = ^ . ^— ; . . . ( ®".) 



tan -Ja = r+co — " ' ■ ■ ' ■ (53") 



cot ^a 



1 - » 



Taking the reciprocals of both members of the last two 
formulas, we have also, 



FOEMTJLAa. 



67. If Formulas (^) and (S)) be first added, member 
to member, and then subtracted, and the same operations be 
performed upou (9) and ([!)), we shall obtain, 
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sin {a + b) + sin (a — 5) = 2 sin a coa b 

sin {a + h) — em {a — b) ~ 3 cos a sin b 

cos {a + b) + cos (a — 5) = 2 cos a cos 5 

cos {a — b) — cos (([ + 6) = 2 sin d sin 6. 

If in these we make, 

a + b — p, and a — b = y, 

hence, 



md then substitute in tho ahove formulas, 

sin ^ + sin 5" = 2 sin i (i> + ?) cos ^ 

sin ^ — ^n 2- = 2 cos ^ (^ 4- ^) sin i 

cos^ + cos J = 2 cos ^ {p + <^) cos ^ 

COS q — cos_p :^ 2 sin -I (^ + q) sin ^ 



1 obtain, 
p~q) . (as.) 

i*-?) ■ (a.) 
j'-s) ■ (sa.) 

p-g) ■ (SI.) 



From Formulas ( a, ) and ( SIS ), by division, we obt^. 



sin p — mag _ c os^p+q) sin i(p—g) _ tan ^ ( y— g) 
wn^ + fflnj ~ 6in^(y+g) cos-J(2'— g) "~ tau|(y+2) 



That is, the sum of the sines of two arcs is to their dif- 
ference, as the tangent of one half the sum of tfie arcs ii 
to the tangent of one half their difference. 
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Also, in like manner, we obtain, 
sinff + ain g _ EJn i(p+g) cos|(p-g) _ 



C(«^ + cos5' cos^{p-\-q) aosi(p—<Ji) 



amp H 



sin {^+3) ami{p+q)aosi(p+q) cosi{p-\-q) 

sinp 



1 b+2) 



sin ip-q) 



(M 



i(p-g) cos^(P+g) _ Bin l(.?J-g) , , g . . 
-i(p+g)cosiO'+g) sini(i5+$) 

^fy-g)cosj(p-g) _ COsi{p-q) 



sin^ — sing sin ^(^— g) cos ^(^+g) "^ co9^(^4-g) ' ^ '^ 

all of wiiich give proportions analogous to that deduced from 
Formula ( 1 ). 

Since the second members of (6) and (4) are the same, 
we have, 

"■""-"■"" ""Lp±1L. .... (7.) 



sin (^-j) Bmp + 

That is, the sine of the difference of two arcs is to the 
difference of the sines as the swm of the sines to the sine 
of the sum. 

All of the preceding formulas may be made homogeneous 
in terms of S, Ji being any radius, as explained in Art. 
30 ; or, ive may simply introduce H, as a factor, into each 
term as many times as may be necessary to render all of 
its terms of the same degree. 
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METHOD OF COMPTTTINGl A TABLE OF NATURAL SIKES. 

68. Since the length of the semj-circumferenee of a circiii 
whose radius is 1, is equal to the number 3,14159265 . , . , 
if we divide this number by 10800, the number of minutes 
in 180°, the quotient, .0002908882 . . , , will be the length 
of the arc of one minute ; and since this are ia so small 
that it does not differ materially from its sine or tangent, 
this may be placed in the table as the sine of one minute. 

Formula ( 3 ) of Table II., gives, 

COB 1' = ^1 — Sinn" =r .999999957'? ■ • (1.) 

Having thus determined, to a near degree of approxima- 
tion, the sine and cosine of one minute, wo take the first 
formula of Art. 67, and put it under the form, 

sm (« + 5) = 2 sin a cos b — sin (a — J), 
and make in this, b — 1', and then in succession, 

■a ^ I', a = 2', a = 3', a = 4', &c., 

and obtain, 

sin 2' = 2 sin 1' cos 1' — sin = .0005317764 . . . 
sin 3' — 2 sin 2' cos 1' — sin l' = .0008726646 . . . 
sin 4' = 2 sin 3' cos 1' — sin 2' = ,0011635525 . . . 
sin 5' = &c., 

thus obtaming the sine of eveiy number of degrees and 
nuaates from 1' to 45°. 
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The cosines of the corresponding arcs may be computiid 
by means of Equation ( 1 ). 

Having found the sines and cosines of arcs less than 45°, 
those of the arcs between 45° and 90°, may be deduced, 
by consideiing that the sine of an arc is equal to tho cosine 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

sin 50° — sin {90° — 40°) = cos 40'', cos 50° = sin 40°, 

in which the second members arc known from the previons 
computations. 

To find the tangent of any are, divide its sine by ils 
co^ne. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As tho accuracy of the calculation of the ane of any arc, 
by the above method, depends upon the accaracy of each 
previous calculation, it would be weJI to verify the work, by 
calculating the sines of the degrees Beparately (after having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

rin 1° : dn 2" — sin 1° : : sin 2° + sin 1° : an S° ; 
eon 2° : rin 3° — sin I" : : sin 3° + Bm 1° : jin 4° ; &c 
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SPHERICAL TRIGONOMETET. 



TKiGONOMErrKT ia that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three ddea 
and three angles. In general, any three of these parts being 
^von, the remaining parts may be found. 

GEKEEAL PRINCIPLES. 

70. For the purpose of deducing the formulas required 
in the solation of spherical triangles, we shall suppose the 
triangles to be situated on spheres whose radii are equal 
to 1. Tlie fomiulae thus deduced may be rendered applica- 
ble to triangles lying on any sphere, by making thom homo- 
gencoua in terms of the radius of that sphere, as explained 
in Art. 80. The only cases considered will be those in 
which each of the ddes and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die- 
dral angle included by the planes of its sides, and its mea- 
sure ia equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B. VL, T>. i). 

The radius of the sphere being equal to 1, each side of 
the triangle will measure the angle, at the centre, subtended 
by it. Thus, in the triangle ABC, the angle at ji is 
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the same as that included betiveen the planes A.OG and 

A OB \ and the side a is the 

measure of the plane angle BOO, C 

being the centre of the 

spliere, and OB the radius, equal 

to 1. 




71. Spherical triangles, like 
plane triangles, are divided into 
two classes, right-angled spherical 

triangles, and obUqv-e-angled spherical triangles. Each class 
will be considered in turn. 

We shall, as before, denote the angles by the capital 
Iettei-3 A, B, and C, and the opposite sides by the small 
letters a, 5, and c. 



POKMULAS 



SOLVING BIGH 
TEIANOLES. 



72. Let GAB be a spherical triangle, right-angled at A, 
and let be the centre of the 
sphere on which it is situated. B 

Denote the angles of the triangle 
by the letters A, B, and C, 
and the opposite sides by the 
letters a, b, and c, recollecting ■ 
that B and may change 
places, provided that b and c 
change places at the same time. 

Draw OA, OB, and OG, each of which will be equal 
to 1. From B, draw BP perpendicular to OA, and 
from P draw PQ perpendicular to 00 ; then jom the 
points Q and B, by the line QB. The line QB will be 
perpendicular to 00 (B. VI., P. VI.), and the angle PQS 
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wUl be equal to the inclination of the planes OCB and 
00 A; that is, it will be equal to the angle C 
We have, from the figure, 

PB = Bin c, OP = COS c, QB = ia^ a, OQ = cos a. 
From the right-angled triangles OQP and QPB, wb 

OQ — OP cos A00\ or, cos a — cos c cos b • (1.) 
PB ^ QB sin PQB ; or, sin c = sin a sui (7 ■ (2.) 

If we multiply both terms of the fraction ^^ , by OQ, 
we shall have, 



If we multiply both terras of the fraction TTpi by PB, 
we have, 

OP PB OP 

1)P ^ ~0P^7B' *"■' sin 5 = tan c tan (90=- 0). (4.) 



If, iti (2), wo change c and 0, into b and B, we 
have, 

sin 5 ^ sin a sin ^ (5.) 

If, in {3 ), we change b and 0, into o and 5, we 

cos B = tan (90°— a) tan c ■ • • - (6.) 

If, in (4 ), we change J, c, and C, into c, J, and 
^, we have, 

sin c = tan 5 tan (90°— jB) ■ ■ ■ ■ ( 7.) 
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Multiplying ( 4 ) by ( 7 ), member by member, we have, 
wii 5 sin c = tan 5 tan c tan (90°— .B) tan (90° — C). 

Dividing both members by tan 5 tan c, we liave, 
cos 5 cos c = tan (90°- JS) tan (90=— (7) ; 

and substituting for cos b cos e, its value, cos o, taken 
from ( 1 ), we have, 

cos a = tan (90°-i?) tan (90°— C) ■ • (8.) 

Formula (6) may be written under the form, 
cos a sin a 



sm a cos c 



Substituting for cos a, its value, cos b cos c, talten from 
( 1 ), and reducing, we have. 



Again, substituting for sin c, its value, sin i 
from ( 2 ), and reducing, we have, 



Changing ^, b, and C, in ( 9 ), into 0, c, and £, wo 
have, 

cos C = COS c sin £ . . ■ . (10.) 

These ten formulas are sufficient for the solution of any 
right-angled spherical triangle whatever. 
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73. The two sides about the right 
angle, the complements of their opposite 
angles, and the complement of ike 
hypothenuse, are called Napier's Circular 
Purls. 

If these parts be an-anged in their 
order, as shown in the figure, we sec that eiih pint is 
adjacent to two of the othei-s, ixiul that t is scpintel Iiom 
each of two remaining parts by an intertening piit If ^ny 
part be taken as a middle part, those «hii.ii ire id]icent to 
it are called adjacent parts, and those which •iie separated 
from it, are called opposite parts, Hhvfl, 90° ~ B, and 
90° — C, are adjacent parts to 90° — a , and t n "I ^ ire 
ojyjosite parts ; and so on, for each of the otbei pait-i 



74. Formulas (1), (2), (5), (9), and (10), of 
Art. 12, may be written as follows : 



sin (90°— a) = cos b cos c 

an c — cos (90°— a) cos (90°— (7) 

sin b = cos {90°— a) cos (90°— _B) 

an (90°--B) = cos 5 co3 (90°- C) • ■ ■ 

an (90°— (7) = cos c cos (90°—^) ■ ■ • 



(!■) 
(2-) 
(3-) 

(5.) 



Comparing these fomiuias with the figure, we see tha,t. 
The sine of the middle part is equal to the rectangle of 



the cosines of the opposite parti 
22 
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Formulas (8), (7), (4), (0), and (3), of Art. 72, 
may be written as follows : 

sin (90° -a) = tan (90=- -B) (tan 9' 

sin c = tan 5 tan (90°— 5) 

sin 5 = tan c tan {90°— C) 

sin (90°—^) = tan (90°— a) tan c 

sin (90° — C) = tan {90" -u) tan b 

Comparing these formnlas with the figure 

The sine of the middle part ia equal to the rectangle of 
the tangents of the adjacent parts. 

These two niles are called Napier's rules for Circular 
Parts, and they are sufficient to solve any right-angled 
spherical triangle. 



0°-<?) 


(«•) 




('■) 




(8.) 




(»■) 




(10.) 


^, we se 


that, 



76. In applying Napier's rules for circular parts, the part 
sought will he determined by its sine. Now, the same sine 
corresponds to two different arcs, supplements of each other ; 
it is, therefore, necessary to discover such relations hetween 
the given and required pai'ts, as will serve to point out 
«-hich of the two ares is to be taken. 

Two parts of a spherical triangle are S^d to be of ike 
■"line species, when they are both less than 90°, or both 
;;i-eater than 90° ; and of different species, when one is less 
and the other greater than 90°. 

From Formulas (9) and (10), Art. 72, we have, 



cos a 

cos b ' 



1 -B 



cos G 
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since the angles B and C are both less than 180°, their 
eines must always be positive ; hence, cos £ must have 
the same sign as cos b, and the cos G must have the 
same sign as cos c. This can only be the case when S 
is of the same species as b, and G of the same species 
as c ; that is, the sides about the right angU are always 
of the same species as their opposite angles. 

From Formula ( I ), we see that when a is less than 
90°, or when cos a is positive, the cosines of b and c 
will have the same sign ; that is, b and c will be of the 
same species. When a is greater than 90°, or when cos a 
is negative, the cownes of b and c will be contrary ; that 
is, b and c will be of different species : benee, when the 
hypothsnuse is less than 90°, the two sides about the right 
angle, and consequently the two oblique angles, will be of the 
same species y when the hypothenuse is greater than 90°, 
ths two sides about the right angle, and consequently the two 
oblique angles, will be of different species. 

These two principles enable us to determine the nature 
of the part sought, in every case, except when an obliqus 
angle and the opposite side ai-e g^ven, to find the remaining 
parts. In this case, thet.e may be two solutions, otic solu- 
tion, or no solution at all. 

■-> r" 

Let SAG be a right-an- 
gled triangle, in which JB ,_ ^ 
and 5 are given. Prolong ^ ' * •' ' 
the sides BA and BG till 
they meet in B'. Take 

B'A' = BA, B'C = BG, and join A' and C" by the 
are of a great circle : then, because the triangles BA G and 
B'A'C have two sides and the included angle of the one, 
equal to two sides and the included angle of the other, each 
to each, the remaining pai-ts will be equal, each to each ; 
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that ia, A'O' — AG, and the 
nngle A : henoo, the two triangles 
light-angled ; they have also 
one oblique angle and the op- 
posite side, in each, equal. 

Now, if b <. B, there 
will evidently be tioo sohMons, 
the sides including the given 
angle, in the one case, being supplements of those which in- 
clude the given angle, in the other case. 

If b = £, the triangle will be bi-rectangular, and there 
will be but a single solution. 

If 5 > -B, the triangle cannot be constructed, that is, 
there ■will be no solution. 

SOLUTION OF EIGHT-ANGLED SPHEKICAL TKIANGLES. 

76." In a right-angled spherical triangle, the right angle 
is always known. If any two of the other parts are given, 
the remaming parts may be found by Napiei^'s rales for 
circular parts. Six cases may arise. Tiiere may be given, 

I. The hypotbenuse and one side. 

II. The hypothenusG and one oblique angle. 

in. The two sides about the right angle. 

IT. One side and its adjacent angle. 

V. One side and its opposite angle. 

VI. The two oblique angles. 

Ill any one of these cases, we select that part which is 
either adjacent to, or separated from, each of the other given 
parts, and calJing it the nuddle part, wo employ that one of 
Napier's rules which is applicable. Having detei-mined a thir4 
part, the other two may then be found in a similar manner. 
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It is to be obseiTed, that tho formulas employed are to 1m 
rendered homogeneous, in terms of II, as explained in Art, SO. 
The method of proceeding will be readily understood from a 
few examples. 



1. Given a ^ 
^ 38" 47' 11", 



105° 11' 29", and 
to find c, B, 



and C, 

Since a > 90°, 5 and c must I 
of different species, that is, c > 90' 
for the same reason, C > 90°, 




From Formula (10), Art. 14, ive have, 

log cos = log cot a + log tan b — 10 ; 
logcotrt {105° 17' 29") 9.430811 
log tan b ( 38° 47' 11") 9.905055 

log cos C ■ ■ ■ ■ 9.34! S66 ,-, C - 102° 41' 

Fi'om Formula ( 2 ), Art. 74, we have, 

log sin e = log sin a + log sin C — 10 ; 
log sin a (105° 17' 29") 9.984346 
log sin C (102° 41' 33") 9.989256 
log sin c 9.973G02 .■. 

Fi-om Formula ( 4 ), we have, 

log cos Jj — log sin + log cat 

log sin C (102° 41' 33") 0.989256 
log cos 5 (33° 47' 11") 9^891808 
log cos J5 ■ ■ ■ ■ ■ 9.8810G4 . ■ 

Ans. = J09° 40' 32", _B - 40° 29' 50", 



c = 109* 46' £ 



B = 40° 29' 50". 
C = 102° 41' 33". 
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3. Given _ 6 = 51" 30', and ^ = 58" 35', to find a, 
C, and G. 

Because b <. B, there are two solutions. 

OPEEATION. 

From Formula ( 7 ), we iiave, 

log sin c :^ log tan b + log cot ^ ~ 10 ; 

log tan b (51" 30') ■ 10.099393 
log cot -B (58" 35') ■ 9.785900 

log dn c .... 9.885295 ,■. e — 50^ 09' 51", 
and c = 129° 50' 09". 
From Formula ( 1 ), we have, 

log C03 a = log cos b + log cos c — 10 ; 

log cos b (51" 30') ■ ■ 9.794150 
log cos c (50" 09' 51") 9.80658 

log cos o .... 9.600730 .-. a = 00" 29' 64", 
and a = 113" 30' 06". 

Fi'om FoiTOula (10), we have, 

log cos = log tan 6 + log cot ra — 10 ; 

log tan b {51= 30') ■ 10.099395 
log cot a (66° 29' 54") 9.638336 

log COS (7 . ■ ■ . ■ 9.737731 .■ . C ^ 5G" 51' 38", 
and C = 123" 08' 22". 
In a similar maimer, all other cases may be solved. 

3. Given a = 86'= 51', and B = 18" 03' 32", to find 
4, c, and C. 

Ans. b ^ 18" 01' 50", C = 86° 41' 14", C = 88" 58' 25". 
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4. Given b = 155" 21' 5i", and c = 29" 46' 08", to 
find a, S, and C 

Ans. a = 142= 09' 13", B — 137° 24' 21", C = 54° 01' 16". 

5. Given c = '73° 41' 35", and B = 99° 17' 33", to 
find a, b, and C. 

Ans. a - 92° 42' 17", b = .09° 40' 30", = 73° 54' 47". 

6. Given b - 115° 20', and _B = 91° 01' 47", to find 
a, e, and G. 

( 64°41'11", fl77°49'27", fl77°36'36". 

"-{ '={.,, ^=\ ., . 

[115° 18' 49", I, 2° 10' 33", [ 2° 24' 24". 

7. Given B - 47° 13' 43", and G = 126° 40' 24", to 
find a, b, and c. 

Ana. a - 133° 32' 26', b = 32° 08' 56", c = 144° 27' 03". 



In certain casca, it may be necessary to find but a single 
part. Tbia may be efi'ectc<l, eithic'r by one of the formulas 
^ven in Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and B be given, to find C. Regarding 
90° — a, as a middle part, we have, 

cos a = cot B cot G ; 
whence, 

^ ^ cos ffl 

cot G = —rji ; 

and, by the application of logarithms, 

log cot C = log COB a + (a. c.) tog cot B ; 

from which G may be fou'nd. In hke manner, other cases 
may be treated. 
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77, A Q(jAi>RANTAL Spiibkicai. Teia^^gle ia one in ivhicli 
otio side is equal to 90°, To solve such, a triangle, we psiss 
to its polar triangle, by subtracting each side aud each 
allele from 180° (B. IX., P. VI.). The resulting polar tri- 
luigle will be right-augled, and may be solved by the rules 
iilready giveo. The polar triangle of any quadi-antal triangle 
being solved, the parts of the given triangle may be found 
by subtracting each part of the polar triangle from 180°. 



Let A'B'G' be a quadrantal Q, 

triangle, in which B'C = 90% f^x 

B' = 75° 42', and a' = 18° 37'. 

Passing to the polar triangle, 



6 = 104° 18' 



and G = 161° 23'. 



Solving this ti'iangle *y previous rules, we find, 
a ^ 76° 25' 11", c = 161° 55' 20", B = M° 31' 21" ; 

henee, the required parts of the given quadrantal triangle are, 
A' ^ 103° 34' 49", CJ' ^ 18° 04' 40", b' = 85° 28' 39''. 

In a similar manner, other quadrantal triangles may be 
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FORMULAS C8ED IN SOLVING OBLIQUE-ANGLED SPHERICAL TRI- 
ANGLES. 



78. Let ABG represent an 
angle. From either vertex, (7, 
draw tlie arc of a great circle 
OB', perpendicular to the oppo- 
site side. Tho two triangles 
ACB' and BCB' wiU be right- 
angled at B'. 

From the triangle AGS', we 
have Formula ('2), Art. 74, 

sin CB' = sin ^ [ 



oblique-angled spherical tri. 




From the triangle BCB', we have, 

Bin CB' = sin B sin a. 
Equating these values of shi GB', ive have, 
an A smb = sin B sin a ; ■ 
from which results the proportion, 

sin a : sin 6 ; : sin .4 : sin 5 

In like manner, we may deduce, 

sin a : sin c : : sin ^ : «n C 

sin ft : sin c : : sin ^ : sin C 

That is, in any spherical triangle, the 



(1.) 



(2-) 
(3.) 



of the si^ 
to the sines of their opposite anfflas. 

Had the perpendicular fallen on the prolongation of AB, 
the same relation would have been found. 



Hosted by Google 



86 



SPHERICAL 



79. Let ABC represent any spherical triangle, and 
the centre of the sphere on 
which it is situated. Draw the 
radu OA, OB, and 00; from 
C draw CP perpendicular to 
the plane AOB ; from _?", the 
foot of this perpendicular, draw 
PD and PE respectively per- 
pendicular to OA and OB ; join 

CD and CJE, these lines will be respectively perpendicular 
to OA and OB (B. VI., P. VI.), and the angles €J)P 
and GSP will be equal to the angles A -and B respee- 
tively. Draw DL and PQ, the one perpendicular, and the 
other parallel to OB. We then have, 




OE = cos c 



We have from the . 



7>6' - sin b, CD = cos b. 



OE = OX + QP 



In the right-angled triangle OLD, 

OL = OB cos BOL = cos S . 



The right-angled triangle PQB has its aides respectively 
perpendioular to those of OLB ; it is, therefore, similar to 
it, and the angle QJDP is equal to c, and we have. 



qP = PB AnQDP = Pi) Bin c ■ • 

The right-angled triangle CPB gives, 

PB = CD cos CBP = Bin 5 cos ^ ; 
Bubstituting this value in ( 2 ), we have, 

§P = sin 6 sin c cos X ; 



(2.) 
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and Eow substituting these values of OE^ OL, and QP, 
m (I), we have, 

COS a •= cos 6 cos c + sm 6 sin c cos A ■ ■ (3.) 

In the same way, ive may deduce, 

cos * = cos a cos c + sin a sin c cos _B ■ - (4.) 
cos c = cos a cos 5 + eia a sin b cos C - - (5.) 

That is, the cosine of either side of a spherical triangle is 
equal to the rectangle of the cosines of the other two sides 
plus the rectangle of the sines of these sides into the cosine 
of their included angle. 

80. If we represent the angles of tbe polar triangle of 
ABO, by A\ B', and C", and the sides by «', b', 
Mid c', we have (B. IX., P. VT.), 

a = 180° — A\ b = 180° - B', c — 180° -C", 
A — 180° — a', B ~ 180° - 5', C = 180° — c'. 

Substituting these values in Equation (3), of the preceding 
ai'tiole, and recollecting that, 

cos (180°- J.') z= - cos A\ sin {180°- B') - sin Ji\ Sec, 
we have, 

— cos A' = cos B' cos C — sin B' sin C cos a' ; 



the signs aJid omitting the primes (since tlia 
idiug result is true for any triangle), 

cos A = am B sin C cos a — cos B cos C ■ (I.) 
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In the same way, we may deduce, 

cos B = fim A sin C cos J — cos A cos C ■ (2.) 
cos C =:: sin yl sin B cos c - cos ^ cos -B ■ (3.) 

That is, the cosine of either angle of a spherical triangle 
is ejwti? to the rectangle of the sines of the othei' two 
angles into the cosine of their included side, minus the 
rectangle of the cosines of tliese angles. 

81. From Equation (3), Art, 79, we deduce, 
. cos a — cos b cos a 



1 5 sin ( 



(!■) 



If WO add this equation, member by member, to the num. 
ber 1, and recollect that 1 + cos A, in the first member, 
is equal to 2 cos'* -^A (Art. G6), and rednec, we have, 

„ , , sin 5 ein c + cos a — cos b cos c 

2 cos^-i^ = -. — I — -. — ; 

sm sm e 

or, Formula { O ), Art. 66, 

2 CO.H^ = ~^fi^~ W 

And since, Formula ( SI ), Art. 67, 

cos a — cos (S + c) = 2 sin i(a + 5 + o) sin ^(5 + c — a), 
Equation ( 2 ) becomes, after dividing both members by 2, 
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If, in this we make, 
iici + 5 + c) = is ; whence, ^b + c ~ u) = is - 

and extract the square root of both memliers, we have, 



, .' ., / sin *s sin (is ~ a) , , 

cos 14 =,vy' — ^sriro — ■ ■ ■ (''■' 

That ia, the cosine of one-half of either angle of a spherical 
triangle, is equal to the square root of the sine of one-half 
of the sum of the three aides, into the sine of one^half this 
sum mimes the side opposite the angle, divided by tJie rect- 
aiigle of the -sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member by member, from tlie number 1, and recollect that, 

1 — cos A — 2 sin^ ^A, 
we find, after reduction, 



,i„ M = ./ »°(»T'') 4!L(iJZ5 . . . (4.) 

V sin sm c ^ ' 

Dividing the preceding value of sin ^A, by cos ^A, 
ve obtain. 



82, If the angles and sides of the polar triangle of 
ABG be represented as in Art, 80, we have, 

A = 180° -a', S = 180" — -B', c = 180° ~(7', 

is = 270° - k{A'+B'^ C), ls-a = 90=-K-B'+ C'-A'). 
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Substituting these values in (3), Art. 81, and reducing 
by the aid of the foiinulas in Table III., Art. 63, we find, 

. , , /-cosi(A'-\-£'+C') co&i{S'+0'-A') 

■^ V sm B' sm 0' 

Placing 
iiA'+B'+C") =iS; whence, i(B'+C'~A') =i8—A'. 

Substituting and omitting the primes, we have, 



In a similar way, we may deduce from (4), Art. 81. 



cosi« = \/— -,i nidng 



and thence, 



*" ^ Vcosa^-5)cos(M-C) *■ '■* 



(3. Prom Equation (1), Art. 80, we have. 



los ^ + cos Ji cobC — sin J3 sin C cos a = sin C —. dn b cos a 

sin a 

(10 

iiiice, from Proportion ( 1 ), Art. '78, we have, 



Also, from Equation (2), Art. 80, we have, 

sioA 
COS Jl + cos A cos — sin A sin C cos 5 n; sin C -r- — ■ ein a cos 5. 
sin a 

(2-) 
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Adding ( 1 ) and ( 2 ), and dividing by sin C, we obt^o, 

. . „, I + cos C ein^ . , , ,, ,„ , 
(cos A + cos B) -. — ^^— = -^— sill (a + h). i 3.) 

The proportion, sin A : sin Ji ; : sin a : sin J, 

taken iirst by composition, and then by diviaon, gives, 

sin ^ + sin S = ^5^ (sin a-\-slnh) ■ ■ ■ ( 4.) 

sin ^ - sin i? = ^^ (sin a - sin h) ■ ■ ■ (5.) 
sin o ^ ' ^ ' 

Dividing (4) and (5), in succession, by (3), we obtain, 

sin A + dn B sin C _ sin g + sin ^ 

C08,i + cos^ ^ r+~cos~^ ~ sin (« + J) ■ ■ *■ ■' 

sin ^ — sin -g sin (7 _ sin a — sin 5 , , 

^^ + cos_B ^ r+Tos C ~ sm{a + V) ' ' ^ ' 

But, by Formulas (2) and (4), Art. 67, and Formula (a"). 
Art. 06, Equation ( 6 ) becomes, 

..n«^ + i;) = »no=i|=|, . . (8.) 

and, by the similar Formulas ( 3 ) and ( 5 ), of Art. 67, 
Equation ( 7 ) becomes, 

7 sin ^(<t - &) _ . . ( 9.) 

These last two formulas ^ve the proportions known 'as the 
first set of Napier's Analogies. 

cosi(o+6) : CMi(a-6) : : cot^C : tsm^i^A + B). (10.) 
Bini(a+J) : rin i(a-5) :: cotif : tani(^--B). (U.) 
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If in these we substitute tbe values of a, b, C, A, 
and _C, in terms of the corresponding parts of the polar 
triangle, as espi'cssed in Art. 80, ■"■e obtain, 

cos^(^+^) : cosi(jl— /J) : : tan^e : tan^(<i + 5). ( 12.) 
m\^{A + JB) \ &mi{A-~B) :: tan|c : ta!i^(a-5). {13.) 
the second set of Ifapier's Analogies. 

In applying logarithms to any of the preceding formulas, 
they must be made homogeneous, in tenns of S, as ex- 
plained in Art. 30. 

SOLUTION OF OBLIQDE-AKGLED 8PHEKI0AL TKIANGLE3. 

84. In the Bolution of oblique-angled triangles six differ- 
Mit cases may arise : viz., there may be ^ven, 

I, Two sides and an angle oppoate one of them, 

n. Two angles and a side opposite one of them, 

III. Two sides and their included angle. 

IV. Two angles and j their included side, 
V. The three sides. 

VI. The three angles. 



Given two sides and an anffle opposite one of them. 

85. The solution, in this case, is commenced by finding 
the angle opposite the second given side, for which purpose 
Formula (1), Art. 18, is employed. 

As* this angle is found by means of its sine, and because 
the same sine corresponds to two different arcs, there would 
seem to be two different solutions. To ascertain when there 
are two solutions, when one solution, and when no solution 
at all, it becomes necessary to examine the relations which 
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>A- 



Prom 



may exist between t!ie given parte. Two cases may arise, 
viz., the given angle may Lo ucuU, or it luay be obtuea. 

We shall consider each case separately (B. IX,, P. SIX,, 
Gen. Scholium). 

Mrst Case. Let ^ he n 

the given angle, and let a 
and b be the given sides. 
Prolong the arcs AO and 
AS till they meet at A', 
forming the lune AA' ; anJ 

from C, draw the arc CJi' perpendicular to AJiA'. 
G, as a pole, and with the arc a, describe the arc of a 
small circle BB. If this circle cuts ABA', in two points 
between A and A\ there will be two solutiojis ; for if 
C be joined with each point of intersection by the arc of 
a great circle, we shall have two triangles ABC, both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A', or if the small 
circle is tangent to ABA', 
there will be but one solu- 
tion. 

If there is no point of intersection, o 
of intersection which do not He between 
will be no solution. 




if there are points 
A and A', there 



From Formula (2), Art. 72, 
sio GB' = sin 






irom which the perpendicular, which will be less than 90*, 
win be found. Denote its value by p. By inspection of 
the figure, we find the following relations : 
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1. When 
than both b 



to 



I is greater than p, and at the same time Usi 
and 180° — b, lliere will be two solutions. 
•2. When a is greater than p, and intermediate in 
■aloe between b and 180° — b ; or, wlien a is equal 
there will be but one solution. 

~ b, one of the points of intersection wil! be at 
in this case, there will, in like .manner, be but one 



wiulion. 



and at t/te same tune 



3. When a is greater than 
greater than both b and 
less than p, there wiU be 

Second Case. Adopt the 
same construction as before. 
In this case, the perpendicu- 
lar will be greater than 90°, 
and greater also than any 
other arc CA, CB, CA', 
that can be drawn from C 

to ABA'. By a course of reasoning entirely analogous t 
that in the preceding case, we have the following principlof 




and at t/ie same time 
— b, there will be two 



i. When a is less than 
greater than both b and 1 
solutions. 

5. When a is less than p, and intermediate in 
ralue between h and 180° — b ; or, when a is eqiml 
to p, tTiere will be but one solution. 



6. When a is less than p 
less than both b and 180° - 
greater than p, there will be wc 



and at the same time 
b ; or, when a is 
solution. 



Having found the angle or angles opposite the second 
Hide, the solution may be completed by means of Napioi-'s 
Analogies. 
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BXAMPLBS. 

1. Given a = 43= 21' 36", b = 82= 58' 17", and 
A ^ 29° 32' 29", to fiud B, C, and c. 

We seo at a glance, that a > ^, Knee p cannot 
exceed A ; we see further, that a is less than both b 
and 180° — b ; hence, from the first condition there will be 
two solutions. 

Applying logarithms to Formula { 1 ), Art. Y8, we have, 



log sin ^ — log sin b -\- log sin A 4- (a. 

log ein 6 ■ ■ (82° 58' II") ■ 

log sin J. • - (29°32'2S") • 

(a. o.) log sin a ■ ■ (43° 27' 36") ■ 

log sin _B 



c.) log sin a - 10 J 



0.1625Q8 
9.852125 



.*. _B = 45° 21' 01", and -B = 134° 38' 59". 

From the first of Napier's Analogies (10), Art. 83, we find, 

log cot-^0 = log cos i(a + b) -i- log tan ^{A+Ji) 

+ (a. c.) log cos ^{a — i) — 10. 
Taking the first value of £, we have, 

i{A + _B) = 37° 26' 45" ; 
also, 

i(a + b) ^ 63° 12' 56"; and, i(a - S) = 19° 45' 20". 

log cos i(a + b) ■ (63° 12' 56") • 9.653825 

log tan i{A + _B) ■ (3T° 26' 45") ■ 9.884130 

(a. c.) log cos i(a — S) ■ (19° 45' 20") - 0.026344 

logCOtiC 9.564299 

.-. iC = 69°51'45", and (7 = 139° 43' 30". 
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The side a may be found by means of Formula (12), 
Art. 83, or by means of Formula (2), Art. '78. 
Applying logarithms to the proportion, 

sin ^ : sin C : : sin a : sin c, we have, 

log sin c = log sin a + log sin C + (a.c.) !og sin J. — 10 ; 

log sin a (43° 27' 36") 9.83T492 

logsinC (139° 43' 30") 9.810539 

(a.c.) logsin^ (29° 33' 29") 0.30710 7 

log sin c 9.955138 .■- c = 115=35' 48", 

We take the greater value of c, because the angle C, 
being greater than the angle -ff, requires that the side e 
rfiould be greater than the side b. By using the second 
value of B, we may find, in a similar manner, 

G = 32° 20' 28", and c ~ 48° 16' 18". 

2. Given a = 97° 3S', b - 27° 08' 22", and 
A — 40° 51' 18", to find Ji, 0, and c. 

Am. Ji = 17° 31' 09", G = 144° 48' 10", c = 119° 03' 25". 

3. Given a = 115° 20' 10", b ~ 57° 30' OO", and 
A = 126° 37' 30", to find £, G, and e. 

Ans. B = 48° 29' 48", G = ei° 40' 16", c - 82° 34' 04". 

CASE n. 

Given two angles and a side opposite one of th&m. 

8fi. The solution, in this case, is commenced by finding 
the side opposite tbe second given angle, by means of For- 
mula ( 1 ), Art. 78. The solution is completed as in Case I. 
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Since the second side is found by means of its sine, there 
may he two solutions. To investigate this case, we pass to 
the polar triangle, by substituting for each part its snpple- 
rnent. lo this triangle, there will be given two sides and 
an angle opposite one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two solii- 
tions, one Solutio)i, or no solution, the ^ven triangle will, 
in like manner, have two solutions, one solution, or no solu- 

The conditions may be written out from those of the pre- 
ceding case, by simply chan^ng angles into sides, and the 
and greater into less, and the reverse. 



Let the given parts be A, £, 
and a, and let ^ be an arc 
computed from the equation, 



There will bo two cases ; a may be greater than 90° } 
or, a may he less than 90°. 

In the first case, 

1. Wlhen A is less tlian p, and at the same time 

greater than both _B and 180° — S, there mil be tioo 
solutions. 

2. When A is less tlian p, and intermediate in 
value between Ji and 180° — S ; or, when A is equal 
to p, tliere will be but one solution. 

3. When A is less than p, and at the same time 
less than both B and 180° — S ; or, wlien A is 
greater than p, there will be no solution. 
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In the second case, 

4. W/ien A is greater than p, and at the same 
leas than both Ji and 180" — B, tftere mil he two solu- 
tions. 

5. When A is greater than p, and intermediate in 
value between B and 180° ~ B ; or, when A is equal 
to p, l/tere will be but one solution. 

6. Wh&n A is greater than p, and at the same 
■ time greater than both B and 180° ~ B ; or, when A 

is less than p, tkc3-6 will he no solution. 

ESAMPLSS. 

1. Given A = 9S° 16', B = 80= 42' 10", and 

a = 51° 38', to find a, b, and C. 

Computing p, from the formula, 

log sin^ = log sin B + log an a — 10 ; 

we have, p = 56° 21' 52". 

The smaller value of p is taken, hecause a is less 
than 90°. 

Because A "^ p, and intermediate between 80° 42' 10" 
and 99° 17' 50", there will, from the fifth condition, be but 
a single solution. 

Applying logarithms to Proportion ( 1 ), Art, 18, we have, 

log sin 5 = log sin B + log sin a + {a. c.) log sin 4 — 10 ; 

log an S (80° 42' 10") 9.9942o'7 

■ log sin a (SV 38') 9.926671 

(a. c.) log sin A (95" 16') 0.001837 

log wn 6 .... 9.922765 .*. 5 = 56° 49' 57". 
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We take the smaller value of b, for the reason that A, 
being greater than _S, requires that a should he greater 
than b. 

Applying logarithms to Proportion (12), Art. 83, we have, 

log tan ic = log cos i{A + B) + log tan |(a -|- b) 

+ (a. c.) log cos i{A — _B} — 10 ; 
we have, 

i(A + B) = 87= 59' 05", i{a + h) = 57" 13' 58", 
and, i(A ~ B) = 7° 16' 55". 

log cos 1{A + B) ■ {87" 69' 05") . 8.546124 

logtan|{a + 5) ■ (5T° 13' 58") ■ 10.191352 

(a. c.) log cos 1{A -]3) ■ { 1° 16' 55") ■ 0.0035] 7 

log tan ic 8.740993 

.•, ^ = 3° 09' 09", and c — 6° 18' 18". 

Applying logarithms to the proportion, 



log sin C = log an c + log sin A + (a. c.) log sin a — 10 ; 

log sin c (6° 18' 18") . 9.040635 

log sin A (95= 16') ■ ■ 9.998163 

(a. c) log sin a (57° 38') - ■ 0.073329 

log da C 9.112177 .-. C=7°26'21". 

The smaller value of C is taken, for the same reason 
as before. 

2. Given A — 50° 12', £ = 58" 08', and a = 62°42', 
to find b, c, and 0. 

f 79° 12' 10", f 119° 03' 26", f 130" 54' 28", 

b=\ c=\ C^\ 

I 100" 47' 50", I 152" 14' 18", i 156= 15' 06". 
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CASE III. 

Given two sides and their included angle. 

87. The remaining angles are found by means of Napier's 
Analogies, a]id tlie remaining side, as ia the preceding cases. 



1. Given a ^ 62° 38', b = 10° 13' 19", and 

C = 150° 24' 12", to find c, A, and £. 

Applyiiig logarithms to Proportions (10) aud (11), 
Alt. 83, we have, 

log taji UA + H) = log cos i{a - b) + log cot iC 

+ (a. e.) log cos i{a + b) — 10 ; 

log tan i{A~-J}) = log sin i(a -~ b) + log cot i-0 

+ (a. c.) log sin i(a + b) - 10 ; 
we have, 

i(a-i) = 26° 12' 20", iC = '?5° 12' 06", 

and, ^{a + 5) - 36° 25' 39". 

l9g cos l{a - b) • (2G° 12' 20") ■ 9.95289J 

log cot i(? ■ ■ ■ (75° 12' 00") ■ 9.421901 

(a. c.) log cos ^{a + b) ■ (36° 25' 39") ■ 0.Q94415 

log tan ^{A + B) 9.469213 

.-. ^{A -\- B) = 16°24' 51"- 

log sin l{a - b) • (26° 12' 20") ■ 9.645022 

log cot ^C - ■ ■ (75° 12' 06") ■ 9.421901 

(b. c.) log sin i(a +5) ■ (36° 25' 39") ■ 0.226356 

log tan 1{A ~ B) 9.293279 



.-. i{A — B) =z 11° 06' 53". 
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The- greater angle is equal to tlie half sum plus the half 
difference, and the less is equal to the half sum minus the 
half difference. Hence, we have, 

A = 27= 31' 44", and B = S" 17' 58". 

Applying logarithms to the Proportion (13), Art. 83, we 

have, 

log tan io = log Bin ^(^ + iJ) + log tan i{a - b) 

+ (a. e.) log Bin U^ - S) - 10 ; 

log sin i(A + B) ■ (16= 24' 51") ■ 9.451139 

log tan l{a - 5) ■ {26° 12' 20") ■ 9.692125 

{a. c.) log sui i{^ - i?) ■ (11= 00' 53") . 0.714952 

log tan -Jc 0.858316 

.-. \c = 35" 48' 33", and c = 71° 37' 06". 



2. Given a = 08° 46' 03", b — 37= 10', 

G — 39° 23' 23", to find c, A, and J?. 

Ana. A = 120° 59' 47", -B = 33° 45' 03", c = 43=' 37' J 



3. Given a = 84" 14' 29", b = 44° 13' 45", and 

G — 36° 45' 28", to find A and B. 

Ans. A = 130° 05' 22", B = 32= 26' 06". 



CASE IV. 
Given two angles and their included side. 

88. The solution of this case is entirely analogoos to that 
of Case m. 

Applying logarithms to Proportions (12) and (13), Art. 
83, and to Proportion (11), Art. 83, we have. 
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log tan ^{a + b) ~ log coa i(A — Ji) + log tan ^c 

+ (a. c.) log cos i{A + JB) -10; 

log tan i{a - i) = log sin i(A - _B) 4- log tan io 

+ (a. c.) log Bill HA + J?) - 10 ; 

log cot I (7 = log sin i(a + b) + log tan ^A ~ £) 

+ (a. c.) log sin i{a - b) - 10 ; 

The application of tbese formulas we sufficient for the 
solution of all cases. 

EXAMPIEB. 

1. Given A = 81° 38' 20", B .- VO" 09' 38", and 
e = 59° 16' 22", to find C, a, and b. 

Ans. = 64° 46' 24", a = '70" 04' 17", b = 63° 21' 27". 



2. Given A =. 34° 15' 03", B = 42° 15' 13", and 
e = 1&° 35' 36", to find C, a, and 5, 

Ana. C = 121° 86' 12", a =^ 40° 0' 10", J = 50° 10' 30". 



CASE V. 

Given the three sides, to find the remaining parts. 

89. The angles may be found by means of Formula { 3 ), 
Art. 81 ; or, one angle being fonnd by that formula, the otiier 
two may be found by means of Napier's Analogies, 



I. Given a - 74° 23', J = 35° 46' 14", and c = 100°S9', 
to find A, B, and C. 
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Applying logarithms to Formula (3), Art. 81, we have, 

log cos ^A = 10 + ^[log eia Js + log sin (^s — a) 

+ (a. c.) log wn & + (a. c.) log Bin c — 20] ; 
or, 

log cos iA = i[log sin ^s + log sin (^s — a) 

+ {a. c.) log sin S + (a. c.) log sin c], 
we have, 

^s ^ 105° 24' 07", and |s — a = 31° 01' 07". 

is ... {105° 24' 07") . 9.984116 

in {is ~a) ■ ( 31° 01' 07") • 9.712074 

(a. c.) log sin J . . . ■ { 35° 46' 14") ■ 0.233185 

(a. c.) log sin e (100=39') 0.007546 

2)19.036921 

log cos l-d 9.008460 

.*. iA = 21° 34' 23", and A — 43° 08' 46". 

Using the same formula as tefore, and substituting Ji lor 
A, J for a, and a for b, and recollecting that 
\s — b = 69° 37' 63", we have, 

log sin ^s . . ■ (105° 24' 07") . *9.984n6 

log an {\s - 6) . ( 69° 37' 63") ■ 9.971958 

(.a. c.) log sin a ■ ■ ■ ■ . (74° 23') ■ ■ 0.016330 

(a. c.) log sin c (100° 39') ■ ■ 0.007546 

2) 19.979956 
log cos i-B 9.98907S 

.'. ^B =z 12° 15' 43", and B - 24° 31' 20' . 

Using the same forranla, substituting G for ^I, c for a, 
and a for c, recollecting that ^s — c — 4° 45' 07", we 
have, 
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log tan ^s • ■ (105° 24' 07") - - 9.984116 

log sin (^s - c) ■ (4' 45' OT") ■ ■ 8.918250 

(a. c.) log ein a - ■ ■ ■ (74" 23') ■ - ■ 0.01633G 

(a. c.) log sin 5 - ■ ■ (35° 46' 14") ■ ■ 9.233185 

2) 19.151887 

log cos iC 9.575943 

.-. |(7 — 07° 52' 26", ana G ^ 135° 44' 50". 

2. Given a = 56'' 40', ft ^ 83° 13', and c — 114° 30'. 
Ans. ^ = 48° 31' 18", iJ = 62° 55' 44", C ^ 125° 18' 56". 

CASE VI. 

The three angles being given, to Jind the sides. 

90. The solution in tbis case is entirely analogous to the 
preceding one. 

Applying logarithms to Formida ( 2 ), Art. 82, we have, 

log cosi« = 4[log cos iiS-B) + log cos (iS-C) 

+ (ii. c.) log sin Jl + (a. c.) log sin CJ. 

In the same manner as before, we change the letters, to 
auit each case. 

EXAMPLES. 

1. Given A ~ 48= 30', -B = 125" 20', and C = 62° 54'. 
Ans. « = 56° 39' 30", 6 = 114° 29' 58", c = 83° 12' 06". 

2. Given A = 109° 65' 42", B — 116° 38' 33", and 
C = 120° 43' 37", to find a, b, and c. 

Ans. a = 98° 21' 40", b = 109" 50' 22", c ~ 115° 13' 28". 
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91. Mensueation is that branch of Mathematics which 
treats of the measurement of Geometrical Magnitudes. 

92. The measurement of a quantity is the operation of 
finding how many times it contains another quantity of t!ie 
same kind, taken as a standaul. Tlii=! standartl is c^\h-ii the 
%mit of measure. 

93. The unit of measure for surfj,ce8 is a square, one 
of ivhose sides is the linear unit. Tlie unit of measure for 
volumes h a eithe, one of whose edges is the linear unit. ' 

If the linear unit is one fool, the superficial unit is one 
square foot, and the unit of Tolume 'n one cubic foot. If 
the linear unit is one yard, the superficial unit is one square 
yard, and the unit of volume is one cubic yard. 

94. In Mensuration, the terai product of two lines, is 
used to denote the product obtained by multiplying the 
number of hnear units iu one line by the number of linear 
units in the other. The term product of three lines, is used 
to denote the continued product of the number of linear 
units in each of the three linc^. 

Thtta, when we say that the area of a parallelogram is 
equal to the product of its base and altitude, we mean that 
the number of snpei-fictal units in the parallelogram is equal 
to the number of linear units in the base, multiplied by the 
number of linear units in the altitude. In like manner, the 
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number of units of volume, in a rectangular parallelopipedon, 
ia equal to the number of superficial unita in its base multi- 
piied hj the number of linear units in ita altitude, and 



MENSUKATION OF PLANE FIGUKES. 

2b j^nd the area of a parallelogram. 

95. From tlie principle demonstrated in Book IV,, 
Prop, v., we have the following 

r. u L E . 

Multiply the base by t)ie altitude ; the product wiU be 
the area required. 



1. Find the area of a parallelogram, whose base is 12.25, 
and wliose altitude is 8.5. Ans. 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ans. 41V38.49 sq. ft. 

3. How many square yards urc thoro in a. rectangiCi 
whose base is 66.3 feet, and altitude 33.3 feet ? 

Ans. 245.31 sq. yd. 

4. What is the area of a rectangular board, whose 
length is 12| feet, and breadth 9 inches? 9f sq. fl. 

5. What is the number of square yards in a parallelo- 
gram, whose base is 37 feet, and altitude 5 feet 3 inches? 

Am. 21 1^- 

To find the area of a plane triangle. 
96. Mrst Caj'e. When tbe base and altitude are given. 



Hosted by Google 



OF SURFACES. 



Book X., Prop. VI., 



From the principle demonstrated i 
wo may write tbe following 

KUIE. 

Midtiply the base by half the altitude / th& product will 
be the area required. 



1. Find the ; 
altitude 520 feet. 



XA.MPLES. 

a triangle, who6 



J. Find the area of a triangle, i 

i is 40, and altitude 30 feet. 

t. Find the area of a triangle, ii 

is 49, and altitude 25J feet. 



L square yards, whose 
Ans. 66f. 

square yards, whose 
Ans. 68.7361. 



Second Case. When two sides and their included i 
are given. 

Let ABC represent a plane tri- 
angle, in which the side AB = c, 
BG=a, and the angle _B, are 
given. From A draw A D perpen- 
dicular to BC ; this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane, Trigonomotiy, we have, 

AD = c AnB. 
Denoting the area of the triangle by Q, and applying the 
rule last given, we have, 




Substituting for mn B, — =- (Trig., Art. 30), and applying 
logarithms, we have, 

log (2^) = !og a -t- log c + log sin .B — 10 ; 



uJbyC(>OgIC 



MEN SUE AT I Olf 



lience, we may write the followiti 



A(M togetMr the logarithms of the two sides and the 
logarithmic sine of their included angle ; from this sum 
subtract 10 ; tJte remainder wiU be tlie logarithm of dvuble 
the arm of the triangle. Find, from t/ie table, the number 
answering to this logarithm, and divide it by 2 ; the quotient 
will be the required area. 



1. What is the area of a- tjiaiigle, in wliich two sides 
a and &, are Tespectivcly equal to 125.81, and 57.03, and 
whose included angle 0, is 57° 25' ? 

Ans. 2Q = 6111.4, and § —. 3055.7 Aus. 

2. What is the area of a triangle, whose sides arc 30 
and 40, and their included angle 28° 57' ? Ans. 290.427. 

3. What is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45° ? Ans. 20.8694. 



LEMMA. 



To find half o 



angle, when the three sides of a plane tri- 
angle are given. 



97. Let ABO be a plane tri- 
angle, the angles and sides T>eing de- 
noted as in the figarc. 

We have (B. IV., P. XH., XIII.), 



D' 



Ije 



«= = 6« + c' .:(= 2(i . AD. ■ ■ 
When the angle A is acute, we have (Art. 37), 

AD ■= b cos A; when obtuse, AD' = b cos CAD' 



(1.) 
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Bat as CAD' is t!ie supplement of the obtuse angle A, 

cos CAD' = — C03 A, and AD' = — J cos A. 

Either of these values, being substituted for AD, in ( 1 ), 
gives, 

«= =z S^ 4- 0^ — 25c cos A ; 
whence, 

.«A = t+^^ W 

If wc add 1 to both meinbers, and recollect that 
1 + cos^ = 2 cos^^}^ (An. ea), Equation (4), we have, 

^ {b + o)' - o' ^ (6 -1- c + g) (i + c ~ «■) . 
2Jc 25o ' 

or, 

If we put h -\- c + a ~ s, ivc have, 

_^„_ = ^s^ and, = is - a; 

Substitiitiug in ( 3 ), and extracting the square root, 

„.i^ = \/Sl^. • • • • (<■) 

the plus sign, ohIj', being used, since ^A < 90° ; hence. 

The cosine of half of either angle of a plane triangle, 
is equal to the square foot of half the siim of the three 
sides, into Jialf that sum minas the side opposite the angle, 
divided by the rectangle of the a^aaent aides. 

By applying logarithms, wo have, log cos \A = 

1 [log is + log (is - «) + (a. c.) log b + (a. c.) log c]. ■ ( ^.) 
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If we subtract both members of Equation (2), from 1, 
»tid recoUect that J — cos A — 2 sin^ ^A (Art, 37), we have, 



^ 


2fe 






a^ - (6 - cY [a + b 


-c) (a-b + c) 




25c 


2fc 


laciiig, 


as before, a + b + c = s, 


we have, 


a + b. 


— ^ = ia~c, an<J, ? 





(5.) 



Substituting in ( 5 ), and reducing, we have, 

The sine of either angle of a pla?ie triangle, is eqwd 
to the square root of half the mm of the three sides, minus 
one of the adjacent Hdes, into Vie Jialf »ii/m minus the 
other adjacent side, divided hy the reatatigle of the adjaeent 
sides. 

Applying logarithms, we have, 

log smiA = i [log {is - 5) + log (is - c) 

+ (a.c.}logi + (a.c.)log4 Qji.) 



lir 



Third Case. To find tlie : 
ee sides are given. 



of a triangle, when tiie 



Let ABO represent a triangle 
whose sides «, 5, and e are given. 
Prom the .principle demonstrated in 
the last case, we have. 



Q = \hc. 



\ A. 




Hosted by Google 



OP SURFACES. Ill 

But, from Forraiih {&,'), Trig., Art. 66, we have, 

sin A ~ 2 sin iA cos ^A ; 
whence, 

(? = 5c sin iA cos iA. 

Substituting for sin ^A and cos ^A, their values, taken 
from Lemma, and reducing, we have. 



e = Vi' (4»-«) »«-s) (¥-'); 

hence, we may write the following 

KULE. 

MnS half the sum of the- three sides, and from it subtract 
each side separately. Find the continued product of the half 
sum and the three remainders, and extract its square root) the 
result win be the ar 



It is generally more convenient to employ logarithms ; for 
this purpose, applying logarithms to the last equation, we have, 

logQ == i[\og is + log {is ~ a) +log(is^^.) + log(^«-c)] 

hence, we have the following 

EULE. 

Mnd the half sum and the three remainders as before, then 
find the half sum of their logarithms ; the number correspond- 
ing to the resulting logarithm will be the area required. 

SSAMPLES. 

1. Find the area of a triangle, whose sides are 20, 30, 
and 40. 

"VVe have, -^s = 45, \s-a = 25, ls~i = 15, is-e = 6. 
By the lirst nilc, 



Q = ,/Ah X 25 X 15 X 5 — 290.4737 Ana. 
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MENSURATION 



By the second rule 


!, 




logi, . . 




■ (45) . . ■ ■ 1.053213 


log a« - o) 




■ (25) ■ ■ - ■ 1.397940 


log ft! - 6) 




■ (15) .... 1.176091 


log (is - c) 




- ( 5) ■ ■ ■ ■ 0.698970 
2 )4.9262U 


log Q . . 




2.463107 




Q 


=: 290-4737 Ans. 


2. How many sqnr 


ire 


yards are there m a triangle. 



Mdea are 30, 40, and 50 feet ? Ams. 66|. 

To find the area of a trapezoid. 

98. From the principle demonstrated in Book IV"., Prop. 
YII., we may write the following 

B u r, E . 
Find half the sum of the parallel sides, and multiply it 
by the altitude ; the product will be the area re^iuired. 
Examples. 

1. In a trapezoid the parallel sides are 730 and 1225, 
and the perpendicular distance between them is 1540 ; wliat 
ia the area? Ans. 15207-50. 

2. How many square feet are contaiaed in a plank, whose 
length is 12 feet 6 inches, the breadth at the greater end 15 
inohoH, and at the less end 11 inches ? Ans. 13^^. 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude OC 
feet? Ans. 2053-1 sq. yd. 

To find the area of any quadrilateral. 

99. From what precedes, we deduce the following 
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Join the vertices of two opposite angles by < 
from each of the other vertices let fall perpendicxdara upon 
this diagonal ; multiply the diagonal hy half of the sunt 
of the perpendiculars, an4 the product will be the area re- 
quired. 

EXAMPLES, 



1. What is the area of the quad- 
rilateral AJiCD, the diagonal AO 
being 42, and the porpendictilarB Dg, 
M, equal to 18 and 18 feet ? 

Ans. ?14 sq. ft. 




2. How many squai'e yards of paving are tliere in the 
quadrilateral, 'whose diagonal is 65 feet, and the two pei^pen- 
diculars let fall on it 28 and 33^ feet ? Ans. 222-^. 

To fad the area of any polygon. 
100. From what precedes, "we hare the following 



Drai/i diagonals dividing the proposed polygon into tra- 
p^oids and triangles : (hen find the areas of these figures 
separately, and add t/ism together for the area of the whole 



EXAMPLE. 

1. Let it be required to de- 
tt'iTuino the area of the polygon 
ABC BE, having five sides. 

Let U3 suppose that ive have mea- 
sured the diagonals and pei-pendicn- 

lars, and found AG = 36.21, EG = 39.11, Bb = 4, 
Bd — 7.26, Aa = 4.18 : required the area. Ans. 296.1292. 
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To find the area of a regtdar polygon. 

Let ji-B, denoted by s, re- 
oue side of a regular polygon, 
whose centre is 0. Draw CA and 
C-S, and fi'ona C draw GB perpen- 



Then will CD he the 
3 shall have AD = BJ). 




diciilar to A£. 
apothem, aiid \ 

Denote the number of sides of the polygon by n ; then 

will the angle ACM, at the centre, be equal to ■, 

(B. v., Page 138, D. 2), and the angle AOD, which is half 
of A CB, will be equal to ■ 

In the right-angled triangle AJ)C, we shall Lave, For- 
mula (3), Art. 31, Trig., 

CD = y tan CAD. 
But CAD, being the comislement of A CD, we have, 
tan CAD = cot A CD ; 

hence, CD = ^s cot ", 

a formula by means of which the apothcui may be computed. 

But the area is equal to the perimeter multipliod hy half 
the apothem (Book V., Prop. VIII.) : lience the following 

KULE, 

Find the apothem, hy the preceding foitnula ; multiply 
the perimettr by half t!ie apothem ; the product wtU he the 



1. What is the area of a regular hexagon, each of whose 
aides is 20 ? We have, 

CD = 10 X cot 30" ; or, log CD - log 10 + log cot 30''— 10. 
log is . . . (10 ) . 1.000000 

log cot- ■ ■ (30=) ■ 10.238561 

log CD 1.238561 .-. CD = 17,3205. 
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The perimeter is equal to 120 i henoe, denotiag the area by §, 

■ 120 >: 17.3205 
Q = ■ —- = 1039.23 Ans. 

2, What is the area of an octagon, one of whose sides 
ia 20 ? Ans. 1931.36886. 

The areas of some of the most important of the regular 
polygons have been ooraputed by the preceding method, on 
the supposition that each side is equal to 1, and the resuit-s 
are given in the following 



Tri«ngk, . 
Square, 

Peulagon, . 

Heptagon . 



.43301 S7 


ta„on 


0000000 


^OIlaoO 


7204174 


De agon 


5980763 


I nde gou 


.6S39124 


Dodecagon 



The areas of similar polygons are to each other as the 
squai-es of their homologous sides (Book IV., Prop. XXVII.). 

Denoting the area of a regular polygon whose side is 
*i tiy Ci ^^^ *li^t of ^ similar polygon whose side is 
1, by 2] the tabular" area, we liave, 



T : : 



hence, the. following 



n^i 



Multiply the corresponding tabular area hy the square of 
th^ given side / the product wiU be the area required. 



1. Wbat is the area of a. regular hexagon, ea^ of whose 
Ses is 20 ? 
We have, T = 2.5930762, and s^ = 400 : hence, 
Q = 2.59S0762 X 400 = 1039.23048 Ans. 
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3. Find the area of a pentagon, whose side ia 2f>. 

Ans. 10V3.2083V5. 

3. Find the area of a decagon, ivhose side is 20. 

Ans. S0TT.63352. 

To Jind the ciraumference of a circle, when, the diameter is 
given. 
102. From tlie principle demonstrated in Bool; V., Prop. 
XVI., we may write the following 



Multiply the given diameter hy 3.1416 ; the product teiU 
he the circumference required. 

EXAMPLES. 

1. What is the circumference of a circle, whose diameter 
is 25 ? Ans. 78.54. 

2. If the diiiraeter of the earth is 7921 miles, what if 
the cireiiraference i* Ans. 24884. G13(i. 

To find the diameter of a circle, when the circumference is 
given. 
103. From the preceding case, we may write the following 



Divide the given circumference by 3.1416 ; the quotient 
iiriU be the diameter required. 



1. What is the diameter of a oircle, whose circumference 
is 11052.1944? Ans. 3709. 

2. What is the diameter of a circle, whose circmnferenco 
is 68S0 ? Atis. 2180.41. 
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21) Jind the length of an arc containing any number of 
degrees. 

104. The ieiigUi of an are of 1°, in a circle whose 
diameter ia 1, ia equal to the ciroumference, or 34416 
divided by 360 ; that is, it is equal to O.OO8'720O : hence, 
the length of an arc of n degrees, will he, n X 0.00S726(S. 
To find the length of an are containing n degrees, when 
the diameter is d, we employ the principle demonstrated in 
Book v., Prop. XIL, C. 1 : hence, we may write the following 

E u L E . 
Multiply the number of degrees in the arc by .0087266, 
and the product by the diameter of the circle ; the result 
•will 'he the length required. 

E X A M r r, E s . 

1. What is the length of an arc of 30 degrees, the 
diameter being 18 feet ? Ans. 4,71236-1 ft. 

2. What is the length of an arc of 13° 10', or I2i°, the 
diameter being 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

105. From the principle demonstrated in Boot V., Prop. 
XV., we may write the following 

Multiply the square of the radius hy 3.1416 ; the pro- 
duct wiU he the area required. 

EXAMPLES. 

1. Find the area of a circle, whose diameter ia 10, and 
dreumference 31.416. Ans. 78.54. 

2. How many square yhrds in a circle whose diameter 
is S^feet? Ans. 1.069010. 

3. What is the area of a circle whose circumfoi-cnce is 
12 feet? Ans. 11.4595. 
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To find, th& area of a circular sector. 
106. From the principle demonstrated in Book V,, Prop, 
XJV-i C. I and 2, we may write the following 



; arc contains 
0.35343 sq. ft. 
1 20 feet, tlie 



4.3986 sq. ft. 



I, Mxiltiply half the arc by tJte radius ; or, 
n. Find the area of the whole circle, by the last nils ; 
then write the proportion, as 360 is to the number of degrees 
in the sector, so is the area of the circle to the area of the 
sector. 

EXAMPLEa. 

1. Find the area of a circular sector, wli 
18°, tlie diameter of the circle being 3 feet. 

2. Find the area of a sector, whose arc 
radius being 10. 

3. Required the area of a sector, wlioso 
an4 radius 25 feet. Ans. 

To find the area of a circular segment. 
107, Let AB represent the chord 
corresponding to the two segments 
ACB and AFB. Draw AE and 
BE. The segment ACB is equal to 
the sector EACB, minus the triangle 
AEB. The segment AFB is equal 
to the sector EAFB, plus the tri- 
angle AEB. Hence, we have the fol- 
lowing 

ExrtE. 

Mnd the area of the corresponding sector, and also of 
the triangle formed by the chord of the segment and the 
two extreme radii of the sector ; subtract the latter from the 
former when the segment is less than a semicircle, and tctke 
their sum when the segm^ent is greater than a semicircle ; 
the residt will be the area required. 
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EXAMPLES. 

1. Find the area of a segment, ivlioso chord is 12 and 
the radius 10. 

Solving the triangle AEB^ we find the angle AEB is 
equal to ■ 73° ii\ the area of the sector EA OB eqnnl to 
64,35, and the area of the triangle AEB equal to 48 ; 
hence, the segment AOB is equal to 16.35 Ans. 

2. Fuid the ai'ea* of a segment, whose height is 18, the 
diameter of the drele being 50. Ans. 636,4S3i, 

8, Required the area of a segment, whose choi'd is 16, 
the diameter being 20. J7is. 44.704. 

I'o find the area of a circular ring contained between the 
circumferences of two concentric circles. 

108. Let B and r denote the area of the ttt'o circles, 
B being greater than r. The area of the outer circle is 
H^ X 3.1416, and that of the inner circle is r^ X 3.1410 ; 
hence, the area of the ring is equal to {B^ — r'^) x 3.1416. 
Hence, the following 

EULE. 

Find the difference, of the squares of the radii of the 
two circles, and mtiUiply it by 3.1416 ; the product will le 
the area required. 



1. The diameters of two concentric circles being 10 and 
8, required the area of the ring contained between their 
circumferences. Ans. 50.2650. 



2. 


What is the area of the rinj 


T, when the diair 


;eters of 




ircles are 10 and 20? 


Ans. 


235.62. 
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MEKSURA'LTON OF BKOKJSN AKD CURVED SURFACES. 

To find the. area of the entire surface of a right p-ism. 

109. From the prindple demonstrated in Book VII., Prop, 
L, we may iviite the following 

3Iultiply the perimeter of the base hy t!ie altitude, the pro- 
duct wiU be the area of the convex surface ; to this add the 
areata qf tlie two bases ; the result will be the area required. 

1. Find tlie surfaco of a cul)c, tlie length of each side 
being 20 foet. Ans. 2400 sq. ft. 

2. Find the M'hole surface of a triangular prism, whose 
base iH an equilateral triangle, having each of its sides equal 
to 18 mches, and altitude 20 feet. Ans. 91.949 sq.ft. 

2'o find the area of the entire surface of a right pyramid! 

] 10. From the piinciple demonstrated in Book VJ.L, Prop. 
IV., we may write the following 
It u L K . 

Multiply the perimeter of the base by- , the slant height ; 
the product will be the area of the convex surface ; to this 
add the area of the base ; the result will be the area re- 
quired. 

EXAMPLES. 

1. Find the convex surface of a right triangular pyramid, 
the slant height being 20 feet, and each side of the base 
3 feet. Ans. 90 sq. It 

2. "What is the entire surface of a right pyramid, whose 
slant height is 15 feet, and the base a pentagon, of wliich 
each side is 25 feet ? Ans. 2012.798 sq. ft. 
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To find the area of the convex surface of a frustum of a 
right pyramid. 

111. From the principle demonstrated in Book XII., Prop. 
IV., C, we may write tte following 

E u I. E . 
Mxdtiphj the half ' sum of the perimeters of the tvo bases 
by the slaht height ; the product will be the area required. 

EXAMPLES. 

1, How many square feet are there in the convex buv- 
fece of the frustum of a square pyramid, whose slant height 
is 10 feet, each side of the lower base 3 feet 4 inches, and 
each wde of the npper base 2 feet 2 itiihei' -ini 110 sq ft 

2. What is the comcf suxficc ot tbo fru-itum ol i 
heptagonal pyramid, whose slint !ieis»ht is 55 feet, each iidt 
of the lower base 8 feet, nad rach side of the upper bi'ie 
4 feet? Ans. 2310 sq.ft. 

112. Since a cylinder may be regarded as a prism whose 
base has an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules 
just given, may be applied to find tlie areas of the surfaces 
of i-ight cylinders, cones, and frustums of cones, by simply 
changing the tertii periw,eter, to circumference. 

EXAMPLES. 

1. What ia the convex surface of a' cylinder, the diameter 
of whose base is 20, and whose altitude SO ? Ans. 3141.6. 

2. What is the entire surface of a cylinder, the altitude 
being 20, and diameter of the base 2 feet? 131.9472 sq.ft. 

3. Required the convex surface of a cone, wiioso slant 
height ia 50 feet, and the diameter of its base 8j feet. 

Ans. 667.S9 sq. ft. 
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4, Required the entire surface of a cone, whose slant 
heiglit ia 36, and the diameter of its base 18 feet. 

Ans. 1272.348 sq. ft. 

5. Find the convex surface of tlie frustum of a cone, the 
ulant height of the frustum being 12-J- feet, and the circum- 
ferences of the bases 8,4 feet and 6 feet. Ans. 90 eq, ft. 

K Find tlie entire surface of the frustum of a cone, the 
slant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ans. 292.1688 sq. ft. 

To fmd the area of the surface of a sphere. 

113. From tlie principle demonstrated in Book VIII,, 
Prop. X., C. 1, we may write the following 



Find the area of one of Us great circles, and mtdtiply 
it by A ; the product tcill he tlie area required. 

EXAMPLES. 

1. Wh.at is the area of the surface of a sphere, whose 
radius is 16 ? Ans. 3216.9984. 

2. What is tlie area of the surface of a sphere, whose 
radius is 27.25 Ans. 9331.3374. 

To find the area of a zone. 

114. From the principle demonstrated in Book VIII., 
I'rop. X., C. 2, we may ivrite tho following 

R U T. B . 

Find tlie circuiaf&rence of a great circle of the sphere, 
and multiply it by ike altitude of the sone ; the product 
will be the area required. 



Hosted by Google 



OF SURFACES. 123 

EXAMPLES. 

1. The diameter of a sphere being 42 inches, what is 
the area of the surfaee of a Koiie whose altitude is 9 inches. 

Ans. 118J.5248 sq. in. 

2. If the diameter of a sphere is 12^ feet, what will be 
the surface of a zone whose altitude is 2 feet T Y8.54 sq. ft. 

To find the area of a spherical polygon. 

115. From the principle demonstrated in Boole IX,, Prop. 
XIX., wo may write the following 

RULE. 

From tJie sum of the angles of th& polygon, subtract 180" 
taken, as inany times as the polygon, has sides, less two, 
and divide the remainder hy 90° / the quotient will be t/te 
spherical excess. Find the area of a great circle of tM 
sphere, and divide it by ^ ; the quotient will he the area 
of a trirrectangular triangle. Multiply the area of the tri- 
rectangular triangle by the spherical excess, and the product 
will he the area required. 

This mle applies to the spherical triangle, as well as to 
any other spherical polygon. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 feet, the anglo/! being 140°, 92°, and 

■ «8=. Ans. 471.24 sq. ft. 

2. What is the area of a polygon of seven sides, de- 
scribed on a sphere whose diameter is I'l feet, the sum of' 
the angles being 1080" ? Ans. 226.08. 

3. What h the area of a regular polygon of eight sides, 
described on a sphere whose diameter is 30 yards, each an- 
gle of the polygon being 140° ? Ans. 157.08 sq. yds. 
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MENSnUATIOiV OF VOI,UMKS. 

To find, ills vohtme of a prism. 

116. From the principle demonstrated in 
Prop. XIV,, we may write the following 



Multiply the area of the base by the altitude ; the ,pro- 
duct will be the volume required. 



1. Wbat is the volume of a cube, whose side is 24 inches ? 

Ans. 13824 cu. in. 

2. How many cubic feet in a block of marble, of wWch 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, .and 
height or thickness 2 feet inches? Ans. 21i cu. ft. 

3. Required the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
3, 4, and 5 feet. Ans. 60. 

To find the volume of a pyramid. 

1 17. From the principle dciuonstratod in Boob VII., Prop. 
XVII., (ve may write the following 

WULE. 

Multiply the area of the base by one-third of the alti' 
tvde ; the product will be the volume reqidred. 

EXAMPLES. 

1. Required the volume of a equ;ire pyramid, each side 
of its base being 30, and the altitude 25. Ans. 7D00. 

2. Find the volume of a triangular pyramid, whose alti- 
tude is 30, and each side of the liase 3 feet. 38.9111 cu, ft. 
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3. What is the volume of a pentagonal pyramid, its alti- 
tnd<! being 13 foet, and tauli hidt; of its Lasc 2 foet. 

Arts. 27.5276 cu. ft. 

4. Wha,t is the volume of an lie.xagonal pj'ramid, i\ln>s(' 
altitude is 6.4 feet, and &10I1 side of its base 6 incbos ? 

Ans. 1.38oU4 r;i. ii. 

To find the volume of a J'nisttim of a pyramid. 

1 18. From tbe principle demonstrated in Book VIL, Prop., 
XVin., C, we may write tbe following 



2''i7id the sum of the upper base, the lotcer base, and a 
mean proportional between them ; multiply the residt by one- 
third of the altitude ; the product wiU be the volume required. 

EXAMPLES. 

1. Find the number of cabic feet in a piece of timber, 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base 6 inches, the 
altitude being 24 feet. Ans. 19.5. 

3. Required the volume of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, and 
each side of the upper base 6 inches. Ans. 9.31925 cu. ft. 

119, Since cylinders and cones are limiting cases of prisms 
and pyramids, the three preceding rules arc equally applicable 
to them. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude is 
12 foet, and the diameter of its base 15 feet. 

Ans. 2120.58 ou. ft. 

3. Required the volume of a cyiinder whose altitude is 
20 feet, and the circumference of whose base is 5 feet 
9 inches. Ans. 48.144 cu. ft. 
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3. Reqaired the volume of a cofie wliose altitiicle in 
27 feet, and the diameter of the base 10 fuot. 

Ans. 708.86 cii. ft. 

4. Hequired the yolume of a cone whose altitude is 
10^ feet, and the circumference of its base fl feet, 

Ans. 22.56 cu. It. 

5. Find the volume of the fnistum of a cone, the altitudi- 
being 18, the diameter of the lower base 8, and that of l.lii' 
upper base i. Am. 527.768?. 

6. What ia the volume of the frustum of a cone, the 
altitude being 25, the cireamferenee of the lower base 20, 
and that of the upper base 10? Ai^. 464. 2IC. 

7. If a cask, which is composed of two equal conic frus- 
tums joined together at their larger bases, have its hung di:i- 
meter 28 inches, the head diameter 20 inches, and the lougtii 
40 inches, how many gallons of wine will it contain, thfre 
■being S31 cubic inches in a gallon ? Ans. 79.0613. 

To find the volume of a sphere. 

130. From the principle demonstrated in Book VIII., 
Prop. XIV., we may write the following 



Cuie the diameter of the sphere-, and tnuUiply the result 
by ^*, that u, by 0,5236 ; the product will be the volume 



1. What is the volume of a spbeve, whose diameter is 
13 ? Ans. 904.7808. 

2. What is the volume of the earth, if the mean diam- 
eter be taken equal to 7918,7 miles. 



Am. 259992792083 cu. mites. 
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To find the volume of a wedge. 

121. A Wedgh; is a volume bound- f 

ed by a rectangle ABGD, called the 
ha^ih, two trapezoids ABHG, DCIIG, 
ciilled faces, and two triangles ADG, 

GBH, called ends. The, line GH, 

in ivhieli the f;ices meet, is called tbe ^ " 

edge. 

It may happen that the edge ia either greater or less than 
tbe length of the back. In deducing an expression for the 
volume, we shall' ta,ke 'the latter case, premising' that the re- 
sult, so far as the volume is concerned, is the same in either 




Let ABGB-GH represent 
a wedge, and denote the length 
of the base by i, the length 
of the edge by I, the breadth 
of the base hy J, and the alti- 
tude of the wedge by h. 

Through (?, pass a plane 
parallel to HGB, dividing the 

wedge into the triangular prism GNM-B, and the pyramid 
AMND-G. The altitude of the prism GH, is equal to 
/, and the area of its base GDH, is equal to ^hh ; hence, 
its volume is equal to ^ihl. The altitude GP, of the pyra- 
mid, is equal to h, and its hase AMI^D is eqnal to 
b{L~-l) ; hence, the volmne of the pyramid is equal to 
{hh{L — t). The volume of the wedge, denoted by V, Ja 
equal to the sum of the volumes of the prism and pyramid ; 
hence, 

V = ibhl + ibh{Z ~ = il-M + IbhZ - i5«. 

Factoring and reducing, we have, 

V = bh{}l + IX) = ibh{l+ 2X) ; 
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hence, the following 

KULE. 

Add twice the length of tha bads to the length of the 
edge y multiply the sv,m by the breadth of the baclc, and that 
result by one-sixth of the altitude ; the final product will be 
the area required. 

EXAMPLES. 

L If the back of a wedge is 40 by 20 feet, the edgs 
35 feet, anil the altitude 10 feet, what is the volume ? 

Ans. 3S33.33 cu. tt. 

2. What is the volume of a wedge, whose back is 16 
feet ( f 9, edge 20 feet, and altitude 6 feet ? 30-1 cu. ft. 



To find the volume of a prismoid. 

182. A Prismoid la a frustum of a wedge. 

Let X and _B denote the 
length and breadth of the lower ____ 

base, I and b the length and 
breadth of the upper base, M and 
m the length and breadth of the 
section equidistant from the bases, 
and A the altitude of the piigmoid. 

Through the edges L and /', 
let a plane be passed, and it will 

divide the prismoid into two wedges, having for bases, the 
bases of the prismoid, and for edges the lines L and /, 

The volume of the prismoid, denoted by V, will be 
equal to the sum of the volumes of the two wedges ; hence, 

V = ^Bh{l + 2i) + \bh{L + 20 ; 



^h{2BL -\-ZU-\-Bl-\- bL) ; 
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which may he written v\ni3er the form, 

r ^ ih[(BL + il + M + bZ) + JiL + Ml • • {^.) 

Because tho auxiliary section is midway hetween the hasee, 
we have, 

2M = li + I, and 2m ^ B + b ; 
hence, 

4Mm ^ (Z+l) {Ji + b) := BL -\- bl + BL + bl. 

Suhstituting in ( &. ), we have, 

V ~ ih{BZ + M + iMwt). 

But BB ia the area of the lower base, or lower section, 
hi is tho area of the upper base, or tipper section, and Mm 
is the area of the middle section ; hence, tlie following 



To jind the volume of a prismotd, jlnd the sum qf the 
areas of the extreme sections and four times tM middle sec- 
tion J multiply tJie result by one-sixth of the distance between 
the extreme sections ; tfie result will he the volume required. 

This rule is used in computing volumes of earth-work in 
railroad cutting and embankment, and ia of very extensive 
application. It may be shown that the same rule holda for 
every one of the volumes heretofore discussed in this work. 
Thus, in a pyramid, we may regard the base as one extreme 
section, and tlio vertex (whose area is 0), as the other 
extreme ; their sum ia equal to the area of the base. The 
area of a section midway between between them is equal to 
one-fourth of the base : hence, four times the middle section 
is equal to the base. Multiplying tho sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylmdera, 
frustums of cones, spheres, &c., is left as an exercise for the 
student. 



oy Google 



MENSURATION 



1. One of the bases of a rectangular prisnioid is 25 fuet 
by 20, the other 15 feet by 10, and the altitude 12 feet ; 
required the volume. Ans. 3700 cii. ft. 

2. What is the volume of a stick of liewn timbor, 
whose ends arc 30 inches by 27, and 2i inches by 18, its 
length being 24 feet? Ans. 102 cu. ft. 



MEKSUBATIOK OF REGULAR POLYEDRONS. 

123, A Regulae Poltedeon is a polyodron bounded bv 
equal regular polygons. 

The polyedral angles of any regular polyedrcn are all 
equal. 

124. There are five regular polyedrons (Book VII., 



To find the dtedral angle between the faces of a regular 
polyedron. 

125. Let the vertex of any polyedral angle be taken aa 
the centre of a sphere whose radius is 1 : then will this 
sphere, by its intci-sectiona with the faces of the polyedral 
angle, determine a regular spherical polygon whose sides will 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles betiveeii 
the faces. 

It only remains to deduce a foi-mnla for finding one 
angle of a regular spherical polygon, when tlie sidrs are 



Hosted by Google 



OF POLTEDRONS. 



131 




Let ABODE represent a regular spherical polygon, and 
let P be the pole of a small cinde pasang through its verti- 
ces. Suppose P to be connected 
with each of the vertices by arcs of 
great circles ; there will thus be 
formed as many equal isosceles tri- 
angles as the polygon has sides, the 
vertical angle in each being equal 
to 360" divided by tlie number of 
sides. Through P draw PQ per- 
]ieTidiciilar to A.B : then will A Q 

be equal to BQ. If we denote the number of sides by )*, 
tlic angle APQ will be equal to —,~~, or ■ 

In the right-angled spherical triangle APQ, we know the 
base AQ, and the vertical angle APQ; hence, by Napier's 
rules for circular parts, we have, 

sin {^Qo-APQ) z^ cos {m° ~ PAQ) aosAQ; 

or, by reduction, denoting the side AB by s, and the an- 
gle PAD, by A, 

cos = sm ^^1 cos ^s ; 

180° 
cos ~ — 

sin ^.4 — ' ■ 



whence, 



EXAMPLES. 

In the Tetraedron, 

^^ ~ 60=, and ^s = SO" .-. A ^ TO" 31' 42", 
In the Hexaedron, 

=: 60°, and ^s = 45= .'. A = 90". 
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Iq the Octaedron, 

l^ = 45°, and -^s ~ 30° .-. A = 10!l° 28' 18". 
Ill the Dodecaedron, 

^^ = 60°, and ^s = 108° .'. A = 116° 33' 54". 
In the Icosaedron, 

~ - ZG", and ^s = 30° .-. A ^ 138° 11' 23". 

To find the volume of a regular polyedron. 

126. If planes be passed through the centre of the poly- 
edron and each of the edges, they will divide the polycdron 
into as many equ.il right pyramids as the polyedron has ffices. 
The common vertex of these pyramids will be at the centre 
of the polyedron, then- bases will be the faces of the poly- 
edrpu, and their lateral faces will bisect the diedral angles 
of the polyedron. The volnme of each pyramid will be equal 
. to its base into one-third of its altitude, and this multiplied 
by the number of faces, will be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn from the centre of 
the polyedron to one face ; the foot of this perpendicular 
will be the centre of the face. From the foot of this per- 
pendicular, draw a perpendicular to either dde of the face 
in which it lies, and connect the point thus determined with 
the centre of the polyedron. ^There will thus be formed a 
right-angled triangle, whose base is the apothem of the face, 
whose angle at the base is half the diedral angle of the 
polyedron, and whose altitude is the required altitude of the 
pyramid, or in other words, the radius of the inscribed 
sphere. 
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Denoting the pcipcndiculai- hy P, the base by b, and 
the diedral angle by A, -fto have Formula (S), Art. 37, 
Trig,, 

r ^ h tan iA ; 

but b is the apothem of one face ; if, therefore, ive irlonoto 
the number of sides in that face by n, and the length of 
each side by s, we shall have (Art. 101, Mens.), 



ft — ^s cot 
whence, by substitution, 

7* = is cot 



180° 



- tan lA : 



hence, the vohime may be computed. The volumes 
the regular' polyedrons have been coniputod on iho si 
tion that their edges are each equal to 1, and the 
are given in the following 



Tetraedron, . 
Hexaedron, . 
Octaedron, 
Dodecacdrou, 
Icosaedron, , 



i 0.1178513 

6 1.0000000 

8 0.4714045 

13 7.C631IS!) 

20 2.18] e030 



From the principles demonstrated in Book VII., we may 
write the following 



To find the volume of any regular polyedron, multiply 
the cube of its edge by the corresponding tabular volume ; , 
the product will be the volume required. 
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1. What is the volume of a tetraedroii, whose edge is 15 ? 

Ans. 397.75. 

2. "What is the volume of a hexaedron, whose edge is 12? 

Ans. 1728. 

S. What is the volume of a octaedron, whose edge is 20 ? 
Ana. 3771.238. 

4. What is the volume of a dodecaedron, wliose edge 
is 25 ? A?is. 119736.232S. 

5, What ia the volume of an icosaedroti, whose edge 
M 20 f ■ Ans. 17453.50. 
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lOQARITHMS OF NUMBERS 

FEOM 1 TO 10,000. 
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Eemask. In the following table, in tke nine right hand 
columna of each page, where the first or leading figures 
change from 9'a to O's, points or dots are introduced in- 
stead of the O's, to catch the eye, and to indicate that from 
thence the two figures of the Logarithm to be taken from 
tho aecoid column, stand in the next line below. 
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